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PREFACE. 



The present Treatise is designed to supply a deficiency 
which has long been felt. Having been engaged for many 
years in imparting instruction in Algebra, I have found no 
text-book entirely adapted to the wants of my pupils. Some 
treatises, from their extreme conciseness, and their aiming 
at the utmost rigor of demonstration, are too difficult for the 
majority of students, while others are far behind the present 
state of science. The present Treatise was specially de- 
signed for the use of the students of New York University, 
but it is believed to be adapted to the wants of students gen- 
erally in American colleges. It is designed for youth of fif- 
teen or sixteen years of age, who are supposed to possess 
ordinary abilities and aptitude for study. I have not, there- 
fore, attempted to demonstrate every principle in the most 
general and rigorous manner. Such demonstrations would 
often be unintelligible and repulsive to the majority of students. 
Nor, on the contrary, have I contented myself with mere me- 
chanical rules. I have aimed to follow the natural order of the 
youthful mind, deducing general pripciples from particular ex- 
amples, subjoining afterward a complete demonstration, when- 
ever it was thought that its force would be clearly apprehended. 
I have aimed to lead the student to generalize every principle. 
For this purpose, nearly every problem is twice stated ; first 
in a restricted form, and afterward in a more general one ; 
and I have dwelt upon the interpretation of some peculiar 
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results obtained in the discussion of general problems. It is 
hoped the student will thus be led to perceive that the solution 
of particular problems is not the most important province of 
Algebra. 

I have bestowed considerable pains upon the general theory 
of Equations. Each Proposition is distinctly enunciated, and 
illustrated by appropriate examples. It is believed that Sturm's 
Theorem is here exhibited in so simple a form, that youth of 
ordinary abilities may learn to apply it with facility and pleas- 
are. The admirable method of Horner has been explained at 
length, and numerous examples are given of its application. 
The entire work was composed, not exclusively for the best 
scholars, nor for such as are unwilling to study, but rather for 
the majority of our students ; and as such, it is commended to 
the attention of teachers of Mathematics. 
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ALGEBRA. 



SECTION I. 



PRELIMINARY DEFINITIONS AND NOTATION. 



{Article 1.) Whatever is capable of increase or diminution is 
called magnitude or quantity, 

A sum of money therefore is a quantity^ since we may increase 
it or diminish it. A line, a surface, a weight, and other things of 
this nature are quantities ; but ai> idea is not a quantity. 

(2.) Mathematics is the science of quantity , or the science 
which investigates the means of measuring quantity. The opera- 
tions of the mind, therefore, such as memory, imagination, judg- 
ment, etc. are not subjects of mathematical investigation, since 
they are not quantities. 

(3.) Mathematics is divided into pure and mixed. Pure mathe- 
matics comprehends all inquiries into the relations of magnitude 
in the abstract, and without reference to material bodies. It 
embraces numerous subdivisions, such as Arithmetic, Algebra, 
Geometry, etc. 

In the mixed mathematics, these abstract principles are applied 
to various questions which occur in nature. Thus, in Surveying, 
the abstract principles of Geometry are applied to the measure- 
ment of land ; in Navigation, the same principles are applied to 
2 
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the detennination of a ship's place at sea ; in Optics, they are 
employed to investigate the properties of light ; and in Astron- 
omy, to determine the distances of the heavenly bodies. 

(4.) Algebra is that branch of mathematics which enables us, 
by means of letters and other symbols, to abridge and generalise 
the reasoning employed in the solution of all questions relating to 
numbers. 

Arithmetic is the art or science of numbering. It treats of the 
nature and properties of numbers, but it is limited to certain 
methods of calculation which occur in common practice. Alge- 
bra is more comprehensive, and has been called by Newton, 
Universal Arithmetic. 

(5.) The following are the main points of difference between 
Arithmetic and Algebra. 

Flrsty the operations of Algebra are more general than those of 
Arithmetic. In Arithmetic, we represent quantities by particular 
numbers, as 2, 5, 7, etc. which numbers always retain the same 
value. The results obtained, therefore, are applicable only to the 
particular question proposed. Thus, if it is required to find the 
interest of a thousand dollars for three months at six per cent, the 
question may be solved by Arithmetic, and we obtain an answer, 
which is applicable only to this problem. 

But in the solution of an Algebraic problem, we employ letters 
to which any value may be attributed at pleasure. The results 
obtained, therefore, are equally applicable to all questions of a 
particular class. Thus, if we have given the sum and difference 
of two quantities, we may obtain by means of Algebra a general 
expression for the quantities themselves. This result will always 
be found true, whatever may be the magnitude of the quantities. 
Hence Algebra is adapted to the investigation of general princi- 
ples ; while Arithmetic is confined to operations upon particular 
numbers. 

' Secondly J Algebra enables us to solve a vast number of prob- 
lems, which are too difficult for common Arithmetic. Some of 
the problems in Sections VII. and VIII. may be solved by Arith- 
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roetical methods ; but others cannot be thus resolved, particularly 
such problems as are giren in Sections XII. XIV. etc. 

Thirdly, in Arithmetic all the different quantities which enter 
into a problem are blended together in the result, so as to leave no 
trace of the operations to which they have been subjected. From 
a simple inspection of the result^ we cannot tell whether it was 
derived by multiplication or division, involution or evolution ; or 
what connection it has with the given quantities of the problem. 
But in an Algebraic solution, all the different quantities are pre- 
served distinct from each other, and we see at a glance, how all 
the data of the problem are combined in the result. 

Fourthly, the operations of Algebra are often for more concise 
than those of Arithmetic. . Thus, although some of the problems 
in Sections VII. and VTII. may be solved Arithmetically, these 
solutions are generally much more tedious than the Algebraic. 
This advantage which is possessed by Algebra is partly due to 
the representation of the unknown quantities by letters, and their 
introduction into the operations as if they were already known ; 
and partly to the fact that the operations of multiplication, divi- 
sion, etc. are at first merely indicated, and. are not actually per- 
formed until an Algebraic expression has been reduced to its 
siipplest form. 

FinaUy, perhaps the most striking difference between Arithme- 
tic and Algebra, springs from the use of n^aiioe quantities, which 
gire rise to many peculiar results. 

The full purport of these remarks will be best apprehended, 
after the student has made some progress in the study of Algebra. 

(6.) A definition is the explanation of any term or word. It is 
essential to a perfect definition that it distinguish the thing defined 
from every thing else. Thus, if we say that man is a biped, it is 
no definition of man, because there are many other bipeds. 

(7.) A theorem is the statement of some property, the truth of 
which is required to be proved. Thus when it is said that the 
sum of the three an^es of any triangle is equal to two right angles, 
this is a theorem, the truth of which is demonstrated by 
Greometry. 
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(8.) A problem is a question requiring something to be done. 
Thus, to draw one line perpendicular to another, is a problem. 
Theorems ^^d problems are both known by the general term of 
proposiHans. 

(9«) A determifuUe problem is one which admits of a certain or 
definite answer. An ifndetemdnate problem commonly admits of 
an indefinite number of solutions ; although when the answers 
are required in positive whole numbers, they are in some cases 
con&ied within certain limits, and in others the problem may be 
impossible. 

(10.) The solution of a problem is the process by which we 
obtain the answer to it. A numerical solution is the obtaining an 
answer in numbers. A geometrical solution is the obtaining an 
»iswer by the principles of geometry. A mechanical solution is 
one which is gained by trials. 

(11.) The principal symbols employed in Algebra are the 
following : 

The sign + (an erect cross) is named plus, and is employed to 
denote the addition of two or more, numbers. Thus, 5 + 3 sig- 
nifies that we must add 3 to the number 5, in which case the 
result is 8. In the same manner 11 + 6 is equal to 17 ; 14 + 10 
is equal to 24, etc. 

We also make use of the same sign to connect several num* 
bers together. Thus 7 + 5 + 9 signifies that to the number 7 
we must add 5 and also 9 which makes 21. 

So also the sum of 8 + 5 + 13 + 11 + 1 + 3 + 10 is equal 
to-Sl. 

(12.) In order to generalise numbers we represent them by 
letters, as a, 6, Cy c2, etc. Thus the expression a + b signifies the 
sum of two numbers, which we represent by a and &, and these 
may be any numbers whatever. In the same manner m + n + b 
+ X signifies the sum of the numbers represented by these four 
letters. If we knew, therefore, the numbers represented by the 
letters, we could easily find by arithmetic the value of such 
expressi(His. 
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The first letters of the alphabet are commonly used to represent 
known quantitieSy and the last letters those which are 
wnknovm. 

(13.) The sign — (a horizontal line) is ealled minus , and indi- 
cates that one quantity is to be subtracted from another. Thus 
8 — '5, signifies that the number 5 is to be taken from the num- 
ber 8^ which leaves a remainder of 3. In like mann^, 12 — 7 
is equal to 5 ; and 20 — 14 is equal to 6, etc. 

Sometimes we may have several numbers to subtract from a 
single one. Thus, 16 — 5 — 4 signifies that 5 is to be sub* 
tracted firom 16, and this remainder is to be further diminished 
by 4, leaving 7 for the result. In the same manner 50 — 1 — 
3 — 5 — 7 — 9 is equal to 25. So also, a — 6 signifies that 
the number designated by a is to be diminished by the numb^ 
designated by i. 

Quantities preceded by the sign + are called positive quanti- 
ties ; those preceded by the sign — , negative quantities. When 
no sign is prefixed to a quantity, + is to be understood. Thus, 
a + b — c is the same as + a + 6 — c. 

(14.) The sign X (an inclined cross) is employed to denote the 
multiplication of two or more numbers. Thus, 3x5 signifies that 
3 is to be multiplied by 5, making 15. In like manner, a X 6 
signifies a multiplied by b ; and aX^b x^c signifies the continued 
product of the numbers designated by a, 6, and c ; and so on for 
any number of quantities. 

. Multiplication is also frequently indicated by placing a point 
between the successive letters. Thus, a.b .c,d signifies the 
same thing as a x 6 X c X d. 

Generally, however, when numbers are represented by letters, 
their multiplication is indicated by writbg them in succession, 
without the interposition of any sign. Thus, a b signifies the 
same thing as a • 6 or, a X & ; and ab c d \& equivalent to a . 
6 . c . d, or a X 6 X c X d. 

It must be remarked that the notation a.b ox ab is seldom 
employed except when the numbers are designated by. letters. If, 
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for example, we attempt to represent the product of the numbers 
5 and 6 in this manner^ 5 . 6 might be confounded with an integer 
followed by a decimal fraction ; and 56 woHild be read Jifty-nx^ 
according to the common system of notation. 

The multiplication of numbers may, however, be expressed by 
placing a point between them, in cases where no ambiguity can 
arise from the use of this symbol. Thus, 1.2.3.4 may repre- 
sent the continued product of the numbers 1, 2, 3, 4. 

(16.) When two or more quantities are multiplied together, 
each of them is called 2l factor. Thus, in the expression 7 x 5, 7 
is a factor and so is 5. In the product abc there are three 
factors, a, 6, c. 

When a quantity is represented by a letter, it is called a literal 
factor, to distinguish it from a numerical factor which is repre- 
sented by an Arabic numeral. Thus, in the expression 5a&, 5 is 
a numerical factor, while a and b are literal factors. 

(16.) The character -5- (a horizontal line with a point above 
and below) shows that the quantity which precedes it, is to be 
divided by that which followg. 

Thus, 24 -^ 6 signifies that 24 is to be divided by 6, making 4. 
So also a-^b is a divided by i. 

Generally, however, the division of two numbers is indicated 
by writing the dividend above the divisor, aiid drawing a line 
between them. 

Thus 24 -T- 6 and a -5- 6 are usually written ^and J. 

(17.) The agn « (two horizontal lines) when placed between 
two quantities denotes that they are equal to each other. 

Thus 7 + 6 = 13, signifies that the sum of 7 and 6 is equal to 
13. So also $1 «= 100 cents, is read one dollar equals one 
hundred cents. In like manner a « &, signifies that a is equal to 
b; and a + b^c — d, signifies that the sum* of the numbers 
designated by a and b is equal to the difierence of the numbers 
designated by c and d, 

(18.) The symbol > is called the sign of imquaiityj and when 
placed between two numbers, denotes that one of them is greater 
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than the other, the opening of the sign being turned tov^ards the 
greater number. 

Thus 3<5, signifies that 3 is less than 6 ; and 11>6 denotes 
that 11 is greater than 6. So also a>h shows that a is greater 
than b ; and c<d shows that c is less than d. 

(19.) A coefficierd is employed to denote that a quantity is 
added to itself a certain number of times. 

Thus, instead of writing a + a + a + a+Uy which represents 
five a's added together, we write 5a, where 5 is the coefficient 
of a. In like manner 10 a 6 signifies ten times the product of 
a and b. The coefficient may be either a whole number or a 
firaction. Thus, f a signifies three-fourths of a. When no 
coefficient is expressed, 1 is always to be understood. Thus, 1 a 
and a signify the same thing. 

The coefficient may be a letter as well as a figure. In the 
expression m?!, m may be considered as the coefficient of n, 
because n is to be taken as many times as there are units in m. 
If m stands for 5, then jmn is 5 times n. 

In 4abCy 4 may be considered as the coefficient of abc ; or 4a 
may be considered as the coefficient of be ; or 4a5 the coeffi- 
cient of c. 

(20.) An eocptyMfnJt or index is employed to denote that a quan- 
tity is multiplied by itself a certain number of times. 

Thus, instead of writing aXaXaXaX a, or aaaaay which 
represents five a's multiplied together, we write a^, where 5 is 
called the exponent or index of a. So also, ftxftxixixi 
X (, or 6 . i . 6 . 6 • i . 6, or bbbbbby or the continued product of 
six 6's, is written more briefly b^, where 6 is the exponent of b. 
^ When no exponent is expressed^ 1 is always understood. 
Thus, a^ and a signify the same thing. 

Exponents may be attached to figures as well as letters. 

Thus, the product of 3 by 3 may be written 3^, which equals 9 

" 3X3X3 " 3*, " 27 

" 3X3X3X3 " 3^ " 81 

" 3x3x3x3x3" 3', " 243 
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(21.) The products formed by the successive multiplication of 
the same number by itself, are called the powers of that num- 
ber. 

Thus, let a represent any number, its first power is simply 
a, or a}. 

Its second power ^ or square is aa, or a*. 

Its third power J or cube is aaa, or a'. 

In general, any power of a quantity, is designated by the num- 
ber of factors which form the product ; and the exponent denotes 
the degree of the power. Thus, 3 X 3 X 3 X 3 X 3, or 3* which 
equals 243, is the fifth power of 3 ; and the power is of the fiffli 
degree. 

(22.) A root of a quantity is that which multiplied by itself a 
certain number of times will produce the given quantity. 

The symbol \/ . is called the radical sigUy and when pre- 
. fixed to a quantity denotes that its root is to be extracted. Thus^ 

^^/ 9, or simply ^/ 9, denotes the square root of 9, which 
is 9. ' ' 



^y/ 64 denotes the cube root of 64, which is 4. 

^y/ 16 denotes the fourth root of 16, which is 2. y 

So also, 

^y/ a, or simply >/ a, is the square root of a. 

W a denotes the third or cube root of a* 

W a denotes the fourth rpot of a. 

"%/ a denotes the nth root of «, where n may represent any 
number whatever. 

The number placed over the radical sign, is called the index of 
the root. Thus, 2 is the index of the square root, 3 of the cube 
root, 4 of the fourth root, and n of the nth root. The index of 
the square root is usually omitted. Thus, instead of Va6, we 

usually write y/ a6. 

(23.) When four quantities ^ve proportionaly the proportion is 
expressed by points as in arithmetic. Thus, a:b: :c: dy sig- 
nifies that a has to b the wsame ratio which c has to d. 
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(24.) A vinculum , or a parenthesis ( ), indicates that 

several quantities are to be subjected to the same operation. 

Thus, a + b + cX^dj or (a + 6 + c) X d, denotes that the 
sum of a, 6 and c is to be multiplied by d. But a -f 6 + c X d, 
denotes that c only is to be multiplied by d. 

When the parenthesis is used, the sign of multiplication 
is generally omitted. Thus, {a + h + c) X d, is the same as 
(a + 6 + c) d, or d (a + 5 + c). 

(25.) Three dots * . * are sometimes employed to denote there- 
fore or consequently. 

There are a few other symbols employed in algebra, in addi- 
tion to those already enumerated, which will be explained as they 
occur. 

(26.) Every number written in algebraic laixguage, that is by 
aid of algebraic symbols, is called an algebraic quantity ^ or an 
algebraic expression. 

Thus 3a, is the algebraic expression for three times the 
number a. 

4a^ is the algebraic expression for four times the square of the 
number a. 

*1c?b^ is the algebraic expression for seven times the third 
power of a multiplied by the fourth power of b. 

(27.) An algebraic quantity not combined with any other by 
the sign of addition or subtraction, is called a monomial^ or a 
quantity of one term, or simply a term. 

Thus, 2a, 6&C, and Ix^ are monomials. 

(28.) An algebraic expression, which is composed of several 
terms, is called a polynomial. 

Thus, a + 26+5c — disa polynomial. 

A polynomial consisting of two terms only, is usually called a 
binomial ; when consisting of three termSy a trinomial. 

Thus, 3a + 56 is a binomial ; and a + 3cb + xy is a tri- 
nomial. 

(29.) The numerical value of an algebraic expression is the 
result obtained when we attribute particular values to the letters. 
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Let the expression be 2c^b. 

If we suppose o = 2 and ft =*■ 3, the value of this expression 
will be 2X2X2X3*24. 

If we suppose a = 4, and ft «= 3, the value of the same expres- 
sion will be 2 X 4 X 4 X 3 «= 96. 

. The numerical value of a polynomial is not ajOfected by chang- 
ing the order of the terms, provided we preserve their respective 
signs. 

The expressions a* + 2aft + ft*, a* + ft* + 2aft, ft* + 2aft 
+ a* have all the same numerical value. 

Thus if a = 5 and ft == 2, the value of a^ will be 25, that of 
2aft will be 20, and ft* will be 4 ; and if these numbers be added 
together, their sum will be the same in whatever order they are 
placed. Thus, 



25 


26 


20 


20 


4 


4 


20 


4 


25 


4 


25 


20 


4 


20 


4 


25 


20 


25 



49 49 49 49 49 49 

(30.) Each of the literal fectors which compose a term is called 
a dimerfsion of this term ; and the degree of a term is the nvmber 
of these factors or dimensions. A numerical coefficient is not 
counted as a dimension. 
Thus, 3a is a term of one dimension, or of the first degree. 
bob is a term of two dimensions, or of the second degree. 
6a*ftc^ is a term of six dimensions, or of the sixth degree. 
In general, the degree, or the number of dimensions of a term 
is equal to the sum of the exponents of the letters contained in 
the term. 

Thus, the degree of the term baJt^ccP is 1 + 2+1 + 3 or 7; 
that is, this term is of the seventh degree. 

(31.) A polynomial is said to be homogeneous y when all its 
terms are of the same degree. 

Thus, 2a — 3ft + c is of the first degree and homogeneous. 
3a* — 4aft + ft* is of the second degree and homogeneous. 
2a' + 3a*c — 4c*d is of the third degree and homogeneous. 
5a* — 2aft + c is not homogeneous. 
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(32.) lAke or simUar terms are terms composed of the same 
liters affected with the ^ame eospanenis. 

Thus, 3ab and lab. are Bunilar terms. 

5a^c and 3a*c are also similar terms^ 

But 3ab^ and 4ic?b are not similar, for although they contain the 
same letters, the same letters are not affected with the same 
exponents. 

(33.) The reciprocal of a quantity is the quotient arising from 
dividing a unit by that quantity. 

Thus, the reciprocal of 2 is ^ ; the reciprocal of a is i 

(34.) A few examples are here subjoined, to exercise the 
learner on the preceding definitions and remarks. 

Examples in which words are to be converted into algebraic 
symbols. 

1. What is the algebraic expression for the^ following state- 
ment ? The second power of a, increased by twice the product 
of a and 6, diminished by c, and increased by dj is equal to seven- 
teen timesy. 

Ans. €? + 2db — c + d^nf. 

2. The quotient of three divided by the sum of x and four, is 
equal to twice 6 diminished by eight. 

3. One third of the difference between six times x and four, is 
equal to the quotient of five divided by the sum of a and b. 

4. Three quarters of x increased by five, is equal to three 
sevenths of 6 diminished by seventeen. 

5. One ninth of the sum of six times x and five, added to one 
third of the sum of twice x and four, is equal to the product of a, 
b and c. 

6. The quotient arising from dividing the sum of a and b by 
the product of c and d, is equal to four times the sum of e,/^ gy 
and h. 

(35.) Examples in which the algebraic signs are to be translated 
into common kmguage. 

x+a , X d 



l-T— +■-«= 



c a+b 



20 PRELIMINARY DEFINITIONS AND NOTATION. 

Ans. The quotient arising from dividing the sum of x and a 
by by increased by the quotient of x divided by c, is equal to the 
quotient of d divided by the sum of a and b. 

2. la^ + {b — c)x{d + e)--^g + h 

a +g ,6 — 4m h 



3. -^f-lJ^— + 

3 + 6 — c 3 7+a 

4. 4 ^/"^— 25 « ^^-ti 

3a — d 

5. 2ay/V — ac-b(h'\'d + x) 

6 :i^ ±.3i/£ = &r + J 
2a+l 



(36.) Find the value of the following expressions, when a = 6, 
= 5 and c = 4. ' 



6 = 5 and c = 4. 
1. a* + 3a6— c*. 



2. a*X(a + 6) — 2a6c 
a+ 3c 



Ans. 36 + 90 — 16 = 110. 



3. — ^+c* 



26c 
4. c + 



\/2ac + c* 



5. ^6* — ac+ y/2m+? 



6. 3x/c + 2a %/2a + 6+2c 



SECTION n. 



ADDITION. 

(37.) Addition is fhe connecting of quantities together by 
means of tbeir proper signs, and incorporating such as can be 
united into one sum. 

It is convenient to dbtinguish three cases. 

CASE I. 

When the quantities are similar and have the same signs. 

RULE. 

Jldd the coefficients of the several quantities together, and to 
their sum annex the common letter or letters, prefixing the 
common sign. 

Thus, the sum of 3a and ba is obviously 8a. So also, — 3a 
and — Sa make — 8a ; for the minus sign before each of the 
terms shows that they are to be subtracted, not from each other, 
but from some quantity which is not here expressed ; and if 3a 
and 6a are to be successively subtracted from the same quantity, 
it is the same as subtracting at once 8a. 

EXAMPLES. 



3a 


— Sab 


2b + 3x 


a — 2a^ 


2a + y> 


5a 


— 6ab 


6b + lx 


4a— 3a^' 


ba + 2f 


la 


— ab 


b + 2x 


3a— 5a:* 


9a + 3y» 


a 


— lab 


4b + 3x 


la— a^ 


4a + 6y» 



16a 
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The learner must continually bear in mind the remark of Art, 
13, that when no sign is prefixed to a quantity, plus is always to 
be understood. 

CASE n. 

(38.) When the quantities are similar, but have different 
signs. 

RULE. 

* 

Add all the positive coefficients together, and also all those 
that are negative ; subtract the least of these results from the 
greater ; to the diffierence annex the common letter or letters, 
and prefix the sign of the greater sum. 

Thus, instead of 7a -4a, we may write 3a; since these two 
expressions obviously have the same value. 

Also, if we have ba — 2a + 3a — a, this signifies that firom 
5a we are to subtract 2a, add 3a to the remainder, and then tsub* 
tract a from this last sum ; the result of which operation is ba. 
But it is generally most convenient to take the sum of the posi- 
tive quantities, which in this case is 8a ; then take the sum of 
the negative quantities, which in this case is 3a ; and we have 
8a — 3a or 5a, the same result as before. 







EXAMPLES. 




3a 


6x + 5ay 


2ay — 7 — 2a y/ x 


6a^+ 26 


+ 7a 


— Zx + 2ay 


— ay+ 8 ay/x 


2a^ 36 


+ 8a 


X — 6ay 


2ay—9 —3ax/x 


5a^ 86 


— a 


2x + ay — 


3ay — 11 ^ay/ X 


4a^ — 26 



+lla 

CASE III. 
(39.) When some of the quantities are dissimilar. 

RULE. 
Collect all the like quantities together, by taking their 



\ 
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sums or differences as in the two former caseSy and set down 
those that are unlike, one after another, with their proper 
signs. 

Unlike quantities cannot be united in one term. Thus, 2a and 
3b neither .make 5a nor 6b. Their sum can only be written 
2a + 3c. 

EXAMPLES. 

2xy — 2a? 3x^y 2a\/ x 2ax— 220 2\/x — lSy 

2x^ + xy — 2xy*— ox* ar* — 2ax B\/xy + lOx 

a^ — xy — Sj^x Saj^ fee* — J3 %/ x 2J^y + 25y 

4x»_ary —^y—^x 3^/a?+100 I2xy —^'^ 



ftr* — xy 1 / 

(40.)' When several quantities are to be added together, it is 
most convenient to write all the simUar terms under each other, as 
in the following example. 

1. Add together 

llbc + 4ad — 8ac+ bed 
Bac+Jllc — 2ad+4mn 
2cd — 3a6+5ac+ an 
9an —26c — 2ad + 5cd 

These terms may be written thus : 

116c + 4ad — Sac + bed + an +4m7i — 3a6 
lbc — 2ad + Sac + 2cd + 9an 
— 26c — 2ad + 5ac + bed 



Sum 166c + 6ac + 12cd + lOan + 4m» — 3a6. 

2. Add together the quantities, 

7m + 371 — 14p -j- 17n 
3a +9n— llm + 2r 
bp — 4m + 8n 
1 In — 26 — m — r + s 
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3. Add- together 

4fl^ft + 3c^d — 9m*n 

4m*n— oft* + 5c*d + 7a»6 
6/71^ — 5c^d + 4mn^— 8aft» 
7wwi* + 6c^d — 5m'7i -^ Ba'b 
Tc^d _ lOoJ — 8m^n — lOd^ 
12a^6 — 6a6^ + 2c«d + win 

4. Add together 

3ft _ a — c— U5d 

6c — 5/— d 

3a — 26 — 3c +276 

3e —If + 5ft— 8c 

17c_66— 7a 

11/— 5e+9d 
^ — 3a — 5c 

ee — 2d—9f ' 

5. Add together 

2a6^ + 3ac* —8c3i^ +9J^x—8hy^ + lOky 
5a« — 4ay — 7te*— h^x—4ki^ — Ibhy 
bky — hf +llx +146* — 22ac — 10«» 
19ac*— 86*a: + 9a?* + 6Ay+2Ay*+ 2a6* 
(41.) It must be observed that the term addition is used in a 
more extended sense in algebra than in arithmetic. In arithme- 
tic, where all quantities are regarded as positive, addition implies 
augmentation. The sum of two quantities will therefore, be 
numerically greater than either quantity. Thus, the sum of 7 and 
5 is 12, which is numerically greater than either 5 or 7. 

But in Algebra we consider negative as well as positive quan- 
tities ; and by the sum of two quantities, we mean their aggre- 
gate, regard being paid to their signs. Thus, the sum of + 7 
and — 5 is + 2, which is numerically less than either 7 or 5. 
So also, the sum of + a and — ft is a — 6. In this ca^e, the 
algebraic sum iS numerically the difference of the two quantities. 

This is one instance among many, in which the same terms 
are used in a much more general sense in the hi^er mathematics 
than they are in arithmetic. 






SECTION III. 

I- 



SUBTRACTION. 



(42.) Subtraction is the taking of one quantity from another ; 
or it is finding the difference between two quantities or sets of 
quantities. 

Let it be required to subtract 8 — 3 from 1 5. 

Now 8 — 3 is equal to 5. 

And 5 ^btracted from 15 leaves 10^. . 

The result, (hen, mukt be 10. But to perform the operation 
on the numbers as they were giren, we first subtract 8 from 15 
and obtain 7. This result is too small by 3, because the number 
8 is larger &y.3^an the number whic^ .ijeas . require4 to be sub- 
tracted. Ther^ore^ in o;rder to correct tips result, tl^ 3 must be 
added, and we have 

. 15 — 8 + 3 « 10, as before. 

"T~ 'i' 

Aga^n, let it be required to subtract 6a — d/b from 8a +66. 
It is plain that if the part 5a were alone to be subtracted, the 
remainder would then be 

8a + 56 — 5a. 

But as the quantity actually proposed to be subtracted, is less 
than 5a by 36, too much has been taken away by 36; and therefore, 
the true remainder will be greater than 8a + 56 ^ — 5o by 36, and 
will hence be expressed by ' 

8a-f 56 — 5a + 36, 
4 
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where the signs of the last two terms are both contrary to what 
they were ^ven in the subtrahend. 
(43.) Hence we deduce the following general 

RULE. 

Cofhceive the signs of all the terms which are to be sub^ 
tractedf to be changed from + to — ,or from — /o +> and 
then collect the terms together as in the several cases of 
addition. 

It is better in . practice to leare the ^gns of the subtrahend 
unchanged^ and simply conceive them to be changed, that is, treat 
the quantities as if the signs were changed ; for otherwise, when 
we come to revise the work to detect any error in the operation, 
we might often be in doubt as to what were the signs of the quan- 
tities as originally proposed. 

£XAMPL£S. 

From 5a*— 26 &ry+8a>^2 10— &c^3a?y Wm>*'4i3^y 

Subtract 2a*+56 Zxy — 8x— 7 — oa+Z — ocy 3v^aa?— ftry* 



•**«■ 



Remainder 3a*— 76 

From 5a + 46 — 2c + 7d From llaiy + 23/*— iSa? 

Take3a + 26+ c + bd ' Take — 4ry + 6y*— l&r* 



From 6a6y — Ayx + 4ax From 7? + 2xy + y* 

Tate — 3a6y + 52x + 3yr Take r» — 2a:y + f 



* 

From 3a* + az+ 2x*— 14a*a: + 19aa:*— 4a:* + 5a*a:*. 
Take 2a* — 4ax + a:* — 15a*a: + lloa?— 15a*a:*~4r* 

f. • 
Subtraction may b|e proved as in. Arithmetic, by adding the 

remainder to the subtrahend. The sum should be eq^al to th0 

minuend. 



• 

' (44.). The term sifltrao^on, it will be perceived, is used in a 
more general sense in algebra than' in arithmetic. In arithme- 
tic, where aU quantities are regarded as positive, a number is 
always diminished by subtraction. But in algebra, the diflference 
between two quantities may be numerically greater than either. 
Thus, the diiierence between + a and — 6 is a + ft. 

The distinc^o^ between pasitiT« and negative quantities may 
be illustrated by the degrees upon a thermometer. The degrees 
above zero are considered positive, and those below zero nega- 
tive. From five degrees ab<>ve zero, to five degrees below zen>, 
the numbers stiuid thus ; 

+ 5, + 4, + 3, + 2, + 1, 0, — 1, _2, — 3, — 4,— 5. 

The difierence between five degrees above zero and five 
degrees below zero, is ten degrees, which is numerically the sum 
of the two quantities. 

(45.) In practice, it is often sufficient merely to indicate the 
subtraction of a polynomial, without actually performing the ope- 
ration. 'Thii^ is ' done by enclosing the polynomial in a paren- 
thesis, and prefixing the sign — . 

Thus, 5a — 3ft + 4c — (3a — 26 4- 8c) 

signifies that the quantity 3a — 2ft + 8c is to be subtracted from 
5a — 3ft + 4c. The subtraction is here merely indiccUed. If we 
actually perform the operation, the expression becomes 

5a_ 3ft + 4c _ 3a + 2ft — 8c 
or 2a — 6 — 4c. 

(46.) According to the preceding principle^ polynomiab may 
be written in a variety of forms^. 

Thus a — ft— -c ird 
is equivalent to a —(ft + c — d) 
or to a — ft — (c — d) 
. ortoa+d — (ft +c). 

Transformations of' this sort, Idiich consist in decomposing a 
polynomial into two parts separated firom each other by th 
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^gn — , are of frequent qs^ in {rigabra. It is iieeaBM^cM^to 
the? student to write out polynomials like the . abore, contaimfig 
both pontive and negative terms, in all the pos^ble iliodes, 
includihg several terms in a parentheats. 

In the fbllowii^ exiimples, let the results all be reduced, to 
their simplest form. • 

i: a+b— (2a — 3i) — (5a+7ft) — (— 13«+26) «*. 

2. 37a — 5/— (3a — 2&— 5c) — (6a— 46+3ft)«. 

3. 8a^— 56a^y + 17c^ — 9y* — (a*ajy + 3kr»y— IScaiy* 
+ 20y«)«. *i, 

4. 28ar^ — 16aV+2ba^x — 13a*— (18ai? + 280*3?*— 24a*a: 
— 7a*)=' -I- - . . 

(47.) It has already been remarked that algebia differs from 
arithmetic in the use of negative quantities, and it is important 
that the beginner should obtain clear ideas of their nature. 

In many.cases^ the terms positive and negative are merely 
relative. They indicate some sort of oj^sition between two 
classes QjT quantities, such that if one class should be addedy the 
other ought to be subtracted. Thus, if a ship sails. altern^te;)y 
northward and southward, and . the motion in one direction is 
called posUivej the motion in the opposite direction should be 
considered n^^o/iw. ^ - 

Suppose a ship, setting out from the equator, sails hoHhward 
50 miles, then southward 27 miles, tHen north\^ard^ 15 lAiks, 
then southward again 22 miles, aiid we wish to determine the 
last position of the ship. Calling the northerly motion +, the 
whole may be expressed. algebraically, thus: 

+ 50—27 + 15 — 22 

which reduced, equals ■='h 16; The positive sign of the 
result, indicates that the ship'Vas 16 mil^s rimikoi the equa- 
tor. 

Suppose the same ship sails again 8 miles north, then 35 
miles south, the whole may be expressed thus : 

+ 50— 27 f 15 — 22+8 — 36 . 



which redwesto — ^11. The negative sign of the resuh indi- 
o«tes that the ship was now 11 miles south of the equator. 

In this example, we have considered the northerly motion 4-, 
and the southerly motion — ; bat we might with equal propriety 
have considered the southerly moti(Mi 4* 9 aad the northerly 
motion — . It is, however, indispensible, that we adhere to the 
same system throughout, and retain the proper sign Of the result, 
as this sign shows whether the< ship was at any time north or 
south of the equator. 

In the same manner, if we consider easterly motion + , 
westerly motion must be regarded as — , and vice versa. And 
generally, when quantities which are estimated in different direc- 
tions enter into the same algebraic expression, those which are 
measured in one direction being treated as +, those which are 
measured in the opposite direction must be regarded as — . 

So also in estimating a man's property, gains and losses being 
of an opposite character, must be affected with different signs. 
Suppose a man with a property of 1000 dollars, loses 300 dollars, 
afterwards gains 100, and then loses again 400 dollars. The 
whole may be expressed algebraically, thus : 

. +1000 — 300+100 — 400 

which reduced, equals + 400. The + sign of the result indicates 
that he has now 400 dollars remaining in his possession. Sup- 
pose he further gains 50 dollars and then loses 700 dollars. The 
whole may now be expressed thus : 

+ 1000 — 300 + 100—400+60 — 700 

which reduces to — 260. The — sign of the result indicates that 
his losses exceed the sum of all his gains, and the property 
originally in his possession ; in other words, he owes 260 dollars 
more than he can pay, or in common language he is 260 dollars 
worse than nothing. 

This phraseology must r.ot be regarded as wholly figurative. 
For in algebra, a n^ative quantity standmg alone, is regarded 
as less than nothing ; and of two negative quantities, that which 
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Is numericalhf (he greatest^ is considered as tbe kasi. For if 
from the same number, we subtract successively numbers larger 
and larger, the remainders must continually dimmish^ Take any 
number, 5 for example, and from it subtsract successiFely 1, 2, 3, 
4, 5, 6, 7, 8, 9, etc. We obtain 

5—1, 5 — 2, 5 — 3,' 5— 4, 6 — 5, & — 6, 5 — 7, 5 — 8, 
5 — 9, etc. or reducing 

4, 3, 2, 1, 0, — 1, — 2, — 3 — 4. 

Whence we see that — 1 should be regarded as smaller than 
nothing ; — 2 less than — 1 ; — 3 less than — 2, etc. 



1 
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SECTION IV. 



MULTIPLICATION. 



(48.) Multiplication is repeating the multiplicand, as many 
times as there are units in the multiplier. 

When several quantities are to be multiplied together, the 
result will be the same, in whatever order the multiplication is 
performed. 

Thus 2 X 3 X 4 is equal to 2X4X3 or 4X3X2 or 3x4 
X 2, the product in each case being 24. So also, if a, 6 and c 
represent any three numbers, we shall have abc equal to bca or cab. 

It is convenient to consider the subject of multiplication under 
several cases. 



CASE I. 



(49.) fVher^ the/actors are both monomials. 

From Article 14 it appears that in order to represent the multi- 
plication of two monomials, such as 3abc and bdefy we may 
write these quantities in succession without interposing any sign, 
and we shall have 

3(dfcbdef 

But 'according to the principle stated in the preceding Article, 
this result may be written 

3 X b(d)cdefy or Ibabcdef. 
Hence we deduce the following 



f 
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I RULE. 



Multiply the coefficients of the two terms together y and to 
the product annex all the different letters in succession. 



EXAMPLES. 



Multiply 12a 5a lab laxy 6xyz 

By 36 6x bac Say ayz 



Product 36aft 

From Article 48, it appears to be immaterial in what order the 
letters of a term are arranged ; it is, however, generally most con- 
venient to arrange them alphabetically. 

(50.) We have seen in Art. 20, that when the same letter 
s^pears several times as a factor in a product, this is briefly 
expressed by means of an exponent. Thus aaa is written c^ ; the 
number 3 showing that a enters three times as a factor. Hence, 
if the same letters are £ound in two monomiab which are to be 
multiplied together, the expression for the product may be abbre- 
viated by adding the exponents of the same letters. Thus, i( we 
are to multiply a^ by a*, we find a* equivalent to amy and a^ to 
aa. Therefore the product will be aaaaay which may be written 
a*, a result which we might have obtained at once by adding 
together 3 and 2, the exponents of the common letter a. 

Hence, since every factor of both multiplier and multiplicand 
must appear in the product, we have the following 

RULE FOR THE EXPONENTS. 

Powers of the same quantity may be multiplied by adding 
their exponents. 

EXAMPLES. 

Multiply 8a^6c* 2€^Vc ; 5rt*V 2a?fft^ 

By labcd^ 8abc^ 7rt%Vrf - ^ Mb^^ ' 



Product 56a'6V(f 
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CASE II. 

(61.) Wheri the multiplkarhd is a polyn(ymiaL 

If a+i is to be multiplied by Cy this implies that the sum of 
the units in a and b is to be repeated c times ; that is, the units 
in b repeated c times must be added to the units in a repeated 
also c times. Hence we deduce the following 

RULE. 

Multiply each term of the multiplicand separately by the 
multiplier, and add together the products. 

t:XAMPLES. 

Multiply 3a+24 a^+2x-\-l 3^^bxy+2 ^ + xy+2f 
By 4a 4r xy ba^y 



Product 12a* + 8a J 



CASE III. 



(52.) When both the factors are polynomials. 

If a + 5 is to be multiplied by c + d, this implies that the 
quantity a + & is to be repeated as many times as there are units 
in the sum of c and d ; that is, we are to multiply a + bhyc and 
d successively, and add the partial products. Hence we deduce 
the following 

RULE. 

Multiply each term of the multiplicand by each term qfthe 
multiplier separately j and add together the products. 



Multiply 
By 


a + b 
a+ b 


EXAMPLES. 

3x + 2y 

2x + 3y 


ax + b 
ex + d 


3a + x 
2a + 4r 



Producta* + 2aft + 6^ 
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When several terms in the product are similar^ it is most con- 
venient to set them under each other, and then unite them by the 
rules for addition. 

(53.) The examples thus far given in multiplication have been 
confined to positive quantities, and the products have all been 
positive. We must now establish a general rule for the signs of 
the product. 

First, if + a is to be multiplied by + *, this signifies that + a 
is to be repeated as many times as there are units in 6, and the 
result is + aii. That is, a plus quantity multiplied by a plus 
quantity, gives a plus result. 

Secondly, if — a is to be multiplied by + ft, this signifies that 
— a is to be repeated as many times as there are units in ft* 
Now — a taken twice is obviously — 2a, taken three times is 
— 3a, etc. hence if — a is repeated ft times, it will make — 6a 
or — oft. That is, a minus quantity multiplied by a plus quan- 
tity ^ves minus. 

Thirdly, if + a is to be multiplied by — ft, we may resolve it 
into the preceding case^ for 3 multiplied by 2 is equal to 2 multi- 
plied by 3. The quantity a repeated ft times, is equal to the 
quantity ft repeated a times. Hence + a multiplied by — ft is 
equal to — oft; that is, a plus quantity multiplied by a minus 
quantity gives minus. 

Fourthly, to determine the product of a minus quantity"by a 
minus quantity, let it be proposed to multiply a — ft bye — d. 
By this we understand that the quantity a — ft is to be repeated 
as many times as there are units in c — d. If we multiply a — ft 
by c we obtain ac — ftc. But a — ft was only to be taken c — d 
times ; therefore in this first operation we have repeated it too 
many times by the quantity d. Hence, to have the true pro- 
duct, we must subtract d times a — ft from ac — be. But d 
times a — ft is equal to ad — ftd, which subtracted from ac^ — be 
gives 

ac — be — ad + bd. 

Thus we see that — ft multiplied by — d gives + bd ; that is a 
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minus quantity multiplied by a minus quantity gives plus. This 
demonstration obviously comprehends the preceding case, since 
we find that + a multiplied by — d gives — ad. 

Let it be required to multiply 8 — 5 by 6 — 2. 

If we multiply 8 — 5 by 6, we obtain 48 — 30 ; that is, we 
have repeated 8 — 5 six times. But it was only required to 
repeat the multiplicand four times, or (6 — 2). We must there- 
fore diminish this product by twice (8 — 6) which is 16 — 10 ; 
and this subtraction is performed by changing the signs of the 
subtrahend ; hence we have 

48 — 30—16+10 

which is equal to 12. This result is obviously correct, for 8 — 6 
is equal to 3, and 6 — 2 is equal to 4 ; that is, it was required to 
multiply 3 by 4, the result of which is 12 as found above. 

(54.) The preceding results may be briefly expressed, as fol- 
lows : 
I + multiplied by +, and — multiplied by — give +. 

+ multiplied by — , and — multiplied by + give — . 

Or, the product of two quantities having the same sign^ has the 
sign plus ; the product of two quantities having difflarent sigMy 
has the sign minus: 

(55.) The following rule then comprehends the whole doctrine 
of multiplication. 

MidUply each term of the mtdHpKcandy by each term of the multV' 
plieTj and add together aU the partial products^ observing that like 

signs require + in the product ^ and unlike signs -^^ 

EXAMPLE I. 

Multiply 5a^ — 2a''h + 4aW 

By a^ — 4a% + 2y 



Partial f 5a^-2a% + 4a'b' 

i> A .i. i —20a^b+8a'b^—16a^b' 

^^^^"^'^ 1 +10a^b^-4^b^ + 8^b' 



Result ba' — 22a% + I2a'b^ ^ Sa'b^ —^4a'b' + 8a' ¥ 
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Ex.2. Multiply 4jt^ -^ 6a^6 — 8a6* + 26^ by 2a«~3fl6 — 4A* 
Ex, 3. Multiply Sc^ — 5bd + ef by — ba^ + 4bd-^8ef 
Ex. 4. Multiply x^ + 2a? + dQir' + 2x + lhy a?— 2x + 1\ 
Ex. 5. Multiply 14a^€ — 6a*Jc + c" by 14 a^e + Ba'bc— (? 
Ex. 6. Multiply 3a3 + 35a^6-^ 17aJ*— ISiE^by 3a* + 26fl&~ 57A^. 

(56.) Since in the n^ultiplication of two monomials, every fac- 
tor of both quantities appears in the product, it is obvious that 
the degree of the product will be equal to the sum of the degrees 
of the multiplier and multiplicand. Hence also, if two polyno- 
mials are homogeneous^ their product will be homogeneous. 

Thus in the first of the preceding examples, all the terms of 
the multiplicand being of the foucth degree, and those of the 
multiplier, of the .third degree, all the terms of the product aie of 
the seventh degree. For a like reason, in the second example, 
all the terms of the product are of the fifth de^ee ; in the third 
example, they are of the fourth degree ; and in the sixth example, 
they are of the fifth degree. 

This remark will enable us to detect any error in the multipli- 
cation, so far as concerns the exponents. For example, if we 
find in one of the terms of a product which should be homoge- 
neous, the sum of the exponents equal to 6, while in all the other 
ter^is it is equal to 7, a mistake has evidently been committed in 
the formation of one of the terms. 

(57.) When the product arising from the multiplication of two 
polynomials does not admit of any reduction of similar terms, the 
whole number of terma in the product is equal to the number of 
terms in the multiplicand, multiplied by the nun^ber of terms in 
the multiplier. 

Thus if we have five terms in the multiplicand, and four terms 
in the multiplier, the whole number of terms in the product will 
be 5 X 4, or 20. In general, if there be m terms in the multi- 
plicand, and n terms in the multiplier, the whole number of terms 
in the product will be m X n. 

(58.) If the product contains similar termSf the number of 
terms in the product when reduced may be much less ; but it is 
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iiopoitatit to obs^rre that among the ctifieretit terms of the pro- 
daet, there are some which carmot be reduced with any others. 
These are : 

1. The term arising from multiplying that term of the multipli- 
cand^ which is affected with the highest exponent of any one of 
the iettersi by that term of the multiplier which is affected with 
the highest expooeht of the same letter. 

' 2. The term arising £?om the multiplication of the two terms 
affected with the lowest exponent of the same letter. 

For it is evident from the rule of exponents, that these two 
partial products must involve the letter in question, the one with 
a kigher^ and the other with a lower exponent than any of the 
other partial products, and therefore cannot be similar to any of 
them. This remark is the foundation of the rule for division, in 
Art. 74. 

(59.) For many purposes, it is sufficient merely to indicate the 
multiplication of 4wo polynomials, without actually performing 
the operation. This is effected by enclosing the quantities in 
parentheses, and writing them in succession with or without the 
interposition of any sign* 

Thus {a + b + c){d + e +f) signifies that the sum of a, h and c 
is to be multiplied by the sum of d, e andy*. 

When the multiplication is actually performed, the expression 
is said to be expanded. 

(60.) The following Theorems are of stch extensive applica- 
tion that they should be carefully committed to memory. 

THEOREM I. 

The square of the sum of two quantities is equal to the square of ihe 
firsty plus twice the product j>f the first by the second^ plus the square of 
the seconds 

Thus if we multiply a + b 
By a + b 

a^ + ab 

ab + b^ 



We obtain the product a^+ 2ab + 6*. 
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m 

Thus if we vrish to obtain the square of a binomial, we can 
write out the terms of the result at once according to this theo- 
rem without the necessity of performing an actual multiplication. 

EXAMPLES. 

1. (x + y)«= 

2. (2a + 6)*== 

3. (a + 25)^:= 

4. {a + 3ft)«= 

5. (3a + S6)»= 

6. (4a + 36)*=* 

7. (5a» + 6)*=- 
8; (5a* + 7a6)*= 
9. (50^ + 6)'= 

10. (50^ + 8a*6)*= 

This theorem deserves particular attention, for one of the most 
common mistakes of beginners is to call the square ofa + b equal 
to a* + 6*. 

THEOREM II. ^ 

(61.) TAe sqtcare of the. difference of hoo quarUUieBy is equal to the 
square of the firsts minus twice the product of the first and second^ 
plus the square of the second. 

Thus if we multiply a — ft 
By ^ — '^ 



a* — ab J 

We obtain the product a* — 2ab + 6* 

EXAMPLES. 

1. (x— y)»=« 6. (6a» — x)*-* 

2. (o — 26y-» 7. (ft^—Sxy*: 

3. (2a— 26)»= 8. (7<i» — 6)»= 

4. (2a— 36)»= 9. (7a»— 12a6)»» 

5. (5a— 46)»= 10. (7a»4»— 12aft)»^ 
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Here also, beginners oAea commit the mistake of putting the 
^square of a — h equal to c? — 6*. 

THEOREM m. 

(62.) The product of the sum and difference of two quaxMies is 
equal to the difference of their sqtiares* 

Thus if we multiply a + b 

By a~b 



cf + ab 
— ab — V 



We obtain the product a* — 6* 

EXAMPLES. 

1. [x + y){x — y)^ 

2. (2a + ft)(2rt— J)= 

3. (3a + 6) (3a — 6)= 

4. (3a + 46) (3a — 46)= 

5. (7a + x) (7a — a?)«= 

6. (7a5 + x) {lab — x)^ 

7. (8a + 6)(8a — 6)« 

8. (8a + 76c)(8a— 76c)« 

9. (5a» + 66«) (5a« — 66«)« 

10. (5a5»y + 3iy») {&j^y — 3a;^)»* 

The utility of the preceding theorems will be the more appa« 
rent, the more complicated the expressions to which they are 
applied. Frequent examples of their application will be seen 
hereafter. 

(63.) The same theorems will enable^ us to resolve many com- 
plicated expressions into their factors. 

1. Resolve a' + 2a6 + 6* into its factors. . 

Ans. (a + 6) (a + 6.) 

2.. Resolve a* + 4a6 + 46* into its factors. 

3. Resolve a* — 6a6 + 96* into its factors. 

4. Resolve 9a* — 24a6 + 166* into its factors. 
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5. Resolve c? — V into its factors. 

6. Resolve a^ — i^ into three factors. 

7. Resolve a* — 6* into its factors. 

8. Resolve a? — V into four factors. 

9. Resolve 25a* — 60aW + 366^ into its factors. 

10. Resolve r? + 2n + 1 into its factors. 

11. Resolve 4m V — Amn + 1 into its factors. 

12. Resolve 49a^J*— 168a%^ + 144a%* into its factors. 

13. Resolve n? + 2»* + n into its factors. 

MULTIPLICATION BY DETACHED COEFFICIENTS. 

(64.) In the multiplication of polynomials, the letters may oflen 
be omittedi and the operation be performed on the coefficients 
alone. The proper letters are afterwards annexed to the coeffi- 
cients in the result. This will be best understood from a few 
examples. 

Thus, take the first example of Art. 52, to multiply a + 6 by 
a + 5. 

The coefficients of the multiplicand are 1 + 1 
« " multiplier 1 + 1 



1 + 1 
1 + 1 

Coefficients of the product 1 + 2 + 1 

or supplying the letters we obtain a* + 2a5 +6* 

the same result as before obtained. 

Ex. 2. Multiply 3a* + 4eM?— 5a:* by 2a* — 6aa; + 4a:*. 
Coefficients of multiplicand 3 + 4 — 5 



(C 



multiplier 2. — 6 + 4 



6+ 8—10 
— 18—24 + 30 

+ 12 + 16 — 20 

Coefficients of the product 6 — 10 — 22 + 46 — 20 



I 
I 

I 
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It may seem difficult in this case to supply the letters ; but a 
little conaderation will render it perfectly plain. Thus 3a^ X 
2a^ is equal to 6a^ ; hence d^ is the proper letter to be attached 
to the first coefficient. For the same reason a;^ is the proper 
letter to be attached to the last coefficient. Moreover, we see 
that both the proposed polynomials are homogeneous, and of the 
second degree. Hence the product must be homogeneous, and of 
the fourth degree. The powers of a must decrease successiyely 
by unity, beginning with the first term, while those of x increase 
by unity. Hence, the required product is 

6tf* — Vkc'x — 22aV + 4&aj? — 20ar*. 
Ex. 3. Multiply 7?'{-Q?y + x^ + 'i^hyx — y. 
Ex. 4. Multiply r» — 3a:*+ar— Ibya:* — 2x+l. 
Ex. 5. Multiply 20^ ~ 3a6^ + 56^ by 2a — 56. 

If we should proceed with this example precisely in the same 
manner as with the preceding, we should commit an error by 
attempting to unite terms which, are dissimilar. The reason is 
that the multiplicand does not contain the usual complete series 
of powers of a. The term containing the second power of a 
is wanting. This does not render the method inapplicable, 
but it is necessary to keep dissimilar terms distinct from each 
other ; and since while we are operating on the coefficients, 
we have not the advantage of the letters to indicate what are 
similar terms, we supply the place of the deficient term by a 
cypher. The operation will then proceed with entire regu- 
larity. 

2+0—3+5 
2 — 5 



4 + — 6 + 10 
_10 — + 15 — 25 



4—10 — 6 + 25 — 25 
Hence the product is 

4£i* — lOa^J — &€?b + 25a6^ — 256^ 
6 
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Ex. 6. Multiply 2a« — 806" + 56^ by 2a^ — 56*. 

Here there is a term in each polynomial to be supplied by a 
cypher. 

The preceding examples are usefiil in leading the student 
to consider the properties of coefficients by themselves, and 
as preparatory to some investigations which are to follow. 
The beginner, however, in attempting to apply the method, 
will need to be particularly cautious not to unite dissimilar 
terms. 



SECTION V. 



DIVISION. 



(65.) The object of diyision in Algebra is the same as i^ 
Arithmetic^ viz. The product of twofcxtors being given^ and am 
of the factors J to find the other factor. 

The dividend is the product of the divisor and quotient, the 
divisor is the given factor, and. the quotient is the factor required 
to be found. 

CASE I. 

(66.) When the divisor and dividend are both monomials. 

Suppose we have 63 to be divided by 7. We must find such 
a &ctor, as multiplied by 7 will give exactly 63. We perceive 
that 9 is such a number, and therefore 9 is the quotient obtained 
when we divide 63 by 7. 

So also, if we have to divide ab by o, it is evident that the 
quotient will be b ; for a multiplied by 6 gives the dividend ab. 
It is plain also that if we have to divide db by 6, the quotient 
will be a. 

Again the dividend dbc divided by a gives be ; for a multiplied 
by be gives abc. So also 12m9i divided by 3m gives 4n ; for 3m 
multiplied by 4n makes 12mn, 

Suppose we have a* to be divided by a^ We must find a 
number which multiplied by a* will produce a*. We perceive 
that €^ is such a number ; for according to Art. 50 we multijily a^ 
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by a^, by adding the exponents 2 and 3, making 5. That is, the 
exponents of the quotient is found by subtracting 2 the expo- 
nent of the divisor from 5 the exponent of the dividend* Hence 
the following 

RULE OF EXPONENTS IN DIVISION. 

In order to divide quantities expressed by different powers of 
the same letter,^ subtract the exponent of the divisor Jram the 
exponent of the dimdend. 









EXAMPLES. 








Divide 


a» 


o» 


6" C« 


W 


a* 


y"' 


By 


a» 


a» 


V C* 


h* 


z* 


»• 



Quotient cf 

Let it be required to divide 35o' by 5a'. We must find a 
quantity which multiplied by 5a* will produce 35a'. Such a 
quantity is Ic? ; for according to Arts. 49 apid 50, 7a^ X 5a* is 
equal to 35a*. Therefore 35a* divided by 5a* gives for a quo- 
tient 7a* ; that is, we have divided '35, the coefficient of the 
dividend, by 5 the coefficient of the divisor ; and have subtracted 
the exponent of the divisor from the exponent of the dividend. 

(67.) Hence for the division of monomials, we have the fol- 
lowing 

RULE. 

1. Divide the coeffiderd of the dividend by the coefficient of the 
divisor, 

2. Subtract the exponents of the letters in the divisor from the 
exponents of the same letters in the dividend. 

EXAMPLES. 

1. Divide 20a? by 4x Ans. &r* 

2. Divide 25a* xj/* by 5ay* 

3. Divide 72a6V by 12b^x 

4. Divide 77a*6V by lla6*c^ 
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5. Divide *272a36Vx« by ITa^i^ca^ 

6. Divide ^bOxY^ by 5a^y2* 

7. Divide 48a%Vd by I2ab^c 

8. Divide 150a*&W by 30a^ft*eP 

(68.) The rule given in Art. 66 conducts in some cases to 
negative exponents. 

Thus, let it be required to divide a' by a*. We are directed 
to subtract the exponent of the divisor from the exponent of the 
dividend. We thus obtain 

But aP divided by a' may be written --. ; and since the value 
of a fraction is not altered by dividing both numerator and denom- 
inator by the same quantity, this expression is equivalent to — . 



a' 



Hence er^ is the same as -5 

a 



and these expressions may be used indifferently for each other. 
So also, if a* is to be divided by «*, this may bf written 






In the same manner we find 






a"* 



That is, the reciprocal of a quantity J>s equal to the same quantity 
with the sign of its exponent changed. 

So also jt_^^ ^ ab-^c-' 

b^c c 

^^ b bd^ 

(69.) Hence any factor may be transferred from tlie numerator 
to the denominator of a fraction, or ffom the denominator to the 
numerator, by changing the sign of its index, 

• Thus ^=06"' 

, 



46 DIVISION. 






That is, the denominator of a fraction may be entirely removed, 
and an integral form be given to any fractional expression. 

This use of negative exponents must be understood simply as 
a convenient notation, and not as a method of actually destroying 
the denominator of a fraction. Still this new notation has many 
advantages, and is often employed, as will be seen hereafter. 

When the division cannot be exactly performed, it may be 
expressed in the form of a fraction, and this fraction may be 
reduced to its lowest terms according to a method to be explained 
in Art. 83. 

(70.) It frequently happens that the exponents of certain letter^ 
in the dividend are the same as in the divisor. 

Let it be required to divide a* by a*. The quotient is obvi- 
ously 1, for every number is contained in itself once. But if we 
apply the rule of exponents, Art. 66, we shall have 

a*"^ or a®. 

Hence a® = 1. 

Again let it be required to divide a"* by a*. The quotient is 
obviously 1 as before ; and applying the rule of exponents we 
obtain 

0"*^'** or a®. 

That is, every quantity affected wUh the exponent zerOy is equai to 
tmity. 

This notation has the advantage of preserving a trace of a 
letter which has disappeared in the operation of division. Thus 
let it be required to divide 0*6* by a^b^. The quotient will be 
cA^, This expression is of the same value as a alone, and is 
commonly so written. If, however, it was important to indicate 
that the letter b originally entered into the e]q)ression, this mi^ht * 
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be done without at all affecting the value of the result by 
writing it 

(71.) The proper sign to be prefixed to the quotient is readily 
deduced from the principles already established for multiplication. 
The product of the divisor and quotient must be equal to the 
dividend. Hence 



because +aX+6 = + a6l 



+ ab-^ + h^ + a 



+ aX — 6 =a — ab — oJ -*- — 6=+a 

— aX — j= + a6j y + ab -*• — 6 = — .a 

Hence we have the following 

RULE FOR THE SIGNS. 

When both the dividend and divisor have the same sign^ the 
qtwtient loUl have the sign + ; when they have dxfferenid signs^ the 
quotient will have the sign — . 

EXAMPLES. 

1. Divide — I5ay* by Say. • 

2. Divide — 18aa:*y by — 9aa:. 

3. Divide IbOa^hc by — 5ac. 

4. Divide 40a^6^c by — abc. 

iDASE II. 

(72.) When the divisor is a monomial^ and the dividend a poly- 
nomial. 

We have seen, Art. 51, that when a single term is multiplied 
into a polynomial, the former enters into every term of the latter. 
Thus a{a + b) = a* +a6 

Hence (a* + oft) -^ a « a + ft. 

Whence we deduce the following 

RULE. 

Divide each term of the dividend by the divisor^ as in the former 
case. 
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EXABIFLES. 

1. Divide aaj* + 6a:* + 3ax—15x by 3a:. 

2. Divide 3abc +12abx— 9a*6 by Sab. 

3. Divide 40a%' + 60a*6*— 11 ab by — a6. 

4. Divide 15a*Jc — lOocx* + 5a(P by — 5a*c. 

5. Divide 6aV/— 12aV/ + IbaVy^ by 3aVf. 

6. Divide a*+'—:t» + *+a«+—a:n+^ byx„. 

7. Divide 12aY — 16aY + 20ay — 28ay by — 4aY. 

CASE III. 

(73.) When the divisor and dividend are both polynomials. 

Let it be required to divide 2ab + a^ + b^hy a + b. 

The object of this operation is to find a third polynomial 
which multiplied by the second will reproduce the first. 

It follows firom this definition, and from the rule of Art. 52, that 
the dividend is composed of all the partial products arisihg firom the 
multiplication of each term of the divisor, by each term of the 
quotient ; these, products being added together and reduced. 
Hence if we can discover a term of the dividend which is derived 
without reduction firom the multiplication of a term of the divisor 
by a term of the quotient, then dividing this term by the corre- 
sponding term of the divisor, we shall be sure to obtain a term of 
the quotient. 

But fix>m Art. 58, it appears that the term a*, which contains 
the highest exponent of the letter a, is derived wUhxmt reduction 
from the multiplication of the two terms of the divisor and quo- 
tient which are affected with the highest exponent of the same 
letter. Dividing- then the term a* by the term a of the divisor, 
we obtain a which we are certain must be one term of the quo- 
tient sought. Multiplying each term of the divisor by a, and 
subtracting this product from the proposed dividend, the remain- 
der may be regarded as the product of the divisor by the remain- 
ing terms of the quotient. We shall then obtain another term of 
the quotient, by dividing that term of the remainder affected 
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with the highest exponent of a, by the term a of the divisor, and 
so on. 

Thus we perceive that at each step, we are obliged to search 
for that term of Ihe dividend which is affected with the highest 
exponent of one of the letters, and divide it by that term of the 
divisor which is affected with the highest exponent of the same 
letter. We may avoid the necessity of searching for this term, by 
arranging the terms of the divisor and dividend in the order ofUhe, 
powers (^one of the letters. 

The operation will then proceed as follows : 



The arranged dividend =a^ + 2ab +6* 

a^ + ab 



a + 6 = the divisor 



a + 6 = the quotient 
ai + ft* =» first remainder 
ab + b^ 





It is generally most convenient in Algebra to place the divisor 
on the right of the dividend, and the quotient directly under the 
divisor. 

(74.) From this investigation we deduce the following 

RULE FOR THE DIVISION OF POLYNOMIALS. 

1. Arrange the dividend and divisor according to the powers of the 
same letter, 

2. Divide the first term of the dividend by the first term of the divi- 
sory the result vnll be the first term of the quotient. 

3. Multiply the divisor by this term^ and subtract the product from 
the dividend, 

4. Divide the first term of the remainder by the first term of the 
divisor^ the result will be the second term of the qtioHent, 

5. Multiply the divisor by this termj and subtract the product from 
the last remainder. Continue the same operation, and if you obtain 
for a remainder, the division is said to be exact, 

EXAMPLES. 

1. Divide 2c^b + b' + 2ab^ + a^ by a^ + l^ + ab. 

Ans. a + 6. 
7 
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2. Divide a? — c^ + 3a*a: — 3aa? by x — a. 

Ans. 7? — 2ax + a*. 

3. Dividea* + 2(r^z3 + 2«bya^ — az + 2?. 

4. Divide a* — 16aV + 64c^ by a* — 4aa: + 4a:*. 

5. Divide a* — 4a^a: + 6(iV— 4ar* + ar* by a*— 2aa: + a?. 

6. Divide x"" + 7^ + '!/'hy o^ + xy-A- f. 

7. Divide a* + 4ar + 4ai* by a + 2a:. 

8. Divide 12a:* — 192 by 3a: — 6. 

9. Divide 6a:^ — 6/ by 2a:* — 2y*. 

10. Divide a* — 3a*6* + 3a*6*— 6^ by a^ — Za% + 3ai* — 6^ 

11. Divide a:* — ^hyx — y. 

12. Divide a^ — b^hya — b. 

If the first term of the arranged dividend is not divisible by the 
first term of the arranged divisor, the complete division is impos- 
sible, 

(75.) Hitherto we have supposed the terms of the quotient to 
be obtained by dividing that term of the dividend affected with 
the highest exponent of a certain letter. But from the second 
remark of Art. 58, it appears that the term of the dividend 
affected with the lowest exponent of any letter, is derived without 
reduction from the multiplication of a term of the divisor by a 
term of the quotient. Hence we may obtain a term of the quo- 
tient by dividing the term of the dividend affected with the lowest 
exponent of any letter, by the term of the divisor containing the 
lowest power of the same letter ; and nothing prevents our opera- 
ting upon the highest and lowest exponents of a certain letter 
alternately, in the same example. 

(76.) From the examples of Art. 74, we perceive that a? — y* 
is divisible bya: — y; and (Z* — ¥ is divisible by a — 6. We 
shall find the same to hold true, whatever may be the value of 
the exponents of the two letters. Their difference will always be 
divisible by a — 6. 

Let us designate any exponent whatever, by the letter w, and 
let us divide a* — 6" by a — 6. 



a" — Ja*-* 
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a — b 



tf» 



— 1 



1st remainder =* fta*-^ — 6" 

Dividing a* by a, we have by the rule of exponents a"~^ for 
the quotient. Multiplying a -^ ft by this quantity, and subtracting* 
the product from the dividend, we have for the first remainder 
Ja**"^ — 6", a result which may be put under the form 

Now if after a division has been partially performed, the 
remainder is divisible by the divisor, it is obvious that the divi- 
dend is completely divisible by the divisor. Hence it follows 
that if €f ~^ — 6*-^ is divisible by a — 6, a" — i» will also be 
divisible by a — b. That is to say, if the difference of the same 
powers of two quantities is divisible by their difference, the 
difference of the powers of the next higher degree is also divisible 
by that difference. 

But we have seen that a* — 6^ is divisible by a — 6. There- 
fore a' — V is divisible by a — b ; therefore also a* — ft* is divi- 
sible by a — ft, and so on. Hence, 

ITie d^erence of two integral positive powers of the same degree ^ 
is divisible by the difference of their roots. 

The quotients obtained by dividing the difference of the powers 
of two quantities by the difference of those quantities, follow a 
simple law. Thus 

(a»_ft«)^(a — ft)«a + ft 

(a3_ft3) -5- (a— 6) = a' + oft + ft* 

(a^_64) -5- (a — ft) =0^ +a%+ oft* + ft^ 

(V _ ft*) -5- (a_ft) « a* + (^b + a^b^ + ab^ + b\ 

&c. &c. &c. 

'(^_ ft»)-j-a.— ft)«a*»-'+a»-*ft+a»-36*+ - - +a'ft'»-«+aft— Hft*»-^ 

The exponent of a decreases by unity, while that of ft increases 
by unity. 
(77.) It may also be proved that the difference of two powers of 
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the same degree is divieihle by the sum of their roots^ tohen the expo* 
nent of the power is an even number. 

Thus, 

(^ ^h^)-^{a+ b) ^ a.— b 
(a*_64)-^(a + 6) = a3 — a2ft + a52_j3 

(a<» _ fto) -i- (a + 6) « a^—cd'b+d'b^ — ii^V + ob^ — V 

&C. &.C. &c. 

Also, the sum of two powers of the same degree^ is divisible by 
the sum of their rootSy when the exponent of the power is an odd 
number. 

Thus, 

{a' + b') -^ (a + 6) = a^ — a6 + 62 

(a* + 6*) -5- (a + ft) = o^ — a^ft + c^b^—ab^ + 6* 
(a^ + ft^) -t(a + 6)=a« — a*6 + a^b^ — a^b^ + a^b^—ab^ + 6^ 
&c. &c. &c. 

(78.) The preceding principles will enable us to resolve 
various algebraic expressions into their factors. 

1. Resolve a^ — b^ into its factors. 

Ans, (o^ + a6 + 6*)(a— 6). 

2. Resolve a^ + ^^ into its factors. 

3. Resolve a* — ft* into four factors. 

4. Resolve a^ — 8ft^ into its factors. 

5. Resolve 8a^ — ft^ into its factors. 

. 6. Resolve 8a^ — Sft^ into its factors. 

7. Resolve a^ + 27ft^ into its factors. 

8. Resolve 8(^ + 27ft^ into its factors. 

(79.) One polynomial cannot be di^vicjed by another polyno- 
mial containing a letter which is notfamd in the dividend ; for it 
is impossible that a third quantity multiplied by a second which 
contains a certain letter, should give a product not amtaimng that 
letter. 

A monomial is never divisible by a polynomial ; because every 
polynomial multiplied by another quantity, gives a product con- 
taining at least two terms not susceptible of reduction. 
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Yet a binomial may be divided by a polynomial, conlatning 
imy mmiher of term^. 

Thus, 0^ — V is divisible by o^ + a*6 + oft* + 6^, and givep 
for a quotient a — 6. 

So. also, a binomial may be divided by a polynomial of 
a hundred terms, a thousand terms, or indeed any finite num- * 
ber. 

DIVISION BY DETACHED COEFFICIENTS. 

(80.) We have shown in Art. 64 how multiplication may 
sometimes be conveniently performed by operating upon the 
coefficients alone. The same principle is applicable to division. 
Thus, take the example of Art. 73, to divide a* + 2ab + i* by 
a + h; we may proceed as follows : 



1 + 2 + 1 
1 + 1 



1 + 1 
1 + 1 



1 + 1 



1 + 1 



The coefficients of the quotient are 1 + 1. Morebver, a^ -r- a 
» a; and therefore a is the first term of the quotient, and h the 
second. 

Ex. 2. Dividea?*— 3aa?.^a^a:*+18a3a>— &t*bya?+2ar— 2a^ 



1_3_8+18 — 8 
1 + 2 — 2 



1 + 2 — 2 



_5^-6 +18 — 8 
— 5—10 + 10 



5 + 4 



4+ 8—8 
4+ 8 —8 

The coefficients of the quotient are 1 — 5 + 4, and it remains to 

supply the letters. But x* -r- a:* = a:* ; and tf* -5- a* « a*. Hence 

a^, 027, and c? are the literal parts of the terms, and therefore the 

quotient is 

a» — 5aa: + 4fl». 

Ex. 3. Divide 6<i^ — 96 by 3a — 6. 
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Here as we have the fourth power of a without the lower powers, 
we must supply the coefficients of the absent terms, as in multi- 
plication, with zero. 



6+ + + — 96 
6—12 



12 






12- 


-24 






24 






24- 


-48 



3 — 6 



2 + 4 + 8+16 



48 — 96 
48 — 96 ' 

But a* -T- a *» a* ; hence the quotient is 

2a« + 4a* + 8a + 16. 
Ex. 4. Divide 8a' — 4a*a:_2aV+ aV by 4a*— a?. 
Ek. 5. Divide 3y* + Say* — 4a^y — 4a?* by a: + y. 
Ex. 6. Divide a«+4a'— 8a^— 25a»+35o*+21ar-28bya*+5a+4. 






SECTION VI. 



FRACTIONS. 



(81.) When a quotient is expressed as described in Art. 16, 
by placing the divisor under the dividend with a line between 
them, it is called 2^ fraction ; the dividend is called the numera- 
tor and the divisor the denominator of the fraction. Algebraic 
fractions do not differ essentially from arithmetical fractions, and 
the same principles are applicable to both. 

The following principles are the basis of most of the operations 
upon fractions : 

1. In order to multiply a fraction by any number y we must muU 
Hply the numerator ^ or divide the denominator of the fraction by 
that number. 

nh 

Thus the value of the fraction — is 6. If we multiply the nu* 

, €?b 

merator by a, we obtain — or ab ; and if we divide the denomi- 

nator of the same fraction by a, we obtain also ab ; that is, the 
original value of the fraction 6, has been multiplied by a, 

2. In order to divide a fraction by any number^ we must divide the 
numerator^ or multiply the denominator by thai number, 

(j?b 
Thus the value of the fraction — is ab. If we divide the 

a 

numerator by a, we obtain — or 6 ; and if we multiply the 
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denominator of the same fraction by a we obtain — ^ or b ; that 

•^ a* 

is, the original value of the fraction ab has been divided by a. 

3. The value of a fraction is not changed j if we multiply or divide 

both numerator and denominator by the same number. 

^, ab abx abxy 

Thus — = = — ^=»A. 

a ax axy 

Every quantity which is not expressed under a fractional form, 
is called an entire quantity. 

An algebraic expression composed partly of an entire quantity, 
and partly of a fraction, is called a mixed quantity. 

(82.) The proper sign to be prefixed to a fraction, may be 
determined by the rules already established for division. The 
sign prefixed to the numerator of a fraction, afiects merely the 
dividend ; the sign prefixed to the denominator, afiects merely the 
divisor ; but the sign prefixed to the dividing line of a fraction, 
afiects the quotient. 

nh 

Thus — = + 6, for + divided by + gives +. 

vv 

— = — by for — divided by + gives — 
« — 6, for + divided by — gives — 



— a 

"^ — + 6, for — divided by — gives + 
• — a 

aib 
So also == — bj for this shows that the former quotient 

b is to be subtracted, which is done by changing its sign. 

ah 

— — — + ft, because the former quotient — 6 is to be 
subtracted, whence it becomes + b. 

= + 6j for the same reason ; 

a 

and ^ — 6, also for the same reason. 

— a 



Hence — = ="^ == r'+fi . r 

So also, = = -^— i= =s — & 

a — a a — a 

Hence it appears that 6r the three signs -j^elODging to the 
numerator, denominator, and dividing line of a fraction, any two 
may be changed /rom + to — or from — to +, vfithotU affecting 
the value of the fracHon. i, . ' f- r. 

In the examples of fractions here employed for illustration, 
both numerator and denomifiator haiv# eOTisisted of mpnppials. 
The same principle's are applicable to polynomials ;'tiut i^must 
be remarked that by the sign of the tiiimefator, ^e understand 
the entire numerator as distinguished &oi;a the mgm 'o( any dne'^bf 
its terms taken singly. ... 

When no sign is prefixed either to tbe-terAsof,a fraction, or 
to its dividing line, + is always to be understood. 






REDUCTIOK OF FRACTIOKS. 

IT f • - , » • 



CASE t.* 






(83.) To reduce ajraction to lower terms, * 

Divide both numeraior and deAo^iiiatw' by any quantity which will 
divide them bqih^withqtd a remainder* . 

. Aoco^ing ^on Remark 3 of. Art. 81, this will not chajige the. 
value of the fraction. \. ^ ♦ 

mi ax a 

Tbus T- == r - .^ -'. - ' - ' r 

g3jrs = ^(dividing both nun^eiatqyi; and de- 
nominator by a%.) 

aa^ . _ . 03c.^ \ 
ax + a^ a + x 

If the numerator ai)d iiJtwomifiMl^^^e; both divided, by tbeir 
greatest common divisor, it is evident the fraction will be reduced 
8 



^ 
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to its lowest terms. The method of finding the greatest comn^on 
divisor is considered in Section XV. 

EXAMPLES. 
CX ^" 2^ 

1* Reduce -r — ; — r-to its lowest terms. 
arc + (Tx 

Ans — ' 
.a* 

2. Reduce -r -. to its lowest terms. 

■' :x^ . — a* 

3. Reduce - ^ ^ . to its lowest terms.. . 

4. Reduce ^ fr ^ — -^^ to its lowest terms. 

5. Reduce -= — ~ . ,A o its lowest terms. 

fl» a? ^ • .L ^ :•:.■•. • 

6. Reduce "5 — ^ rr^^o its lowest terms. 

or — 2ax + * 

CASE II. 

(84.) To reduce aJracUon to an entire or mixed quantity. 

. ' ' ' . ' 

•• -.v - • RULE'. ^ r.-'' • •■ 



Divide the numerator by the denominator for the entire party ana 
place the remtdndery if (my, over the denominator for thefracHonal 
part. 

Thus ?« 27 -4- 5 « 5J 



Also : =«(aa: + c?)-*"a:«»a + -. 



EXAMPLES. 



1. Reduce -^ — to an entire quantity. 

X 



idtAonMB. S9 



2. Reduce ^ — -j- — = to a mtted (jtiantity, 

(^ + a^ 

3. Reduce —- — to a muted quantity. + 

4. Reduce ^ to an entire' quantity. 



— 1 



0. Keduce — r* to a mixed quantity. 

- „ , 86* — 166 + 7a»&« . . , 

6. Keduce gr to a mized quantity. 

CAS£ III. 

(85.) 7b fftluce a miEecJ quaxiMiy to the form of a fraction. 
• RULE. 

MiMiply the miire part by the denominator of the fraction;., to 
the product add the numerator toUh its proper sign ; and place the 
result over the daummator. 

Ti. - « 3X6 + 2 15 + 2 17 
Thus 31 ^ g -g 

This result may be proved by the preceding case. For 
17 

t 

Also a =s 



€ . c c 



1 . Reduce a: to the form of a fraction. 

a: 



<Kc + a? ' ' •' ' 

• 2. Reduce x -^ "-^f^ r*0 tbe AMrfOfiOfa fraction, • r' '^ / 

■ 

2x —^ 7 -.11 ^-, 

3. Reduces + — :s^ to tjkf^/fofm ^a&actioB* ; ;; .:. 

4. Reduce 1 =-^!j^rr to tba §?to of a IraCjS^- *r .» 

5. Reduce l+ZiCrrr -Tg^. , t^ iij^^ fbrii oE a :^act4Qft j . : . r. 
fe. Reduc^^r^r J^:iiy ^ ^^ ^^ ibim of a fraction, .^ /; ■) 
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(86,). Tptfeiftj^iefrcuftum to a^cmmon. dmoviiimtpr^^ r: * / 

B.UL,E/ 

Multiply each numerator irdo all the denominators, except its 
*&umy/or d ^ieu) rhinveratory and ail t^ dendminators to^ethetjifr a 
■to^nmm denominator. ' ' 

EXAMPLES. 



1. Reducer and % to a common denominator. 
b d 






A ad be , 

<; 
Here it will be seen that the numerator and denominator of 

the first fraction are both multiplied bj'c^f a&d^iil tti6 seco^flflr^^* 
tion, they are both multiplied by b. The i^altie of the fractions 
therefore, is not changed by this operation. 

2. Reduce r- and to equivalent fractions, having a com- 



mon denominator. 






3, Reducer-, g- and, dj to^ -fraqtions having ^ Kso^moii de-. 

3 Zx 4vC 

4. Reduce j, -r- and a + -r- to jfraction^ baling a common 



( . • 1 1 






5. Reduce -^, — and^ — ^ to firactions' having a common 
,6. Reduce ,o J — i — and .-— r — ^^ to fractions having, ^ cpm- 

i 

mon denominator. 



• . ' * I • t ' 



7. Reduce a:;^..^^^."! — to'frtctiops haVing a cpmjoaop.de- 



nominator. 



• • I 



Following the Rule we obtain 

• f 

' J ' ' ' > ' L", I • ■ ' • • 

which firactions have a common denominator and are equivalent 
to those originally propose^- Nevertheless it may be observed 
that these firactions are ^ot reduced to their T^o^j^ common denom- 
inator, for every term is divisible by x. The least common 
denominator, is the least cpiapmoQ ipaultiple of the denominators 
of the proposed fractions. 

A common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple is the least number which they will so divide.. 
Thus 12a? is the least common multiplier of 3a? and 4x; and the . 
above firactions reduced to their least common denominator are 



8a - Sax + 6i* 
and 



» ' T 



12a? I2a* 



I 
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.The least common multiple of two numbers is their product 
divided by their greatest common divisor. 

3 5 

8. Reduce rj and — to equivalent fractions having llie least 

common denominator. 

The product of the denominators is 294, which divided by 7 
(their greatest common divisor) gives 42, the least common de- 
nominator, and the required fractions are 

9 ^10 • 

t:: and t:; 

42 42 , 

7 11 * , 

9. Qeduce the fractions rr and r^ to others which have the 

least common denommator. 

10. Reduce r and -j-: — r, to equivalent fractions having 

the least common denominator. 

11. Reduce -^ and ^^ w to equivalent fractions having the 

least common denominator. 

CASE V. 

', • ' ' ■ . 

(87.) To addJracHonai ^pumtities together. 

< > 

RULE. 

Reduce iheJracUons to a common denominator ; add the numera- 
.tars together^ and place their sum over the common denominator. 

EXAMPLES. 



X . X 

1. What is the sum of— and -o ? 

Reducing to a common denominator, the fractions become 
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3x .^ 
J ^'^^ 6" • 

Adding the numerators, we obtain-^ 

It is plain that three sixths of x and two sixths of x make five 
sixths of X. 

2. Required the sum of - 9 — and -^.^ , 









a; X 



3. Required the sum of - , x- and -^ 

4. Required the sum of bxj -^ and :• .- :■ * 

2a: 8a: 

5. Required the sum of 2a, 3a + -^ and a + -5-* 



a ■ fl'—^iii? 

6. Required the sum of a + a^ and 

^ ' a — x a 



7. Required the sum of — ^ and "~«~ • 



CASE VI 

(88.) To subtract (n^fradumal quanUty frtrni, another. 

RULE. 

Reduce the Jractions to a common denominaioTj subtract one 
numerator from the other, and place their difference over the com- 
mon denonfUnator. 
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EXAMPLES. 



1. From -TT subtract -r-. 
3 6 



Reducing to a common denominator, the fractions become 

„ lOar .9a: .x . . 

Hence ____.-^, 

and it ik plain that ^ iiftjeenths of x diminished «by nine fifteenths 
otXf eqi},als one fifteenth of x. 

12ar 3x 

2. From -=- subtract -=-. 

7 5 • 



3. From ~ subtract -J^, 



4. From j- — Jsubtraet r-r^ 
b — c^ b+t 



2 + ^x . 5x — 6 ■ 

5. From 2x + { — g*— subtradt x — oiT^* 



X a: — a 

6. From 3a; + rr subtract a?-*-- — - — ^. 

a + i - fl — i 

7. From — ^ — subtract — - — . 

„ „ 13a — 56' , 7a — 26 

8. From r — subtra(5^, s ■ g . 

CASE VII. 
(89.) To mttUiplyJr actional quantities together. 



t I • / 



' I 



,» 



FRAonons. 65 

RULE, 

Multiply all the numerators together for a new numerator ^ and 
all the denominators together for a new denondmitor. 

a c 
Let it be required to multiply -r- by^v- 

First, let us multiply T-by c. According .to Remark first of 

Art. 81, the product must be -r-. 

c 
But the proposed multiplier was —, that is, we have used a 

a 

multiplier d times too great. We must therefore, divide the 

result --by d ; and according to Remark second of Art. 81, we 

obtain 

ac 
hd! 

which result conforms to the Rule above given. 

X 2x 
Ex. 1. Multiply ^ ty"Q • 



2. What is the continued product of ^,-r-j and -^^r- ? 

3. Multiply f by gf. 

4. What is the continued product of — , — , and -rrr ? 

*^ a^ c 2o 
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hx (t 

6. Multiply 6 H by — . 

6. Multiply-^ by ^:^. 

7. What is the continued product of x. and --7 ? 

^ a a + 

8. Multiply -^^—^ by ^^Pj. 
(90.) Ex. 1. Multiply -gby \. 

According to the preceding Article, the result must be -^. 

1 . 1 ^ 

But according to Art. 68, -3 may be written a-^ ; — ^ may be 

written U~^ ; and ~ may be written a""*. 

Therefore ar^ X ar^ = or'. 

That is, the Rule of Art. 50 is general^ and applies to negative 
as well as positive exponents, 
Ex. 2. Multiply — ft-* by 6~^. 

Ans. — ft-*. 

3. Multiply a-* by a^ 

4. Multiply 6-3 by ft^ 

5. Multiply (T^ by a"*". 

6. Multiply 6-" by 6"*. 

CASE VIII. 

. (91.) To divide oirw fractional quantity by another. 
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^ RULE. 

'. Invert the divisor and proceed as in mvMiplication. 

If the two fractions have the same denominator, then the quo- 
tient of the fractions will be the same as die quotient of tbei 
numerators. 

3 . . . 9 

Thus it is plain that -r- is contained in r^ as oflen as 3^is con- 

. _ • 

tained in 9; 

. But when the two fractions have not the same denominator, 
we must reduce ihem to this form by Case IV. 

a c 
Let it be required to divide T"ljy"T- 

Reducing to a common denominator, we have — to be divided 
-6c 

It is now plain that the quotient must be represented by the 
division of ad by bcy which gives % 

ad 
hi 

the same result as obtained by the above Rule. 

a ^ c a d ^ad 

h d b c be' 



EXAMPLES. 



1. Divide -^by ~. 



2. Divide -t- by -r, 
b '' d 



Ans. li. 
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3. Divide 3 ■ . by —r-. 

4. Divide — ^ — by ~. 

6. Divide -^-^ — -5- by *. 

7. Divide , , H r by 



a + b "^ a — 6^ « — * « + * ' 

(92.) Ex. 1. Divide —f^jii- 

According to the Rule of the preceding Article, we have 

a' 1 a' a*' 

Bat -7 may be written a"' ; -3 may be written a"* ; and -^ 

is equal to or*, 
. Hence a~' -t- cr^ = a~*. 

That is, Me Bwie of Art. 66 w general^ and applies to negative 
05 well as positive exponents, 
Ex. 2. Divide —J-* by —J-*. 

Ans, 6~^. 

3. Divide a' by a"*. 

4. Divide 1 by cr*. 

5. Divide 6aH by — 2a"^. 

6. Divide ft**"^ by 6"*. 

7. Divide 12xr^y-^ by — 42^. 

(93.) According to the definition, Art. 33, the reciprocal of a 
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quantity is the quotient arising from dividing a unit by that 
quantity. 

Hence the reciprocal of -j- 

IS 1 -^^= 1 X — =—. 
a a 

That is, the reciprocal of a fraction is thefrtxtion inverted. 

Thus the reciprocal of z—. — is 

b + x a 

The reciprocal of r---— is 6 + c. 

o + c 

Hence, to divide by any quantity^ is the same as to multiply by 
its reciprocal; and to multiply by a quantity y is the same as to 
divide by its reciprocal. • 

(94.) The numerator or denominator of a fraction may be itself 
a fraction ; 

a_ ± 

As ^ or A. 

c ± 
d 

Such expressions are easily reduced by applying die preceding 
principles. 



Thus I 6 J means -r--i 



(I 



a 



which, according to Remark second, Art. 81, equals -^ . 

be 



Again, 



f b 



a 

b 

means a-* 

c 



s c . 



which according to Art. 91, equals 



ac 



b ' 
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\ b \ a c 

Also -^^ — ^ means the same as x "^ "J« 
( c ] o a 

UJ 

ad 
which, according to Art. 91, equals -7- . 



/ 



SECTION VII. 



SIMPLE EQUATIONS. 



(95.) An equation is a proposition which declares the equality of 
two quantities expressed algebraically. 

Thus X — 4 = 6 — X, is a proposition expressing the equality 
of the quantities x — 4 and h — x. 

The quantity on the left hand side of the sign of equality is 
called Xhe first member of the equation ; the quantity on the right, 
the second member. 

Equations are usually composed of certain quantities which are 
knovm^ and others which are unknown. The known quantities 
are represented either by numbers, or by the first letters of the 
alphabet, a, 6, c, &c.; the unknown quantities by the last letters, 
x^ yy Zy &c. 

An identical equ(Uiony is one in which the two members are 
identical, or may be reduced to identity by performing the opera- 
tions which are indicated in them. 

Thus 2a? — 5 = 2ar — 5 

3a? + 4r = 7ar 

{x + y){x — y)=^x^ — f. 

A root of an equation, is the value of the unknown quantity in 
the equation. 

(96.) Equations are divided intor degrees^ according to the 
highest power of the unknown quantity which they contain. 
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iTiose which contain only the^r^^ power of the unknown 
quantity, are called simple equations^ or equations of the first 
degree^ 

As ax + b =^cx + d^ 

Those in which the highest power of the unknown quantity is 
a square^ are called quadratic equations^ or equations of the second 
degree. 

As 4x* — 2a? = 5 — a?. 

Those in which the highest power is a cvhe are called cubic 
equations J or equations of the third degree. < 

As x^ + px^ = 2q. 

So also, we have biquadratic equations^ or equations of the 

f&urth degree; equations of the fifths sixthy nth 

degree. 

Thus af^ +pa^^ =» r, is an equation of the nth degree. 

In general, the degree of an equation is determined by the highest 
of the exponents with which the unknown quantity is affected. 

(97.) JVumerical equations are those which contain only particu- 
lar numbers, with the exception of the unknown quantity, which 
is always denoted by a letter. 

Thus, a^ + 4r* = 3a? + 12 is a numerical equation. 

lAteral equations are those in which the known quantities are 
represented by letters, or by letters and numbers. 

Thus, x^+pct^ + qx^r } y. , /. 

x' Spx' Ibqa^^bl ^'^ ^'*^'^' equations. 

To solve an equation, is to find the value of the unknown 
quantity ; or to find a number which, substituted for the unknown 
quantity in the equation, renders the first member identical with 
the second. • ' 

The difficulty of solving equations, depends upon their degree^ 
and the number of unknown quantities. We will begin with the 
most simple case. 
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' (98.) Simple EQUATioiirs containing but one unknown 

QUANTITY. 

The various operations which we perform upon equations in 
order to deduce the value of the unknown quantities, are founded 
upon the following principles : 

1. If to two equal quantities, the same quantity be addedj the 
sums will be equal. 

2. If from two equal quantities, the same quantity be sub- 
tractedj the remainders will be equal. 

3. If two equal quantities be multiplied by the same quantity, 
the products will be equal. 

4. If two equal quantities be divided by the same quantity, the 
quotients will be equal. 

(99.) The unknown quantity may be combined with the known 
quantities in the given equation, by the operations of addition, 
subtraction^ multiplication, or division. 

We shall consider these different cases in succession. 
I. The unknown quantity may be combined with known quan- 
tities, by addition. 

Let it be required to solve the equation 

^ x + 6 = 24. 
If from the two equal quantities, x + 6 and 24, we subtract 
the same quantity 6, the remainders will be equal, according to 
the last Article, and we shall have 

x + e — 6 = 24 — 6 
or a: == 24 — 6 

= 18 the value of ar required. 
So also in the equation 

a: + a = 6, 

subtracting a from each of the equal quantities, x + a, and J, the 

result is 

x *= 6 — a, the value of a; required. 

(IQO.) II. The unknown quantity may be combined with 

known quantities by subtraction. 

Let the equation be 

a; — 6 == 24. 

10 V 
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If to the two equal quantities x — 6 and 24, the same quan- 
tity 6 be added, the sums will be equal, according to Art. 98, 
and we have 

a?_6+6=«24 + 6 

or a: = 30, the value Qix required. 
So also in the equation 

X — a =6, 
adding a to each of these equal quantities, the result is 

a? = 6 + a, the value of x required. 
From the preceding examples, it follows that 
We may transpose any term of an equation from one member to the 
other by changing its sign. 

We may change the sign of every term of an equation^ without de- 
stroying the equality. 

This is in fact the same thing as transposing every term in each 

member of the equation. 

If the same quantity appear in each member of the equation affected 
with the same sign^ it may be suppressed. 

(101.) III. The unknown quantity may be combined with 

known quantities by multiplication. 

Let the equation be . 

6a: = 24, 

If we divide each of the equal quantities, 6a? and 24, by the 

same quantity 6, the quotients will be equal, and we shall have 

24 

" 6 

= 4, the value of x required. 
So also in the equation 

oar = 6, 

dividing each of these equals by a, the result is 

a? = — , the value of x required. 

From this it follows that 

When the unknown quantity is multiplied by a known quantity^ tht 
equation is solved by dividing both members by this known 
quantity. 
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(102.) IV. The unknown quantity may be combined with 
known quantities by division. 
Let the equation be 

6 

If we multiply each of the equal quantities, —and 24, by the 

same quantity 6, the products will be equal, and we shall have 

X 3= 144, the value of ar required. 
So also in the equation 

a 
multiplying each of these equals by a, the result is 

X ^ abj the value of a? -required. 
From this it follows that, 

When the unknoum quantity is divided by a known quantity^ the 
equation is solved by multiplying both members by this hiown 
quantity. 

(103.) V. Several terms of an equation mzyhefractionah 
Let the equation be i 

2 3 "*■ 5' 

Multiplying each of these equals by 2, the result is 

_1 . 8 
^" 3 "^"5* 

Multiplying each of these last equals by 3, we obtain 

24 
5 

and multiplying again by 5, we obtain 

Ibx = 20 + 24, 

ah equation free from fractions. 

We might have obtained the same result, by multiplying the 
original equation at once by the product of all the denominators. 
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k * 

Thus multiplying by 2 X 3 X 5, we have 

30x ^ ^0 120 



2 3 5 * 

or reducing, we have 

15ar = 20 + 24, as before. 
So also in the equation 

a? __ 6 d 
a c e ^ 
multiplying successively by all the denominators, or by a c e at 
once, we obtain 

acex abce acde 

+ 



ace 
Cancelling from each term the letter which is common to its 
numerator and denominator, we have 

cex = abe + acd^ 
an equation clear of fractions. 
Hence it appears that 

^n equation may be cleared of fractions^ by mtdtiplying each mem- 
ber into all the denominaiors, 

(104.) From the preceding remarks we deduce the following 

RULE FOR THE SOLUTION OF i SIMPLE EQUATION CONTAINING ONE 

UNKNOWN QUANTITY. 

1. Clear the equation of fractions y and perform in both mpnbfrs 
all the algei^aic operations indicated, 

2. Transpose all the terms containing the unknown quantity to one 
sidey and all the remaining terms to the other- side of the equationy and 
reduce each member to its most simple form. 

3. Divide each member by the coefficient of the unknovm quantity. 

EXAMPLES. 

1. Given 5a: + 8 = 4a; + 10, to find the value of a:. 

Transposing 4x to the first member of the equation, and 8 to 

the second member, taking care to change their signs, (Art. 100) 

we have 

5a: — 4a: = 10 — 8. 
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Uniting similar tern^s, x » 2. 

In order to verify this result, put 2 in the place of x wherever 
it occurs in the original equation, and we shall obtain 

6X2 + 8 = 4X2 + 10. 
Thatis 10 + 8 = 8 + 10 

or 18 = 18 

an identical equation, which proves that we have found the 
correct value of x. 

X X 

2. Given x — 7 **= -^ + "JTj to find the value of a:. 

5 3' 

Multiplying every term of the equation by 5 and also by 3, in 
order to clear it of fractions, (Art. 103) we obtain 

15x— 105 = 32; + 6a:. 

Hence, by transposition 

15x— 3a?— &r = 105 

or 7a? = 105 

and therefore x = ----- = 15. 

7 

To verify this result, put 15 in the place of x in the original 
equation, and we have 

15-7=^+4. 

thatis, 15—7 = 3+5 

or 8 = 8 

an identical equation. 

3. Given 9ax — Aab = 2ax — 6ac, to find the value of x in 
terms of b and c. 

Dividing every term by a, we have 

3ap_46 = 2ap — 6c. 
By transposition 

3aj — 2x^4Jk—6c 
or flp = 46 — 6c. 

This result may be verified in the same manner as the pre- 
ceding. 
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4. Given 3a?* — IOjp =» 8 a? + a:* to find the yalue of a?. 

Ans. a? = 9. 

X X X 

5. Given h-^ = -r + "^ to ^^^^ ^^ value of a?. 

2 o 4 



Ans. X = 12. 



ar 5 284 — x 

6. Given — h 6x = z to find x. 



n n- ,11— a: 19 — a; 

7. Given ar H — = — ^ — to find x. 

8. Given 3x + — ^= 5 + r to find x. 



9. Given — i;^ — — 2 = tl 1- a? to find the value of a:. 



,.. r.' c. . 3ar — 11 5a? — 5 , 97 — 7a? ^ . ^ 

10. Given 21 + :r^^ — = — 5— + to find a?. 

lb o 2 

(105.) An equation may always be cleared of fractions by 
multiplying each member into all the denominators according to 
Art. 103. But sometimes the same object may be attained by a 
less amount of multiplication. 

Thus in the preceding example, the equation may be cleared 
of firactions by multiplying each term by 16, instead of 16 X 8 
X 2, and it is important to avoid all useless multiplication. In 
generd, it is sufficient to multiply by the least cammofi multiple 
of all the denombators. See Art. 86. 

3a? — 5 2a? — 4 

11. Given a? + — =12 r — to find the value of a?. 

a? — 4 5a? + 14 1 * 

12. Given 3a? — — -: — —4= ^r rx to find a?. 

4 3 12 

X 1 23 — a? 4 + a? 

13. Given —=— + — r— =7— —.-■ to find a?. 

7 6 4 



r 
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14. Given — 1-6 = — - — to find a?. 



,. p. 3a? + 4 7a? — 3 a? — 16, . , 
15. Given — — :r — = — : — to find a?. 



17 3a? 4a? + 2 7a? + 14 

16. Given r ^ — =5 — 6a? + to find op. 

o o o 

^» r^' 3ar — 3 , , 20 — a? 6a? — 8 , 4a? — 4 

17. Given a? — — h 4=» — ^r = h — = — 

5 2 7 5 

to find a?. 

7ap + 16 a? + 8 ^ 

18. Given — t~ -: = — to find a?. 

21 4a? — 11 3 

io n- 6a: + 7 ^ 7a?— 13 _2a? + 4, . , 

19. Given — r h ~;z — —rr "^^ — ;; — to find x, 

9 6a: + 3 3 

• 

on n- 4ar + 3 , 7a? — 29 _ 8a; + 19 , . , 

20. Given — x h r r^ =* — 75 — to find ar. 

9 5a? — 12 18 



SOLUTION OF PROBLEMS. 

(106*) The solution of a Problem by Algebra, consists of two 
distinct parts : 

1. To express the conditions of the problem algebraically; that 
is, to form the equation. 

2. To solve the equation. 

The second part of the work has already been explained, but 
the •first part is often more embarrassing to beginners than the 
second. Sometimes the statement of a problem furnishes the 
equation directly ; and sometimes it is necessary to deduce from 
the statement new conditions, which are to be expressed alge- 
braically. The former are called explicit conditions, and those 
which are deduced from them, implicit conditions. 

It is impossible to give a general rule which will enable us to 
translate every problem into algebraic language. The power of 



doing this with &cilily can only be acquired by reflection and 
practice. 

The following directions may be found of some service. 

Denote the required qualities by some of thejhud letters of the 
alphabet ; then^ by means of these letters with the usual signs j per^ 
forth the same operations which would be necessary to verify their 
values if they were already known. 

Problem 1. What number is that, to the double of which if 16 
be added, the sum is equal to four times the required number ? 

Let X represent the number required. 

The double of this will be 2x. 

This increased by 16 ss^ould equal Ax. 

Hence by the conditions, 2a: + 16 = 4r. 

The problem is now translated into algebraic language, and it 
only remains to solve the equation in the usual way. 

Transposing we obtain 

16==4«— 2a; = ar,. 
and 8 = X 

or a: = 8. 

To verify this number, we have but to double 8, and add 16 
to the result ; the sum will be 32, which is equal to four times 8, 
according to^the conditions of the problem. 

Prob. 2. What number is that, the double of which exceeds its 
half by 6 ? 

Let X = the number required. 

Then by the. conditions 





2^-1=6. 


Clearing effractions 






4r — a: = 12 


or 


ai;=12. 


Hence 


a>= 4i 



To verify this result, double 4 which maikes 8, and diminish it 
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by the half of 4, or 2 ; the result ii^ 6 according to the conditions of 
the problem. ^ 

Prob. 3. The sum of two numbers is 8, and their diif^ence 2. 
What are the two numbers ? 

Let X == the least number. 

Then x + 2 will be the greater number. 

The sum of these is 2x + 2, which is required to equal 8. 

Hence we have 

2a: + 2===8, 

By transposition 2a: = 8 — 2 =■ 6 

and- a: = 3, the least number. 

Also X + 2 = 5, the greater number. 

Verification. 5 + 3 = 8? ,. .., ,... 

5_ 3 = 2 \ ^^^^^"^"S ^° *"® conditions. 

The following is a generalization of the preceding Problem. 

Prob. 4. The sum of two numbers is a, and their difference 6. 
What are the two numbers ? 

Let X represent the least number 
then x + h will represent the greater number. 

The sum of these is 2x + h^ which is required to equal a. 

Hence we. have 

, 2x + 6 = a. 
By transposition, 2x = a — 4 

or X = — - — = -—• — — , the less number. 

Hence a: + 6= — ^^■^^"^+ IT* *^® greater number. 

As these results are independent of any particular value 
attributed to the letters a and 6, it follows that 

Half the difference of two quantities^ added to half their sum^ is 
equal to the greater ; and 

Half the difference subtracted from half the sum is equal to the 
less. 

11 
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fi h a h 

The expressions -—+ ~ and — — — are called formulas ^ be- 

cause they may be regarded as comprehending the solution of all 
questions of the savM kind ; that is, of all problems in which we 
have given the sum and difference of two quantities. 



Thus let a = 
h 



L —. o ( as in the preceding probleiB. 



Then ^+l=«t--5> the greater number. 

m 

And -^ IT ~ — o~~ *^ ^' *^® ^^^ number. 

g w" »« 10 ; their difference =« 6 ; required the numbers, 
5 5> 12 " 2 



00 



^ 



« S 23 " 11 

5 g 100 " 50 



g o 100 " 1 

.5:^ 5 " \ 



^^ 10 " ' i 

Prob. 5. From two towns which are 54 miles distant, two 
travelers set out at the same time with an intention of meeting. 
One of them goes 4 miles and the other 6 miles per hour. In 
how many hours will they meet ? 

Let X represent the required number of hours. 

Then Ax will represent the number of miles one traveled, 

and 5a; the number the other traveled ; 
and since they meet, they must together have traveled the whole 
distance. 

Consequently 4r + 5a: » 54, 

Hence 9a? =» 54 

or a: = 6. 

• 

Proof, In 6 hours, at 4 miles an hoar, one would travel 24 
miles ; the other at 5 miles an hour would travel 30 miles. The 
sum of 24 and 30 is 54 miles, which is the whole distance. 
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This Problem may be generalized as follows : 

Prob. 6. From two places which are a miles apart, two bodies 
move towards each other, the one at the rate of m miles per hour, 
the other at the rate of n miles per hour. In how many hours 
will they meet ? 

Let X represent the required number of hours. 

Then mx will represent the number of miles one body moves, 

and nx the miles the other body moves, 
and we shall obviously have . 

mx + nx^^' a. 

Hence x » — 



m + n' 

This is a general formula, comprehending the solution of all 
problems of this kind. Thus 

cj oj = 150 ; one body moves 6 ; the other 4 miles per hour ; 

- I 90 " 8 1 \ Required the 

-£ -g 135 " 15 12 Mime of meeting. 

^'-3 210 " 20 15 " 

We see that an infinite number of problems may be proposed, 
all similar to Prob. 5 ; but they are all solved by the formula of 
Prob. 6. We also see what is necessary in order that the 
answers may be obtained in whole numbers. The given distance 
(a) must be exactly divisible by m + n. 

Prob. 7. A gentleman meeting three poor persons, divided 60 
cents amongst them ; to the second he gave twice, and to the 
third, three times as much as to the first. What did he give to 
each ? 

Let X « the sum given to the first. 

Then 2x » the sum given to the second, 
and 3x «» the sum given to the third. 

Then by the conditions 

a: + 2a: + ar = 60. 
That is &r = 60 

or X = 10. 
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Therefore he gave 10, 20 and 30 cents io them respectively. 
The learner should verify this^ and all the subsequent results. 

The same Problem generalised. 

Prob. 8. Divide the number a into three such parts, that the 
second may be m times, and the third n times as great as the 
first. 

. a ma na 

Ans. 



l + m + Ti' l + m + »' l+m + n' 
What is necessary in order that the preceding values may be 
expressed in whole numbers ? 

Prob. 9. A bookseller sold 10 books at a certain price ; and 
afterwards 15 more at the same rate. Now at the latter time he 
received 25 dollars more than at the former. What did he 
receive for each book ? 

Ans. Five dollars. 
The same Problem generalised. 

Prob. 10. Find a number such that when multiplied succes- 
sively by m and by n, the difference of the products shall be a. 

Ans." • 

Prob. 11. A gentleman dying, bequeathed 1000 dollars Xb 
three servants. A was to have twice as much as B, and B three 
times as much as C. What were their respective shares ? 

Ans. A received $600 ; B $300 ; and C $100. 
Prob. 12. Divide the number a into three such parts that the 
second may be m times as great as the first, and the third n times 
as great as the second. 

. a ma mna 

l + m + mw' l + m + ittw' 1 + m + mn ' 

Prob. 13. A cask which held 120 gallons, was filled with a 
mixture of brandy, wine and water. In it there were 10 gallons 
of wine more than there were of brandy, and as much water as 
both wine and brandy. What quantity was there of each ? 

Ans. Brandy 25 gallons ; wine 35 ; and water 60 gallons. 
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Prob. 14. Divide the number a into three such parts, that the 
second shall exceed the first by m ; and the third shall be equal 
to the sum of the first and second. 

a — 2m a + 2m a 
Ans. J ; - ; -. 

Prob. 15. A person employed four workmen ; to the first of 
whom he gave 2 shillings more than to the second ; to the second 
3 shillings more than to the third ; and to the third 4 shillings 
more than to the fourth. Their wages amount to 32 shillings. 
What did each receive ? 

Ans. They received 12, 10, 7 and 3 shillings respectively. 

Prob. 16. Divide the number a into four such parts, that the 
second shall exceed the first by m ; the third shall exceed the 
second by n ; and the fourth shall exceed the third by p. 

a — 3m — 2n — » a + m — 2n — o a + m + 2»— ^o. 
Ans. ^ ; ^ ; -—^> 

a + m + 2n + ^p 
4 • 

• 

(107.) Problems which involve several unknown quantities, 
may often be solved by the use of a single unknown letter. Most 
of the preceding examples. are of this kind. In general, when 
we have given the sum or difference of two quantities, both of 
them may be expressed by means of the same letter. For the 
difference of two quantities added to the less must be equal to 
the greater ; and if one of two quantities be subtracted from their 
sum, the remainder will be equal to the other. 

Prob. 17. At a certain election 36000 votes were polled ; and 
the candidate chosen wanted but 3000 of having twice as many 
votes as his exponent. How many voted for each i 

Let X =» the number of votes for the unsuccessful candidate. 
Then 36000 — a: « the number the successful one had, 
And 36000 — x + 3000 = 2x. 

Ans. 13000 and 23000. 
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Prob. 18. Divide the number a into two such parts, that one 
part increased by 6 shall be equal to m times the other part. 

. a + ft 7na—^b 

Ans. r-— ; r^r-- 

m+ 1' m+ 1 

Prob. 19. A train of cars moving at the rate of 20 miles per 
hour, had been gone three hours, when a second train was started 
at the rate of 25 miles per hour. In what time will the second 
train overtake the first ? 

Let X =s the number of hours the second train is in motion, 

a? + 3 = the time of the first train. 
Then 25a? *» the number of milps traveled by the second train, 
20 (a? + 3) ^ the miles travded by the first train. 

But at the time of meeting they must both have traveled the same 
distance. 

Therefore 25a; = 20a: + 60. 
By transposition, 5a: = 60 
and X = 12. 

Proof. In 12 hours at 25 miles per hour, the second train goes 
300 miles ; and in 15 hours at 20 miles per hour, the first train 
also goes 300 miles ; that is, is overtaken by the second train. 

Prob. 20. Two bodies move in the same direction from two 
pTaces at a distance of a miles apart ; the one at the rate of n 
miles per. hour, the other pursuing at the rate of m miles per 
hour. When will they meet ? 

Ans. In hours. 

m — n 

TMs Problem it will be seen is essentially the same as 
Prob. 10. 

Prob. 21. Divide the number 197 into two such parts, that 
four times the greater may exceed five times the less by 50. 

Ans. 82 and 115. 

Prob. 22. Divide the number a into two such parts that m 
times the greater may exceed n times the less by ft. 
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ma — h ??a +■ 6 
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Ans. 



m + n ' ni'^ n 
When n =» 1, this Problem reduces to Problem 18. 
When 6 =* 0, this Problem recfuces to Problem 26. 

Prob. 23. What number is that whose third part exceeds its 
fourth part by 16 ? 

Let 12a: =■ the number. 

Then 4r — 3a; = 16 

or a; =» 16. 

Therefore the number = 12 X 16 =» 192. 

Prob. 24. Find a number such that when it is divided suc- 
cessively by m and by w, the difference of the quotients shall 

be a. 

. mna 

Ans. 



m — u 

Prob. 25. A prize of 2329 dollars was divided between two 
persons, A and B, whose shares were in the ratio of 5 to 12. 
What was the share of each ? 

Beginners almost invariably put x to represent one of the quan- 
tities sought in a problem; but a solution may often b6 very 
much simplified by pursuing a different method. Thus in the 
preceding problem, we may put x to represent one fifth of A's 
share. Then bx will be A's share, and 12a? will be B's, and We 
shall have the equation 

5a; + 12a: = 2329, 
and X = 137, 

consequently their shares were 685 and 1644 dollars. 

Prob. 26. Divide the number a into two such parts, that the 
first part may be to the second as m to n. 

. rn/i na 

Arts. 



m + n ' 771 +71* 

•J 

Prob. 27. What two numbers are as 2 to 3 ; to each of which 
if four be added, the sums will be as 5 to 7 ? 

Ans. 



1 
« 
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(108.) A rigid adherence to system would have required this 
example to be placed after the subject of Proportion, which is 
treated of in Section XIII. It is, however, only necessary to 
assume one simple principle which is employed in Arithmetic, 
viz. If four quantities are proportional, the product of the extremes 
is equal to the product of the means. 

Thus if a:b: :c: d. 

Then ad » be. 

In the preceding Problem, let 2co and 3a; be the numbers. 

Then 2a: + 4 : 3a: + 4 : : 5 : 7, 

and by the last principle 

;i4r + 28 = 15a; + 20. 

Prob. 28. What two numbers are as m to », to each of which, v \ 

if a be added, the sums shall be as p to g ? ^ 

Ans. 

mq — np ' mq — np 

Prob. 29. A gentleman divides a dollar among 12 children! 
giving to some 9 cents each, and to the rest 7 cents. How many 
were there of each class ? 

Ans. 

Prob. 30. Divide the number a into two such parts, that if 
the first is multiplied by m, and the second by n, the sum of the 
products shall be b. 

b — na ma — b 



ma [p — q) "" na {p — q) 



Ans. 



m — n m — n 



Prob. 31. If the sun moves every day one degree, and the 
moon thirteen, and at .a certain time the sun is 60 degrees in 
advance of the moon ; when will they be in conjunction for the 
first time, second time, and so on ? 

Prob. 32. If two bodies mone iii the same direction upon the 
circumference of a circle which measures a miles, the one at the 
rate of n miles per day, the other pursuing at the rate of m miles 
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per day, -when i^ill they meet for the first time, second time, etc. 
supposing them to be 6 feet mart at starting ? 

Ans. In. ; ; etc. days, 

m — n m — n m — n 

Prob. 33. Divide the number 12 into two such parts, that the 
diflerence of their squares may be 48. 

Ans. 

Prob. 34. Divide the number a into two such parts that the 
difference of their squares may be ft. 

fl* — 5 , (^ +b 
2a ' 2a 

Prob. 35. The estate of a bankrupt, valued at 21000 dollars, 
is to be divided amongst three creditors proportionably to what 
is due them. The debts due to A and B«are as 2 to 3 ; while 
B's claims and C's are in the ratio of 4 to 5. What sum must 
each receive ? 

Ans. 

Prob. 36. Divide the number a into three parts which shall 
be to each other ^sm:n:p. 

. ma na pa 

m + n + p * m + n+ p ^ m + n+p' 
When m — 1, Prob. 36 reduces to the same form as Prob. 8. 
Prob. 37. What sum is that whose fiAh and sixth parts added 
together amount to 44 ? 

Ans. 
Prob. 38. Find a number such that when it is divided by m 
and by n, the sum of the quotients shall be a. 

. mna 

Ans. 



m + n 

Prob. 39. A can- perform a piece of work in 6 days ; B can 
perform the same work in 8 days ; and C can perform the same 
work in 24 days. In what time will they finish it if all work 
together ? 

Prob. 40. A can perform a piece of work in a days, B in 6 
12 



9& 
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a 



u 



days, and C in c days. In what time will they perform it if all 
work together ? 

- abc , 

Ans. — r— ; --T— days. 

00 + ac + be 

*Prob. 41. There are three workmen, A, B and C. A and B 
together can perform a piece of work in 27 days ; A and C 
together in 36 days; and B and C together in 54 days. In 
what time could they fini^ it if all worked together ? 

A and B together can perform ^V <>f ^^^ work in 1 day. 
AandC " ^V ." 1 

BandC " t\ " 1 

Therefore adding these three results, 

2A + 2B + 2C can perform Vr + iV + tj i» 1 ^^y. 

= r^j in one day. 

Therefore A, B and C together can perform ^^ of the work in 
one day ; that is they can finish it in 24 days. If we put x to 
represent the time in which they would all finish it, then they 

would together perform ~ part of the work in one day, and we 
should have 

Prob. 42. A and B can perform a piece of labor in a days ; A 
and C together in b days ; and B and C together in c days. In 
what time could they finish it if all work together ? 

2dbc 



Ans. 



days. 



(A +.ac + be 

This result, it will be seen, is of the same form as that of 
Problem 40. 

^ Prob. 43. A has two kinds of change. It takes 20 pieces qf 
the first to make a dollar, and 4 pieces of the second to make the 
same. Now B wishes to have 8 pieces for a dollar. • How many 
of each kind must A give him ? 

Prob. 44. A broker has two kinds of change ; there must be a 
pieces of the first to make a dollar, and b pieces of the second to 



SmPIiE EQUATIONS. 81 

make the same. Now a person vrisbes to hare c pieceft fer a 
dollar. How many pieces of each kind must the broker give 
him ? 

Ans. — r^ of the first kind ; 7-^ of the second. 

a — b a — b 

Prob. 45. Divide the nifmber 45 into four such parts, that the 
first increased by 2, the second diminished by 2, the third multi- 
plied by 2, and the fourth divided by 2 shall all be equal. 

In solving examples of this kind, several unknown quantities 
are usually introduced, but this practice is worse than super- 
fluous. The four parts into which 45 is to be divided, may be 
represented thus : 

The first «;r — 2, 

second *= a: + 2, 

third =1, 

fourth = 2x, • 

for if the first expression be increased by 2, the second dimin- 
ished by 2, the third multiplied by 2, and the fourth divided by 
2, the result in each case will be x. The sum of the four parts 
is 4^07, which must equal 45. 

Hence a: = 10. 

Therefore the parts are 8, 12, 5 and £0. 

Prob. 46. Divide the number a into four such parts, that the 
first increased by m, the second diminished by m, the third mul- 
tiplied by m, and the fourth divided by m shall all be equal. 

. ma ma , ^ a 'm^a • 

Ans. 7 — r-rri — m; -? — j—rr^ -rm; 



{m + lf "•' {m + lf ""' {m+Yf' (m + lf 

Prob. 47. A merchant maintained himself for three years at an 
expense of $500 a year ; and in each of those years, augmented 
that part of his stock which was not thus expended by oVie third 
thereof. At the end of the third year his original stock was 
doubled. What was that stock? 

Prob. 48. A merchant supported himself for three years at an 
expense of a dollars per year ; and each year augmented that part 
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of his stock which was not thus expended, by one third thereof. 
At the end of the third year, his original stock was doubled. 
What was that stock ? 

148a 



Ans. - 



10 



Prob. 49. A father, aged 54 years, has a son aged 9 years. 
In how many years will the age of the father be four times that 
of the son ? 

Prob. 50. A father has lived a number of years expressed by 
a, his son a number of years expressed by b. In how many 
years will the age of the father be n times that of the son ? 

a — nb 



Ans. 



n— 1 



SECTION vin. 



SOLUTION OF SIMPLE EQUATIONS, CONTAINING 
TWO OR MORE UNKNOWN QUANTITIES. 



(109.) In the examples wl^ich have been hitherto given, each 
problem has contained but one unknown quantity ; or, if there 
have been more, ihey have been so related to each other that all 
have been expressed by means of the same letter. This, how- 
ever, cannot always be done, and we are now to consider how 
equations of this kind are resolved. 

K we have two equations, with two unknown quantities, we 
must endeavor to deduce from them a single equatiouj containing 
only one unknown quantity. We must, therefore, make one of 
the unknown quantities disappear, or as it is termed, we must 
elimnate it. There are three different methods of elimination 
which may be practised. 

The first is by substitution, 
secoTid '^ comparison, 
third ^^ addition and subtraction. 

ELIMINATION BY SUBSTITUTION. 

(110.) Let it be proposed to solve the system of equations 

a? + y = 12 

X — y=* 6. 
From the second equation, we find the value of x in terms of 
y, which ^ves 

x.^ y + 6. 
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Sabstitating the expression y + 6{oixin the first equatioB, it 
becomes 

» + 6 + y = 12 ; 

from which we find that y =* 3 ; and since we have already seen 
that x « y + 6, we find that a: *= 3 + 6 «= 9. 

To verify these values, substitute them for x and y in the 
original equations, and we shs^U obtain 

9 + 3 = 12 
9 — 3=% 6. 

Again, take the equatk)ns 

2a: +*3y « 13 
5a; + 4^ « 22. 

From the first equation we find 

13 — 2a: 

Substituting this value of y in the second equation, it becomes 

r • ^ w 13 — 2a: ^ 
6a: + 4x -— ^ «22, 

an equation containing only Xy which when solved gives 

a:«2; 

ftnd tlttS value of a:, substituted in either of the original equations, 
gives 

y«3* 

The method thus exemplified, is expressed in the following 

RULE. 

Hnd an expressitm/ar the value of one of the unknoum quantir 
ties in one of the equations ; then substitute this value in the place 
of Us equal in the other equation. 

ELIMINATION BY COMPAEISON. 

(111.) To illustrate this mettiody take the first of the preceding 
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examples. Derive from eaeh equa^tion an exprewtoa for ^ in terms 
of y, we shall then have 

a? — 6 + y. 

These two values of x must be equal to each other, and by 
comparing th^m we shall obtain 

12— y = 6+y, 
an equation involving only one unknown quantity ; 
whence y — 3. 

Substituting this value of y in the expression a: = 6 + y, and 
we find a: =» 9 as before. 

Again, take the second of the pfeceding examples. 

From equation first, we find 

13 — 2a; 

y 3— 

and from equation second 

22 — 51 



» p I » I 



.4 

Putting these values of y equal to each other, we have 

13 — 2a: 22 — 5a: 
3 4 \ 

an equation containing only a:, whence we obtain ' 

a;«2. 
Substituting this value of x in either of the preceding expre3- 
sions for y, we find 

y«3. 
The method thus exemplified is expressed in the following 

RULE. 

Find an expression for the value of one of fke unknown quantir 
ties in each of the equationSj and form a new equation by putting 
one of these values equal to the other. 

ELIMINATION BY ADDITION AND SUBTRACTION. 

(113.) To illustrate this method, take the first of the same two 
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examples as in Art. 110. Since the coefficients of y in the two 
equations are equal and have contrary signs, we may eliminate 
this letter by adding the two equations together, whence we 
obtain 

2a:=*18 
or a: = 9. • 

We may now deduce the value of y by substituting the value 
of X in one of the original equations. Taking the first for 
example, we have 

9 + y = 12, 
whence 3^ = 3. 

Since the coefficients of x are equal in the two original equa- 
tions, we might have eliminated this letter by subtracting one 
equation from the other. Subtracting the first from the second 
we obtain 

2y=6 
or y == 3. . 

Let us apply the same method to the second example of Art. 
1 10. We perceive that if we could deduce from the proposed 
equations two other , equations, in which the coefficients of y 
should be equal, th6 elimination of y might be effected by svJb- 
tracting^ne of these new equations from the other. 

It is easily seen that we shall obtain two equations of the form 
required, if we multiply all the terms of each equation by the 
coefficient of y in the other. Multiplying therefore, all the terms 
of equation first by 4, and all ihe terms of equation second by 3, 

they become 

8a: + 12y « 62 
15a; + 12y=66. 

Subtracting the former of these equations from the latter, we 
find 

7a;' =14, 
whence a:== 2. 

In Uke manner, in order to eliminate x^ multiply the first of 
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the proposed equations by 5, and the second by 2, they will 
become 

10a:+ 15y = 65 

10a: + 8y=44. 

Subtracting the latter of these two equations from the former^ 
we have 

7y=2l, 

whence y = 3. 

This last method is expressed in the following 

RULE. 

Multiply or divide the equatiom^ if Tiecessaryy in such a marmer 
that one of the unknovm quantities shall have the same coefficient in 
both. Then subtract one equation from the other ^ if the signs of 
these coefficients are the same^ or add them together if the signs are 
different. 

•EXAMPLES. 

(113.) 1. Given g + ^^ = 58 j ^^ g^j ^^^ ^^j^^^ ^^ ^ ^^^ ^ 

By the first method. 

From the second equation we find 

3x = &7 — ly. 

Substituting this value of 2: in the first equation, 

5 X .^2^ + 4y= 58. 

Hence 335 — 35y + 12y = 174. . 

By transposition, 335 — 174 = 35y — 12y, 

or 161 = 23y. 
Therefore y ^ 7. 

Substituting this value of y in the expression for the value of a; 
given above, it becomes 
13 
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67 — 7x7 ^ — ^^}§^Q 



3 3 3 

Thus we hare y = 7, :c =6. 

By the second method. 

From the first equation we find 

6a:==58— 4y, 

68— 4y 

whence x = r — ^. 

5 

From the second equation x = — - 

* o 

58 — 4y 67— 7y 

Therefore =— ^ = r— ^ . 

5 3 

Clearing of fractions, 174 — 12y = 335 — 35y. 
By transposition, 35y — 12y = 335 — 174, 

or23y = 161. 
Therefore y=7, • 

whence as before a: = 6* 

By the third method. 

Multiplying the second equation by 5 and the first by 3, we 
obtain 

15a: + 35y=335 
and 15x + 12y = 174. 

By subtraction 23y = 161, 

or y= 7. 
Whence from equation first, 

5a;=58 — 4y = 58— 28=30, 
and therefore x = 6, 

(114.) Thus the same example may be solved by either of the 

three methods, and each method has its advantages in particular 

cases. Generally, however, the first two methods give rise to 

'' fractional expressions which occasion inconvenience in practice, 

while the third iqethod is not liable to this objection. When the 
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coefficient of one of tbe unknown quantities in one of the equa- 
tions is equal to unity, this inconvenience does not occur, and 
the method by substitution may be preferable ; the third will, how- 
ever, commonly, be found most convenient. 

Example 2. Given ll-c+3y=100 ^ , c j ,, i c a 

Ax—lv^ 4 k values of x and y* 

Multiplying the first equation by 7 and the second by 3 we 
obtain 

77a: + 21y =» 700 
12a: — 21y« 12. 
Therefore by addition 89a; = 712 

or a: = 8. - 
From equation first, Zy = 100 — liar 

= 100 — 88=»12 
and y=' 4. 

These values of x and y maybe easily verified by substitution 
in the original equations. 

Thus 11 X8 + 3X-4«100; or88+ 12=«100. 

And 4X8— 7X4=«4; or 32 — 28« 4. 



Ex. 3. Given| + |^=7 



f+f-= 



• to find the values of x and v. 



Ans. X «=■ 6, y = 12. 



Ex. 4 Given -^4^+ 8^=31 



3 

y + 5 



+ lOz = 192 



<■ to find X and y. 



Ex. 6. Given 2y 



x + Z 



7 + 



8 — 1/ 
4a; — — ^=24i — 



3a; — 2y 
5 

Sx+l 



tofindxandy. 
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a b 

Ex. 6. Given — + — = m 

X y 

X y 



>- to find X and y. 



. be — ad 

Ans. X =-77 

no — ma 

be — ad 



y= 



rnfi — na 

(115.) When a problem involves a large number of quantities, 
it is common to designate a part of them by different letters, and 
for the remaining quantities to employ the same letters accented 
or numbered. 

Thus a, a', a", a", a'\ a^"*^ 

a^'\ a^^\ a^'\ a^^\ a^*") 

flu flg) ^3J ^4> «(») 

•are used to denote different quantities, though they generally im- 
ply some similarity between the quantities which they represent. 
a is read a prime ; a\ a second; a"\ a thirds etc. We must 
carefully distinguish between Aj and a* ; between a^ and a*, 
etc. In the one case the numerals are exponents, and denote 
powers of a; while in the other case, the numerals are only used 
for the sake of convenience to denote distinct quantities. 

Ex. 8. Given ax + 6y = c^ ) ^^ g^^ ^ j ^ ^ ^ 

ax'toy = e i ^ 

_ ^'^ — '^' ^JIZ^ 

The symmetry of these expressions is calculated to fix them in 
the memory. 

Ex. 8. What fraction is that, to the numerator of which if 4 be 
added, the value is one half; but if 7 be added to the denomi- 
nator, its value is one fifth ? 

X 

Let — represent the fraction required. 
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Then by the first condition 

X "f" 4 
= i ; whence 2a? + 8 = y. 

y . 

By the second condition 

X 



= ^ ; whence 5a? = y + 7. 



y + 7 

Subtracting the first equation firom the second, 

3a?_8 = 7, 
whence 3a; = 15 

or a? = 5. 
Therefore y = 2a;+8 = 10 + 8 =« 18, 

and the firaction is •^. 

5 + 4 1 



Proof, 



and 



18 2' 



1 



18 + 7 5 • 

Ex. 9. What firaction is that, to the numerator of which if a be 
added, the value is m ; but if 6 be added to the denominator, its 
value is n ? 

Ex. 10. A certain sum of money, put out at simple interest, 
amounts in 8 months to $1488 ; and in 15 months, it amounts to 
$1530. What is the sum and the rate per cent ? 

Ex. 11. A sum of money put out at simple interest amounts 
in m months to a dollars; and in n months to b dollars. 

Required the sum and rate per cent ? 

The sum is "^""^ ; the rate is 1200 X * ~ " 



n — m Tia — mb 

Ex. 12, There is a number consisting of two digits, the second 
p{ which is greater than the first ; and if the mimber be divided 
by the sum of its digits, the quotient is 4 ; but if the digits be 
inverted, and that number be divided by a number greater by 
two than the difference of the digits, the quotient is 14. 

Required the number. 
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Let X represent the leO, hand digit 
and y " right hand " 

Then since x stands in the place of tens, the number will be 
represented by lOx + y. 

Hence by the first condition, 

lOx + y _ 

+ — 4. 
y 

By the second condition, 

y — X + 2 

Whence x = 4, y = 8, 

and the required number is 48. 

^ Ex. 13. What fraction is that whose numerator being doubled, 
and denominator increased by 7, the value becomes | ; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes 4 ? 

Ex* 14. A person expends thirty pence in apples and pears, 
buying his apples at 4 and his pears at 5 for a penny ; and after- 
wards accommodates his neighbor with half his apples and one 
third of his pears for 13 pence. How many did he buy of 
each ? 

EQUATIONS WHICH CONTAIN THREE OR MORE UNKNOWN QUANTITIES. 

(116.) Let US now consider the case of three equations in- 
volving three unknown quantities. 

Take the system of equations 

3x+^y+ 2 = 16 (1) 

2x + 2y + 2z=18 (2) 

2x + 3y+ 21 = 17. (3) 

In order to eliminate z between equations (1) and (2), we will 
divide both members of the second equation by two ; w<e thus 
obtain . 

ar + y + z = 9. 
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Subtracting this from the first equation, we find a new equa- 
tion between two unknown quantities, 

2x + y = 7. (a) 

In order to eliminate z between equations (1) and (3), sub- 
tract the former from the latter, which gives 

— a; + y — 1. {fi) 

From the two equations, (o) and (/d), one may be deduced 
containing only one unknown quantity. For by sabtiaotiog one 
firom the ^other we have 

3a: = 6, or a: = 2. 

Substituting this value of :r in equation (/3) we obtain 

y = 3. 

Substituting these values of x and y in equation (1), we 
obtain 

3X2 + 2X3 + Z«16. 
Hence z = 4. 

These values of Xj y and z may be verified by substitution in 
the original equation!^ 

We have efiected-the elimination in this case by method third, 
Art. 112; but either of the other methods might have be^i 
employed. Hence to solve three equations containing three un- 
known quantities, we have the following 

RULE. 

(117.) From the three equations^ deduce two cordainwg only two 
wnkrwwn quantities ; thenjrom these two deduce one containing only 
one unknown quantity. 

Ex- 15. Given x+ y+ z=^29 {!)} 

x + 2y + 3z=^62 (2) Vto find x, y and z. 
h^ + y + iz^lO (3)5 

Subtract equation (1) from (2) and we obtain 

y + 2z^33 (a) 

clearing equation (3) effractions , 

6x+4y+3z^ 120. (4) 
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Multiplying equation (1) by 6, 

6x + ey + ez^ 174. (5) 

Subtracting (4) from '(5), 2y + 3z = 54 (yS). 
We have thus obtained two equations (a) and (/B), containing 
two unknown quantities. 

Multiplying (o) by 2 we have 2^^ + 4z = 66. (6) 

Subtracting {fi) from (6) z = 12. 
Substituting this value of z in {/3) 

2 3^ + 36 = 64. 
Whence y = 9. 

Substituting these values ofy and z in equation (I) 

ar + 9 + 12 = 29. 
Whence ar = 8. 

These values may be verified as in former examples. 

Ex. 16. Given 2a: + 4y — 3z = 22 ) 

4x — 2y + 5z = 18 > to find ar, y and z. 
6x + ly — z = 63 ) 

Ex. 17. Given x + y=^a'^ 

X + z = 6 > to find 0?, y and z. 
y + z = c ) 

Ex. 18. Given x + ^3/ + -Jz = 32 ) 

T^ + ^y + -yz = 15 > to find a?, y and z. 

(118.) If we hadyjwr equations involving ybur unknown 
quantities, we might by the methods already explained eliminate 
one of the unknown quantities. We should thus obtain three 
equations between three unknown quantities, which might be 
solved according to Art. 116. So also if we had five equations 
involving five unknown quantities, we might by the same pro- 
cess reduccj them to four equations involving four unknown 
quantities; then to three^ and so on. By following the same 
method, we might resolve a system of any number of equations 
of the first degree. Hence if we have m equations, involving 
m unknown quantities, the unknown quantities may be elimi- 
nated by the following 



/ 
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RULE. 

1. Combine successively any one of the equations with each of 
the m — 1 others J so as to eliminate the same unknown quantity ; 
you vnll thus obtain m — 1 new equations containing m — 1 unknown 
quantities, 

2. Eliminate a new unknown quantity by combining one of these 
new equations with the m — 2 others ; this wiU give m — 2 
equations containing m — 2 unknoum quantities. 

3. Continue this series of operations until you arrive at a single 
equation containing but one unknown quantity ^ from which the 
value of this unknown quantity is easily deduced. Then by going 
back step by step to ime of the original equations^ the values of the 
other unknown quantities may be successively determined. 

Ex. 19. Given lx—2z + 3u = ll^ ^ 

4y_2z+ ^=11 

5y — 3a: — 2u = 8 }- to find a:, y, «, u and t, 
Ay — 3u + 2t = 9 
3z +8w = 33 

, Ans. a:==2, y = 4, 2 = 3, w = 3, i = l. 

(119.) Hitherto we have supposed the number of equations 
equal to the number of symbols employed to denote the unknown 
quantities. This must be the case with every problem in order 
that it may be determinate; that is, that it may not admit of an 
indefinite number of solutions. 

Suppose for example, that a problem involving two unknown 
quantities, {x and y) leads to the single equation, 

x — y~3. 

Now if we make y = 1 then x = 4 

y = 2 " ar = 5 

y=3 " x=6 

y=«4 " ar = 7 

etc. etc. 

and each of these systems of values, 1 and 4 ; 2 and 5 ; 3 and 6, 
etc. substituted for x and y in the original equation, will satisfy 
14 n 
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it equally well. Hence the problem is indekrminate ; that is, 
admits of an indefinite number of solutions. 

(120.) If we had tivo equations involving three unknown 
quantities, we could in the first place eliminate one of the un- 
known quantities by means of the proposed equations, and thus 
obtain one equation containing two unknown quantities, which 
would be satisfied by an infinite number of systems of values. 
Therefore in order that a problem may be determinate^ its enun- 
ciation must contain as many different conditions as there are 
unknown quantities, and each of these conditions must be ex- 
pressed by an independent equation. 

Equations are said to be independent^ when they express con- 
ditions essentially different ; and dependent^ when they express the 
same conditions under different forms. 

Thus X + V = 
2x + 

^* 2x +2y = 14 \ ^^^ ^^^ independent, 
because the one may be deduced from the other. 

(121.) If on the contrary, the number of independent equations 
exceeds the number of unknown quantities, these equations will 
be contradictory. 

For example, let it be required to find two numbers such that 
their sum shall be 7, their difference 1, and their prq^Juct 100. 
From these conditions we derive the following equations : 

X + y= 7 
x — y= 1 
xy = 100. 
From the first two equations we easily find 

x=^ 4, and y = 3. « 

Hence the third condition, which requires that their product 
shall be equal to 100, cannot be fulfilled. 

Ex. 20. A person owes a certain sum to two creditors. At 
one time he pays them $530, giving to one four elevenths of the 
sum which is due ; and to the other $30 more than one sixth of 
his debt to him. At a second time, he pays them $430, giving* 
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to the first, three sevenths of what remains due to him ; and to 
the other, one third of what remains due tO' him. What were 
the debts ? 

Ex. 21. If A and 1& together can perform a piece of work in 
12 days, A and C together in 15 days, and B and C in 20 days ; 
how many day» will it take each person to perform the same 
work alone ? 

Ex. 22. If A and B together can perform a piece of work in a 
days, A and C together in 6 days, and B and C in c days, how 
many days will it take each person to perform the same work 
alone ? 
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SECTION IX. 



DISCUSSION OF EQUATIONS OF THE FIRST 

DEGREE. 



(122.) By the discussion of an equation we understand, the de- 
termination of the values which the unknown quantities assume 
for particular hypotheses made upon the values of the quantities 
which are given, and the interpretation of the peculiar results 
obtained. The term, therefore, is not strictly applicable, except 
to problems which are stated in the most general form, like some 
of those in Arts. 106 to 108. If the sum of two numbers is 
represented by fi and their difference by 6, the greater number 

will be expressed ^7 o" "*" "^ > ^^^ *^^ ^^^ ^Y o o* ^®^^ 

a and b may have any value whatever, and still these formulas 
will always hold true. It frequently happens that by attributing 
different values to the letters which represent known quantities, 
the value of the unknown quantities assume peculiar forms which 
deserve consideration. 

(123.) We may obtain five species of values for the unknown 
quantity in a problem of the first degree. 
I. Positive* values. 
IL Negative values. 

in. Values of the form of 0, or -5-. 

•a 
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I V- Values of the form of -r- . 

V. Values of the form of -jr. 

We will consider diese five cases in succession, 

I. Positive values are generally answers to problems in the 
sense in which they are proposed. Nevertheless all positive 
values will not always satisfy the enunciation of a problem. If. 
for example, a problem requires an answer in whole numbers, 
and we obtain a fractional value, the problem is impossible. 
Thus in Problem 17, page 85, it is implied that the value of a? 
must be a whole number, although this condition is not expressed 
in any equation. It would be easy to change the data of the 
problem so as to obtain a fractional value of or, which would indi- 
cate an impossibility in the problem proposed. Problem 43, 
page 90, is of the same kind. 

If the value obtained for the unknown quantity even when 
positive does not satisfy all the conditions of the problem, the 
problem is impossible in the form proposed. 

(124.) II. JfegaMve values. 

Let it be proposed to find a number, which added to the num- 
ber i, gives for a sum the number a. 

Let X = the required number. 

Then by the terms of the problem 

a? + 6 = a, whence x^=^a — b. 

This formula will give the value of x for every case of the 
proposed problem. 

For example, let a = 7, 6 = 4. 

Then ar=«7 — 4=3. 

Again let a = 5, 6= 8. 

Then x=5 — 8=— 3. 

We thus obtain for x a negative value. How is it to be inter- 
preted ? 

By referring to the problem, we see that it is proposed to find 
a number which added to 8 shall make it equal to 6. Con- 
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sidered arithmeticaUy, the problem is plainly impossible. Never* 
theless, if in the equation of . the problem 8 + :r &=* 5, tire 
substitute for + x its value — 3, it becomes 

8 — 3 = 5,' 

an identical equation ; that is, 8 diminished by 3 is equal to 5. 

The negative solution « «= — 3, shows therefore the impossi* 
bility of satisfying the enunciation of the problem as above 
stated ; but taking this value of x with a contrary sign, we see 
that it satisfies the enunciation when modified as follows : 

To find a number which subtracted fi-om 8 gives a dj^erence of 
6 ; an enunciation which differs from the former only in this 
that w^ put subfrojct for add^ and difference for sum. 

If we wish to solve this new question directly, we have but to 
form the equation 

8— a?==6. 

Whence a: «= 8 — 5, or a: = 3. 

(125.) For another example, take Problem 50, page 92. The 
age of the father being represented by a, that of the son by 6, 

then will represent the number of years before the age of 

»— — 1 

the father will be n times that pf the son. 
Thus suppose a = 54, 6 = 9 and » = 4. 

rru 54—36 18 . 
Then x = = — = 6. 

That is, the fa&er having lived 54 years and the son 9, in 6 
years more, the father will be 60 years old, and the son 15. But 
60 is 4 times 15 ; hence this value ar = 6, satL^es the enoncifk 
tion of the problem. 

Again, suppose a = 45, 6 == 15 and n = 4. 

Then «=i5:=«?=-f=_5. 

Here again we obtain a negtxHve soluUcn. How are we to 
interpret it ? 
By refisrring to the problqpi^ we see that the age of the son is 
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already more tbaii one fourth that of the &ther, so that the time 
required is ^lTe^dJ past by five years. The value of x just ob- 
tained, taken with a contrary sign, satisfies the following enuncia- 
tion : 

A father is 45 years old, his son 15 ; how many years since the 
age of the father was four times that of his son ? 

The equation of this new enunciation would be 

1 R 45 — a: 

15 — 0?= . 

4 

Whence 60 — 4a: = 45 — x ; and a? == 5. 

(126.) Reasoning from analogy, we are led to the following 
general principle : 

1. Every negative value found for the unknoum quantity in a 
problem of the first degree^ indicates an absurdity in the conditions 
of the enunciation J or ai least in its algebraic statement. * 

2. This value taken with a contrary sign^ may be regarded as 
the answer to a problem^ of which the enunciation only differs frtym, 
thai of the proposed problem in this^^ that certain quaniUies which 
were added should have been subtracted, and reciprocally, 

(127.) In what case would the value of the unknown quantity 
in Prob. 20, page 86, be negative ? 

Ans. when n> m. 

Thus let m =^ 20, n = 25, and a = 60 miles. 

60 60 
Tl^^^ *= 20^^25 = -5^ ^^- 

To interpret this result, observe that it is impossible that the 
second train which moves the slowest, should overtake the first. 
At the time of starting, the distance between them was 60 miles, 
and every subsequent hour the distance increases. If, however, 
we suppose the two trains to have been moving uniformly along 
an endless road, it is obvious that at some former time^ they must 
have been together. 

This negative solution then shawf in absurdity in tfie condi- 
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tions of the problem. The problem should have been stated 

tbtts: 

- Two trains of cars, 60 miles apart, are moving in the same 

direction, the forward one 25 miles per hour, the other 20. How 

long since they were together ? 

Let X == the required number of hours. 

Then 25x = the distance traveled by the first train, 
20a: = " " second " 

And as they are now 60 miles apart 

2bx = 20x + 60. 
Hence bx = 60, 

and a; = + 12. 

We thus obtain a positive value of a?. 

In order to include both of these cases in the same enunciation, 
the question should have been asked : Required the time of their 
being together , leaving it uncertain whether the time was past or 
future. 

In what case would the value of one of the unknown quanti-* 
ti^s in Problem 34, page 89 be negative ? Why should it be 
negative ; and how could the enunciation be corrected for this 
ease? 

(128.) III. Values of the form ofOor -r. 

In what ca^e would the value of the unknown quantity in 
Problem 20, page 86, become 0, and what *would this value 
signify ? 

Ans. This value becomes zero when a = 0, which signifies 
that the two trains are together at the outset. 

In what case would the value of the unknown quantity in 
Problem 50, page 92, become zero, and what would this value 
signify ? 

Ans. when a = n&, which signifies that the age of the father is 
now n times that of the son. 

When a problem gives zero for the value of the unknown 
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quantity, this value is sometimes a true solution, and sometimes 
it indicates an impossibility in the proposed question. 

(129.) IV. Values of the form of p 

In what case does the value of the unknown quantity in Prob- 

lem 20, page 86 reduce to >- ? and how shall we interpret this 

result ? Ans. When m = n. 

On referring to the enunciation of the problem, we see that it 
is absolutely impossible to satisfy it ; that is, there can be no 
point of meeting, for the two trains being separated by the dis- 
tance a, and moving equally fast, will always continue at the 

same distance from each other. The result —, may then be re- 

garded as a sign of impossibility, / 

Nevertheless algebraists regard the result r-, as formirfg a spe- 
cies of value to which they have given the name of wfinUy ; and 
for the following reason.: 

When the difference m — ti, without being absolutely nothing, 

is very small^ the result is very large, 

771 — n 

F&r example, let m — n =* 0.01 

Then x ^ — - — = -^=' 100a. 

m — n .01 

Let m — n =^ 0.0001 

Hence if the difference in the rates of motion is not zero, the 
two trains must meet ; and the time will become greater and 
greater as this difference is diminished. ^ then we suppose this 
difference less than any assignable quantity ^ the time represented by 

toUl be greater thm any <issignable quantity y or infinite,. 

m — n 

15 
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Hence we infer, that every expression of the form —, found for 

the unknown quantity, indicates the impossibility of satisfying the 
problem, at least m finite numbers. 

In what case would the values of the unknown quantities in 

Problem 10, page 84, reduce to the form ~ ? and how shallwe 

interpret this result ? 

(130.) V. Values of the form of ^. 

In what case does the value of the unknown, quantity in 

Problem 20, page 86, reduce to -r- ? and how shall we interpret 

Jit 
this result ? , 

Ans.. When m^n and a = 0. 
To interpret this result^ let us recur to the enunciation and 
observe that since a is zero, both trains start from the same point ; 
and since they both travel at the same rate,' they will always 
remain together, and therefore the required point of meeting will 
be any where in the road traveled over. The problem then is 
entirely indeterminate, or admits of an infinite nur^ber of solutions, 

and the ^pression — is the symbol of an indeterminate quantity. 

' We infer, therefore, that an expression of the form ~ found for 

the unknown quantity, generally indicates that it may have any 
value whatever. In some cases, however, this value is subject 
to limitations^ 

In what case would the values of the unknown quantities in 

Problem 44, page 90, reduce to -r-? and how would they satisfy 

the conditions of the problem ? 

Ans. When a = J = c, 
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which indicates that the coins are all of the same value. B 
might therefore be paid in either kind of coin ; but there is a 
limitation, viz. that the yalue of the coins must be one dollar. 

OF INFINITY. 

(131.) From Art. 129, it is seen that in Algebra we sometimes 
have occasion to consider infinite quantities. It is necessary, 
therefore, to establish some general principles respecting them. 

•^n infinite qtmnHty is one which exceeds anff assignabk limits 
It may be expressed by the character oo . Thus a line produced 
beyond any assignable limit, is said to be of infinite length. A 
surface indefinitely extended, and also a solid of indefinite extent 
in any one of its three dimensions, are examples of infinity. 

An infinite quantity does not mean ah infinite number of terms. 
Thus the fraction ^ reduced to a decimal, is .3 3 3 3 3 3 etc. without 
end, but the yalue of this series is less than unity. 

Infinite quantities are not all equal among themselves. 

Thus the series 1 + 1 + 1 + 1 + 1+ etc. 

.2 + 2 + 2 + 2 + 2+ etc. 
3 + 3 + 3 + 3 + 3+ etc. 
continued to an infinite number of terms will each be infinite, 
although the second series will be double, and the third treble 
the first. 

So also a line may be infinitely extended both ways ; or it may 
be infinitely extended in one direction and limited in the other. 
In either case the line is said to be infinite. . 

» 

By nothingy is to be understood a quantity less than any assign- 
able quantity. 

Thus take the series of fractions yV> tH> tthtf* tvW ®*C' 
By increasing the denominator, we diminish the value of the 
fraction ; and if the denominator be made infinitely great, the 
quotient will be zero. 

We have seen in Art. 129, that — =» oo, where a may repre- 
sent any finite quantity. That is 
If a finite quantity be Winded by zero, the quotient is infinite. 
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From the same equation we deduce — =0. That is 

If a finite quantity be divided by irtflnity>f the quotknt is zero^ 
From the same equation we deduce a =» X oo. That is 

ifziro. be nrnltq^Hed by ir^inUyy the product is finite. 

If a finite quantity be multiplied by a proper fraction, it will be 

dirmnishedj and the smaller the multiplier, the less the product. 

Renee if the multiplier be infinitely iimall, the product will be 

Infinitely small, or a X « 0. That is 

Ifafi/iite quantity be rmUHplied by zerOy the product uriU be z^o. 

From this equation, we deduce ^ "^ -jr I that is 

tfzero be divided by zero^ the quotient is a finite quantity. 

The greater the multiplier, the greater will be the product. 

Hence, if a finite quantity be multiplied by infinity^ the product will 

be infinite; that is 

a X 00 «■ 00. 

From this equation we deduce « = ^ ; that is 

If infinity be divided by infinity ^ the quotient is finite. 

An infinite quantity cannot be increased by the addition of a 
finite quantity, or diminished by its subtraction ; that is 

00 +a= 00. 

S6 also, a finite quantity is not altered by &e addition or sub- 
traction of nothing ; that is a + «» a. 

It has been shown, Art. 70, that a® =* 1 ; that is any quantity 
with the exponent is equal to 1, hence the same must be trufe 
when this quantity is infinitely small ; that is 0^ *« I. 

OF INEQUALITIES. 

(132.) In discussing algebraical problems, as shown in Arts. 
122 — 130, it is frequently necessary to employ inequalities , or 
expres^ons of two quantities which are not equal to each other* 
Generally the principles already established for the transformation 
of equations are applicable to iiiequalities also. There are, how* 
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ever, some important exceptions to be noted, arising chiefly from 
the use of negative expressions as quantities. 

Two inequalities are said to subsist in the same sense^ vrhen^tbe 
greater quantity stands at the left in both, or at the right in both ; 
and in a contrary sense^ when the greater quantity stands at the 
right in one, and at the left in the other. 

Thus 9>7and 7>6. 

As also 5 < 8 and 3 < 4, 

are inequalities which subsist in the same sense ; and the in- 
equalities 10 > 6 and 3 < 7, 
subsist in a contrary sense. 

(133.) I. If we add the same quantity to both members of an 
inequality^ or subtract the same quantity Jrom both members ; the 
resulting inequality wiU always subsist in the same sense. 

Thus . 8 > 3. 

Adding 5 to both members, 

8 + 5>3 + 5, 

and subtracting 5 from both members, 

8 — 5>3 — 5. 

So also 3 < — 2. 

Adding 6 to both members, 

. — 3 + 6< — 2 + 6,or3<4; 
and subtracting 6 from both members, 

_3_6< — 2 — 6, or— 9< — 8. 
The student must here bear in mind what was stated in Art. 
47, of two negative quantities, that is the least whose nunierical 
value is ihe^greatest. 

This principle enables us to transpose any term from one mem- 
ber of an inequality to the other by changing its sign. 
Thus a«-PS*>36'— 2a^ 

Adding 2a* to each member of the inequality, it becomes 

(t' + b^ + 2a^>3b\ 
Subtracting 6* from each member, 

a« + 2a*>36* — 6% 
or 3a* > 2ft*. 



1 18 INEQUALITIES. 

11. If we add together the corresponding members of two or more 
inequalities which subsist in the same sense^ the resulting inequality 
wiU always subsist in the same sense. 

Thus- 6>4 

4>2 
7>3 



Adding, 16 > 9. 

III. But if we subtract the corresponding m/embers of two or 
more inequalities which subsist in the same sense^ the resulting inr 
equality wUl not always subsist in the same sense. 

Take the inequalities 4 < 7 

2<3 



Subtracting, we have still 4 — 2 < 7 — 3, or 2 < 4. 

But take • 9<10 

•nd 6< 8 



Subtracting, the result is 9 — 6 > (not <) 10 — 8 ; or 3 > 2. 

We must therefore avoid as much as possible the use of this 
transformation ; or when we employ it, determine in what sense 
the resulting inequality subsists. 

IV. If we multiply or divide the two members of cm inequality 
by a positive number^ the resulting inequality will subsist in the 
^ame sense. 

, Thus if a< b. 

Then ma < mb. . 



And 



If 

Then 





m 


— a>- 


-b. 


-na>~ 


■tib. 
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And _^>_A. 

n n 

This principle will enable us to clear an inequality of fiactions. 
Thus if we have 

a^ — 6" c^ — (f • 
2d "^ 3a * 

Multiplying both members by 6ad^ it becomes 

V. Ijf 2£;e mtdtiply or dipide the two members of an inequalUy by 
a negative rmmbery the resuUii^g^ inequality wUl subskt in a crnir 
trary sense. 

Take for example 8 > 7, 

Multiplying both members by — 3, we have the opposite in- 
equality. 

— .24<— 21. 

So also 8 > 7. 

^^^ IZ3<-=3^^— 3<— 3- 

Therefore if we multiply or divide the two members of an 
inequality by a number expressed algebraically, it is necessary 
to ascertain whether the multiplier or divisor is negative, for in 
this case the inequality subsists in a contrary sense. 

VI. We cannot change the signs of both members of an in 
equality y unless we reverse the sense of the inequality ^ for this trans- 
formation is evidently the same as multiplying both members 
by — 1. 

VII. If both members of an inequality are positive numbers ^ w^ 

can raise them to any power without altering the sense of the 
inequality. 

Thus 5 > 3, 

hence, 5*> 3', or.25>9. 



/• 
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So also if a >'p 

a* > J". 

VIII. If both members of an inequality are not positive number^ 
and they be raised to any power ^ the resulting ineguality^ wUl not 
always subsist in the same sense. 

Thus _2< + 3. 

Gives (— 2)* < 3% or 4 < 9. 

But — 3> — 5. 

Gives (— 3f < (— 5f , or 9 < 25. 

IX. In extracting the root of both memberi of an inequoMy it is 
sometimes necessary to reverse the sense of the inequaKhf. 

Thus from 9 < 25. 

By extracting the square root we obtain 
either v 3 < 5, 

or — 3 > — 5, 

/ 

EXAMPLES. 

1. Given Ix — 3 < 25, to find the limit of a?. 

Ans. x < 4. 

2. Given 2a: + —• — 8 < 6 to find the limit of x. 

3 

Ans. X <6. 
3.;Giv€n |-+ ^+ £+ |. + ^ — 7> 9,tofind thelimit 

of X. 

I 

4. Given -rz — r ex — ac< *-r~ 



etc — bd^ , 
ex+ — '>be 



y to find the limits o{^. 



5. A man being asked how much he gave for his Watch, re- 
plied ; If you multiply the price by 4 and to the product add 60, 
the sum will exceed 356 ; but if you multiply the price by 3, 
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and from the product subtract 40, the remainder will be less 
than 113. Required the price of the watch. 

6. What sum of money is that whose half and third part 
added together are less than 105 ; but its half diminished by its 
fifth part is greater than 33 ? 

7. The double of a number diminished by 6 is greater than 
24 ; and triple the number diminished by 6 is less than double 
the number, increased by 10. Required the number. 



16 
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(134) According to Art. 21 ^ the prodmts formed by the sue* 
cessive multiplication of the same number by itself ^ are called the 
powers of that number. 

Thus, the first power of 3 is 3. 

The second power of 3 is 9 or 3 X 3. 

The third power of 3 is 27 or 3X 3 X 3. 

The fourth power of 3 is 81 or 3 X 3 X 3 X 3, 
etc. etc. etc. 

(135.) According to Art. 20, the exponent or index is a number 
or letter written a little above a quantity to the right, and denotes 
the number of times that quantity enters as a factor into a product. 

Thus the first power of a is a^ ; where the exponent is 1, which, 
however, is commonly omitted. 

The second power of a is a X a or a' ; where the exponent 2 
denotes jthat a is taken twice as a factor to produce the power aa. 

The third power of a is a X a X a, or a' ; where the expo- 
nent 3 denotes that a is taken three times as a factor to produce 
the power aaa. 

The fourth power of a is a X a X a X a, or a^. 

Also, the nth power of a is aXaXaXa • . . repeated 
as a factor n times, and is written a^. 

Indices may be applied to polynomials as well as to mono- 
mials. 
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Thus [a + b + cf is the same as 

{a + b + c) X {a + b + c) X (a + ft + c), 
or the third power of the entire expression a + b + c. 

(136.) According to the rule for the multiplication of mono- 
mials, Arts. 49 and 50, 

So also {Aa^b(^f « 4a^c' X 4a^b<^ = 16a^6V. 

Hence it appears that in order to square a monomial^ we musf 
square Us coefficient^ and multiply the exponent of each of the' letters 
by 2. 

EXAMPLES. 

1. Required the square of laxy, 

Ans. 49aV2/'. 

2. Required the square of lla'ftccP. 

3. Required the square of 12a^a:y. 

4. Required the square of Ibab^cx*. 

5. Required the square of iSa^yz^. 

(137.) According to Art. 53, + multiplied by +, and — 
iliultiplied by — give +. Now the square of a monomial being 
the product of the monomial by itself, it necessarily follows that 
whatever may be the sign of a wmummly its square must be affected 
with the sign +. " 

Thus the square; of + Sax or of — Soar, is + 9a V. 

(138.) The method of involving a quantity to any power, is 
easily derived from the preceding principles. 

Let it be required to form the fifth power of 2a'6^. 

According to the rules for multiplication, 

{2a'by = 2a^ft* X 2a^b^ X 2a^b^ X 2aW X 2a'^ft' 
='32a''¥\ 

Where we perceive 

1. That the coefficient has been raised to the fifth power. 

2. That the exponent of each of the letters has been multi- 
plied by 5. 
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In like manner 

(Za^b'cf == 3a^b^c X Za'^b'c X 3a»6»c 

«27a*6V. 
Hence we deduce the following general 

RULE TO RAISE A MONOMIAL TO ANY POWER. 

Raise the numerical coefficient to the given power ^ and multiply tht 
exponent of each of the letters by the index of the power required. 



EXAMPLES. 

1. Required the fourth power of 4a6V. 



Ans. 256a^V*. 



2. Required the fifth power of Saar^y*. 

3. Required the third power of 6a?y V. 

4. Required the sixth power of 2ay^cPv, 
5 Required the seventh power of 2a^bc*. 
6. Required the sixth power of 5w^x7^z\ 

(139. Let us now consider the sign with which the power 
should be affected. 

We have seen, Art. 137, that whatever may be the sign of the 
monomial, its square is always positive. It is obvious from the 
same considerations that the product of an even number of nega- 
tive factors is positive ; but the product of an odd number of 
negative factors is negative. 

* • 

Thus ^aX — a=+a» 

-^aX — aX — a« — o? 
— aX — aX — aX — a= + a^ 
— cX — aX — aX — aX — a = — a* 
etc. etc. etc. 

The product of several factors which are all posUivCf is in- 
variably positive. Hence 
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Evei^ EVEN power is posUivCy but an odd power has the, same 
sign as its root. 

EXAMPLES. 

1. Required the square of — 2x', 

Ans. +4x\ 

2. Required the square of — 3a:». 

3. Required the cube of — 3a*. 

4. Required the fourth power of — 3aWA. 

5*. Required the fifth power of — 2a* X 3x^y. 

(140.) A fraction is involved by involving both the numerator and 
denominator, 

1. Thus the square of "T^'^ T ^ T^ '^^^^'^i ^7 ^^' ^0> ^* 
equal to -Tj , which by Art. 68, may be written eft*"*. 



2a6* 
2. Required the cube of --^ 



^^^'l^ov^a'b'c-^. 



- . a*6 

3. Required the nth power of 



ay^ 

(141.) Hence expressions with negative indices are involved 
by the same rule as those with positive indices. 
Thus to find the square of ar^. 

This expressiop may be written —3 , which raised to the second 

power becomes -^ or cr^j the same result as would be obtained 

by multiplying the exponent — 3 by 3. 
Ex. 1. Required the square of Sa^i""*. 
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Ex. 2. Required the square oClar^l^c^dx"^. 
Ex. 3. Required the cube of 6a6""'(fy~*. 
Ex. 4. Required the fourth power of 3a""ft. 
Ex. 5. Required the fifth power of 2aJ'^c*. 
(142. ^polynomial is involved by multiplying it into itself as 
many times less one as is denoted by the index of the power. 
Ex. 1. Required the fourth power of a + 6. 

a + b 

a + b 



a^+ ab 
+ ah+ V 

{a + 5)' = a^ + 2ab + 6*, the second power of a + 6. 
a +b 



a« + 2a% + ay 
+ a*i+2aA'+ b^ 

(a + hf = a^ + 3a*6 + 3a5» + 6^ the third power. 
a+b 



a^ + Sa^J + 3a%^ + o^ 
+ a%+3a«6*+3a6^ + b^ 

[a + by = a^ + 4a^6 + 6a^6* + 4a6^ + 6^ the fourth power. 
Ex. 2. Required the fourth pbwer of a — 5. 

Ans. a^ — 4a^b + eaV — 4ab^ + b\ 

Ex. 3. Required the cube of 2a — 1. 

Ex. 4. Required the fourth power of 3a — A. • 

Ex. 5. Required the square of a + 6 + c. 

Hence it appears that the square of a trinomial is composed of 
the sum of the squares of all the terms y together with twice the sum 
of the products of all the terms multiplied together two and two, 

Ex. 6. Required the cube of 2a6 + cd. 
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Ex. 7. Required the square of a* + 6*. 

1 
Ex. 8. Required the square of a + —-. 



y 

Ex. 9. Required the cube of a: + •;r-. " 

Ex. 10. Required the square oia + h + c + d+e. 

From this example we infer that the square of any polynomial 
is composed of the sum of the squares of all the termsy together with 
twice the sum of the products of aU the terms multiplied together^ 
two and two^ and this proposition may be rigorously demon- 
strated. 

It is easy to perceive that this rule for a polynomial includes 
the preceding rule for a trinomial, and that in Art. 60 for a 
binomial. 
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(14i3.) Tkt sqttart root of a quantity is a factor which multiplied by 
itadf oncBj will produce that quantity. 

Thus the square root of a* is a, because a when multiplied by 
itself produces a*. 

The square root of 144 is 12 for the same'reason. 

According to Art. 22, the square root is indicated by the 

sign \/ . 

Thus \/^= a. 

y/lUa^ = 12a. 

(144.) According to Art. 136, in order to square a monomial 
we must square its coefficient, and multiply the exponent of each 
of the different letters by 2. ITierefore in order to derive the 
square root of a monomial from its square, we must 
I. Extract the square root of its coefficient. 

n. Divide each of the exponents by 2. 

Thus we shall have 



%/64a^6^«8aV, 
This is manifestly the true result, for 

{Sa'b^f = 80^6* X 8(^b^ = 64a•6^ 
So also 



>/ 625a*6 V = 25a6V. 
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For (25a5V)* « 25a6V X 25rtiV 

« 625a*6V, 

RequireJ the square root of 196a'ftVcP. - 
Required the square root of 225a*"6*V. 

(145.) According to Art. 140, a fraction is involved by in- 
volving both the numerator and denominator ; hence it is obvious 
that the square root of aJracUon is equal to the root of the numera- 
tor diviled by the root of the denominator. 

Thus the square root of — is ~. 

0* 

1. Find the square root of 



9a?*3^ • 



2. Find the square root of 7^3^- 

(146.) It appears from Article 144, that a Tnonomial can- 
not be the square of another mtmomiaij unless its coefficient be a 
square number^ and the exponents of the different letters all even 
numbers. 

Thus 7a6* is not a perfect square, for 7 is not a square num- 
ber, and the exponent of a is not an even number. Its square 
root may be indicated by the usual sign, thus y/lab*. Expres- 
sions of this nature are called surds^ or radicals of the second 
degree. 

(147.) We have seen, Art. 137, that whatever maybe the sign 
of a monomial, its square must be affected with the sign +• 
Hence we conclude that 

If a monomial be positive^ its square root may be either positive or 
negcdive. 

Thus y/9a^ = + 3a^ or —3a*, 

for either of these quantities when multiplied by itself produces 
17 
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Qa"*. We therefore always affect the square root ot a quantity 
with the double sign + , which is read plus or minus. 

Thus v^la" = + So* 

%/^5^ = + 5o6*. 

* 

(148.) If the monomial be affected with a negative sign, the 
extraction of its square root is impossible ; since we have just 
seen that the square of every quantity whether positive or nega- 
tive is necessarily positive. 

Thus %/^^, \/— 5a, %/~I^9 

are algebraic symbols which represent operations which it is 
impossible to execute. Quantities of this nature are called imagi- 
nary or impossible quantities, and are symbols of absurdity which 
we frequently meet with in resolving quadratic equations. 
Such quantities may be represented by the general form 

%/ — a, which equals 



v^aX — l«=v^a \/ — 1. 

So that \/ a \/ — 1 is a general form for all imaginary quanti- 
ties of the second degree. Thus 



s/ — A =v/4 X — 1= 2%/— 1 



sZ—ba^s/ba^X — i^s/basZ—l 



v/_9 =%/9 X — 1= 3 v/ — 1. 

That is, the square root of a negative quantity may alvHiys be 
represented by the square root of a positive quantity muUiplied by the 
square root of — 1 . 

(149.) According to Article 138, to raise a monomial to any 
power, we raise the numerical coefficient to the given power, and 
multiply the exponents of each of tile letters by the index of the 
power required. Hence reciprocally, to extract the root of any 
degree of a monomial, we obtain the following 
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RULE. 

I, Extract the root of the numerical coefficient. 
II. Divide the exponent of each letter by the index of the required 
root. 



Thus V64a'^6^ ^ Ac?h 



From Article 145, it is obvious that to extract any root of a 
fraction^ we must divide the root of the numerator by the root of the 
denominator. 

Thus the cube root of ^ ^ ^ is - — = ; 

8ary' 2xy^ 

3 

which may be written— c^hx-^y-^. 

(150.) Let us now consider the sigTi with which tbe root 
should be affected. We have seen, Article 139, that every wen 
power is positive, but an odd power has the same sign as its 
root. 

Thus — a, when raised to different powers in succession, will 
give 

— a, + a', — a^, + a% — a*, + a*, — a^, etc. 
and + a in like manner will give 

+ a, + a^, + a^, + a^, + a', + a*, + «^, etc. 

In fact every even power (being expressed by 2») may be con 
sidered as the square of the nth power, or a** = (fl*)^, and must 
therefore be positive ; and in like manner every power of an un- 
even degree (being expressed by 2n + 1) may be considered as 
the product of the 2nth power by the original monomial, and 
must therefore have the same sign with the monomial. 

Hence it appears 

I. Thai an odd root of any quantity must have the same sign as the 
quantity itself. 
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Thus 3^ +Sa'^ +2a 



V — S-Za'^'b' = — ^i^b 



V + 32aW = + 2a^b 
IT. Thai an even root of a positive qtuintily is ambiguovs* 



Thus V 8la*o" = + 3ct^ 



III. That an even root of a negative quaniity is impossible. 

For no quantity can be found which when raised to an even 
power can give a negative result. 

Thus V — a, '\/ — c are symbols of operations which can- 
not be performed, and they are therefore called impossible or 

iinaginary quantities, as %/— a, y/ — 6 in Art. 148. 

EXAMPLES. 

1. Find the fourth root of 81 a^ 



Ans. + 3a^ 



2. Find the fifth root of — 243a>%*c-". 

3. Find the cube root of — 125a'x"^y^. 

4. Find the square root of ^-j-a 



5. Fi»d the Mh root of 



man-' 
243 



(151.) According to the preceding rule, we perceive that in 
order that a monomial may be a perfect power of that degree 
whose root is required, its coefficient must be a perfect power of 
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that degree, and the exponent of each letter must be divisible by 
the index of the root. 

When the gionomial whose root is required is not a perfect 
power of the given degree, we can only indicate the operation to 
be performed. Thus if it be required to extract the cube root of 
4aVy the operation may be indicated by writing the expression 
thus 

Expressions of this nature are called surds j or irrational qtianti" 
ties J or radicals of the second, third or nth degi'ecj according to the 
index of the root required. 

(152.) The method of extracting the roots of polynomials will 
be considered in Section XVII. There is, however, one class so 
simple and of so frequent occurrence that it may properly be 
introduced here. In Arts. 60 and 61 we have seen that 

the square of a + bis a* + 2ah + 6*, 

and the square of a — 6 is a* — 2a5 + 6'. 

Hence the square root of a* + 2ab + 6* is a + J. 

Hence a trinomial is a p^fect square, when two of its terms are 
squares, and the third is the double product of the roots of these 
squares* 

Whenever, therefore, we meet with a quantity of this descrip- 
tion, we may know that its square root is a binomial, and this 
may be found by extracting the roots of the two terms which are 
complete squares, and connecting them by the sign of the other term. 

Ex. 1. To find the square root of a* + 4aJ + 4J*. 

The two terms, a* and 46^ are complete squares, and the third 
term 4ab is twice the product of the roots a and 2b; hence a + 2b 
is the root required. 

Ex. 2. Find the square root of 9a^—24ab + 166*. 
Ex. 3. Find the square root of 9a* — 30a*6 + 2ba^b\ 
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(153.) JVb binomial can be a perfect square. For the square of 
a monomial is a monomial ; and the square of a binomial consists 
of three distinct terms which do not admit of being reduced with 
each other. 

Thus such an expression as 

a^ + V 

is not a square ; it wants the term + ^^ to render it the, square 

of a^± 6, This remark should be continually borne in mind. 

as beginners are very prone to put the square root of a^ + V 
equal to a + 6. 

IRRATIONAL QUANTITIES, OR SURDS. 

(154.) Irrational qttantitiesj or surdsy are quant^es affected with a 
radical sign^ and which have no exact root, or a root which can be eay 
actly expressed in nunibers. 

Thus \/ 3 is a surd, because the sqttare root of 3 cannot be 
expressed in numbers with perfect exactness. 

In decimals it is 1.7320508 nearly. 

A rational quantity is one which 'can be expressed in finite 
terms, or without any radical sign or fractional index ; as a, 
ZHt , etc. 

(155.) We have seen, Art. 144, that in order to extract the 
square root of a monomial, we must divide each of its ex- 
ponents by 2. 

Thus the square root of a^ is a^ or a ; that of a* is a* ; that of 
a^ is (^ and so on ; and as this principle is general, the square 

3 B 

root of a^ must necessarily be a^, and that of a' must be d^ ; 

1 
consequently we shall in the same manner have a^ for the square 

root of a^. Whence we see that 

a^ is equal to \/ a * 




• 
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3 , — - 

a% is the same as *^/ cr 

5 . . — * 

a^ is equivalent to v^ a* 

etc. etc* 

We have also seen, Art. 149, that in order to extract the root 
of any degree of a monomial, we must divide the exponent of 
each letter by the index of the required root. 

Thus the cube root of a* is o^, or a ; the cube root of a* is a* ; 
the cube root of cP is er*, and so on. So also the cube root of a* 

is a? ; the cube root of a* is d^ ; the cube root of a, or a* is cP. 

Whence it appears that 

a^is the same as ^%/ a 

4 

• d^ is equivalent to ^\/ a^ 

5 

a? is equivalent to ^s/ a* 
etc. etc. 

In the same manner th^ fourth root of a is a^^, which expres- 
sion has therefore the same value as ^\/ a ; the fiflh root of a will 

be a^, which is cons^qently equivalent to ^\/ a, and the same 
observation may be extended to all roots of a higher degree. 

(156.) Other fractional exponents are to be understood in the 

4 

same way. Thus if we have a?, this means that we must first 
take the fourth power of a, and then extract its cube or third 

4 ^ 

root ; so that c? is the same as *\/ fl*. 

3 

So also to find the value of a^, we must first take the cube or 
the third power of a, which is a^, and then extract the fourth root 

3. 

of that power ; so that a* is the same as W a?, 

4 

and dJ is equal to *\/ a^. 

Hence, the rwmerator of a frnxHofnal index denotes the poy^ery 
and the denominator the root to be extracted. 



! I 
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Again, let it be required to extract the cube root of — ^ • 

1 _4 

In the first place -r == o . Now to extract the cube root of 

* Or 

a~^ we must divide its exponent by 3, which gives us 

4 

But the cube root of —^ may also be represented by 



4 • 

as 

1 : . -* 

Hence —^ is equivalent to a ^ 

So also rj is equivalent to a * 
a-% 

1 _i 

Thus we see that the principle of Art. 69, that a factor may be 

transferred from the numerator to the denominator of a fraction, 

« 

or from the denominator to the numerator by changing the »gn 
of its index, is applicable also to JractioTial indices. 

We may, therefore, entirely reject the radical signs hitherto 
made use of, and employ in their stead the fractional exponents 
which we have just explained ; and indeed many of the diffi- 
culties in the calculation of radical quantities disappear when 
fractional exponents are substituted for the radical signs. 

CASE I. 

To reduce surds to their most simple forms. 
157.) Surds may frequently be simplified by the application 
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of the following principle ; the square root of the product of two 
or more factors is equal to the product of the square roots of those 
factors. 

Or in algebraic language 

For each member of this equation squared, will give the same 
quantity. 

Thus the square of ^/ ab is ab. 

And the square of v/ a X \/ 6 is (\/ af X {>/ bf « ab. 

Hence, since the squares of the quantities \/ ab and >/ aX\/h 
are equal, the quantities themselves must be equal. 

Take the example \/ 4a. 

This may be put under the form \/ 4 X v/ a. 

But \/ 4 is equal to 2. 

Hence, v/4a« v/4 X v'(r«2\/a = 2a^ 

2 \/ a is considered a simpler form than \/ Aa for reasons which 
will be better understood hereafter. 

Again, reduce \/ 48 to its most simple form. 

v/ 48 is equal to \/16x3= %/16Xv/3 = 4v/3. 

In general, therefore, in order to simplify a monomial radical 
of the second degree, separate it into two factors^ one of which is a 
perfect square, extract its root, and prefix it to t/ie other factor with 
the radical sign between them. 

In the expressions 2 \/ a and 4 \/ 3, the quantities 2 and 4 are 
called the coefficients of the radical. 

EXAMPLES. 

1. Reduce 2 \/ 32 to its most simple form. 

Ans. 8\/2. 



2. Reduce >/ 125a^ to its most simple form. 

3. Reduce \/ 98a6* to its most simple form. 

18 
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4. Reduce v^294fl6^ to its most simple form. 

5. Reduce 7 \/ 80abc^ to its most simple form. 

6. Reduce \/98aVy* to its most simple form. 

7. Reduce \/ 45a^6Vd to its most simple form, 

8. Reduce v^ 864aW^ to its most simple form. 

(158.) Surds of my degree may be simplified by the applica- 
tion of the following principle, which is merely an extension of 
that already proved in the preceding Article. 

The nth root of the product of my number of factors is eqml to 
the product of the nth roots of those factors. 

Or in algebraic language 

For raise each of these expressions to the nth power and we 
obtain the same result. 

Thus the nth power of^s/ abiaabv 

And the nth power of "\/ o X «^ 6 is («\/ a f X («^/ 6> — ab. 

Hence, since the same powers of the quantities "v^ ab and 
"\/ a X «%/ 6 are equal, the quantities themselves must be equal. 
Thus take the expression 

V 8a^ 

This is equivalent to V8 X Vo^ y^hich is equal to 2 Vo*. 
Again, take the expression 

V 48a*. 

This is equivalent to W 16a^ X V 3o, which is equal to 

2aV"3a. 

Hence, to simplify a monomial radical of any degree, we have 

the following . 

RULE. 

Separate the quantity into twofactorSy one of which is an exact 
power of the same name with the root ; extract its root; and prefix^ 
it to the other factor with the radical sign between them. 



/' 
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In the above expressions, the quantities 2 and 2a placed t)e- 
re the radical sign, are called the coefficients of the radical. 



EXAMPLES. 



1. Reduce ^Vb6a^b^ to its most simple form. 

Ans. 2aJ«V7(^. 



2. Reduce *\/ 54a*6V to its most simple form. 

3. Reduce W ^Sa'b^c^ to its most simple form. 

4. Reduce ^y/ 192a^ic** to its most simple form. 

5. Reduce '%/ 192a*6V to its most simple form. 

6. Reduce 9 ^V 816* to its most simple form. 

(159.) There is another principle which can frequently be em- 
ployed to advantage in simplifying radicals. 

The square of the cube of a is equal to the siaDtk power of a. 
For. the square of the cube of a is tf* X a*, 
which equals a* + * =■ a*. 

So also the j^ur^A power of the cube of a, is equal to the twelfth 
power of a. 

For {(^y^^a^Xt^XcfXa^ 

=--^3 + 3+3+ 3 



a". 



And in general, t^ mth power of the nth power of any quan- 
tity, is equal to the mnth power of that quantity. 
That is {(f) " « cT*. 

Hence reciprocally, ' 1 

The mnth root of any quantity is equal to the mth root of the 
nth root of that quantity. 

Thus, the fourth root = the square root of the square root, 
The sixth root = the square root of the cube root,^ 
or the cube root of the square root. 
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The eighth root «= the sqaare root of tlie fourth. root, 

or the fourth root of the square root, 
The ninth root ■» the cube root of the cube root. 

Hence, when the index of the root is the product of two or more 
' factors f we may obtain the root required by extracting in succession 
the roots denoted by those factors. 

Ex. 1. Let it be required to extract the nxth root of 64. 

The sixth root is equal to the cube root of the square root. 

The square root of 64 is 8, 
and the cube root of 8 is 2. 
Hence the sixth root of 64 is 2. 

Ex. 2. Let it be required to extract the eighth root of 256. 

The eighth root is equal to the fourth root of the square root ; 
or to the square root of the square root, of the square root. 

The square root of 256 is 16, 
and the fourth root of 16 is 2. 

Hence, the eighth root of 256 is 2. 

When one of the roots can be extracted, and the other not, a 
radical may be simpl^ied by extracting one of the roots. 

Thus, the fourth root of 9 is equal to the square root of the 
square root of 9 ; that is the square root of 3. 

Or algebraically ^\/ 9 = \/ 3. 

Ex. 3. Reduce ^\/ 4a' to its most simple form. 
Ex. 4. Reduce W 36oV to its most simple form. 
Ex. 5. Reduce *^\/ a* to its most simple*form. 
Ex^. Reduce W 25fl*ft*c* to its most simple form. 

CASE II. 

- (160.) To reduce a rational quantity to the form of a surd. 
The square root of the square of a is obviously a ; that is 

— s 

a =» \/ 0* =■ a *. 
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So also the cube root of the cube of a is a ; 

3 

that is a = ^y/ a^ = d^. 

Hence, to reduce a rational quantity to the form of a surd, vie 
have the following 

RULE. 

Rcdse the quanUty to a power of the same ncmte toith the given 
surd^ and then apply the correspoTiding radiccd sign or index. 

EXAMPLES. 

1. Reduce 3 to the form of the square root. 

Here 3 X 3 =» 3* = 9; whence 3 = x/ 9. Ans. 

2. Reduce ax to the form of the square root. 

Ans. \/ aV or {a^x^)^. 

3. Reduce 2a^ to the form of the cube root. . 

4. Reduce 5 to the form of the square root. 

5. Reduce — 32; to the form of the cube root. 

6. Reduce — Ja:* to the form of the fourth root. 

7. Reduce a^b^ to the form of the square root. 

It will be observed that this Case is nearly the reverse of the 
preceding, and consequently brings quantities into a less simple 
form ;' nevertheless this form is sometimes better suited to subse- 
quent operations, as will be seen hereafter. 

CASE III. 

(161.) To reduce quantities which have differeid indices to others 
of the same value having a commxm index. 

Example 1. To reduce a* and a* to a common index. 

From the preceding Article it is obvious that the square ro 
of a is equal to the sixth root of the cube of a ; 

that is c? ^a^ ^ V a\ 
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So also a^ = a'^ =« ^y/ cr. 

II 11 

Thus the quantities a^ and o^ are reduced to c? and dJ^ 

which are of the same value, and have the common index |. 

Ex. 2. Reduce 3^ and 2^ to a common index. 

3T«3T=(33)|-«27* 

2* = 2^ = (2^)^ = 4i 
Hence ^y/ 27 and *\/ 4 are the quantities required. 
Hence we derive the following 

RULE. 
Reduce the indices to a common denombuUor ; raise each quantUjf 
to the power denoted by the numerator of its reduced index; and 
teJ^ the root denoted by the commxm denominator. 

Ex. 3. Reduce 23 and 4* to a common index. 
Ex. 4. Reduce a? and a^ to a common index. 

1 8 

Ex. 5. Reduce cr and 6^ to a common index. 

1 3 

Ex. 6. Reduce 6^ axid 7^ to a common index. 

Ex. 7. Reduce a'* and 6"* to a common index. 

(162.) If it is required to reduce a quantity to a given index. 
Divide the index of the quantity by the given index^ place, the piv- 
tient over the quantity-y and set thfi given index over the whole. 

Reduce cfl to the index \. 

Hence a^ « (a^)^ « Va^. Ans. 

Reduce 3^ and 4^ to quantities that shall hav^ thie common 
index |. 

CASE IV. 

To add surd quantities together. 



I 
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(163.) Two radicals are smUar^ when they have the same 
index, and the same quantity under the sign. 

Thus, 3\/a and 5 \/ a are similar radicals. 

So also 7 ^\/ b and 10 ^\/ b are similar radicals. 

But \/ a and '\/ a are not similar radicals, for although they 
have the same quantity under the radical sign^ they have not the 
same index. 

Ex. 1. Find the sum of 2 \/ a and 3y/ a. 

As these are similar radicals, we may unite their coefficients 
by the usual rule, for it is evident that twice the square root of a 
and three times the square root of a, make five times the square 
root of a. Hence the following 

RULE. 

When the radicals are similary add the coefficientSy and annex the 
radical part. 

But if the quantities are dissimilar , and cannot be made similar 
by the reductions in the preceding articles^ they can only be conr 
netted together by the sign ofadditiom 



Ex. 2. Add y 6 to 2 \/ 6. 



Ans. 3 \/ 6, 



Ex.3. AddSVaand— 2Va. 



Ex. 4. Add a\/ b + c and x\/b + c. 

If the radical parts are originally different^ they must if possible 
be made alike by the preceding methods. 

Ex. 5. Add ^ 27 to v' 48. 



Here v'27 = %/ 9x3«3x/3. 



And v'48 = v/ 16x3 = 4^/3. 



Whence 7 \/ 3 = the sura. 
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Ex. 6, Add V 500 and V 108. 



Ans. 8V4. 



Ex. 7. Add ^^/ 147 and 3 s/ 75. 



Ei. 8. Add 3 ^/| and 2 v/ TV- 
Here 3^/ i =»3^/ ii =» I v^lO. 
And 2^tV-2v/VA=tV^^10. 



Ans. 43 v/ 3. 



Whence 4 V 10 = the sum, 

Ex. 9. Add together \/ 72 and \/ 128. 
Ex. 10. Add together ^/ 180 and >/ 405. 
Ex. 11. Add together V 40 and V 135. 
Ex. 12. Add together 8 V 32 and5 V 2. 

CASE V. 

To find the difference of surd quantities. 

(164.) It is evident that the subtraction of surd quantities may 
be performed in the same manner as addition, except that the 
signs in the subtrahend are to be changed according to 
Article 45. 

Ex. 1. Required to find the difference of v^ 448 and \/ 112. 

Here v'448 = v/64 x 7 =8^/7. 



And v' 112 = v' 16 X 7 = 4 ^ 7. 



"Whence 4 \/ 7 = the difference. 

Ex. 2. Find the difference between ^V 192 and ^v/ 24. 



Here V 192 = V-64 X 3 = 4 V 3. 

And V24 =V 8X3=2V3. 



Whence 2 V 3 « the difference. 
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Ex. 3. Find the difierence between 5 \/ 20 and 3 s/ 45. 



Here 5v/ 20 = 5^/4x5 = 10 V' 5. 



And 3 %/ 45 = 3 v/ 9 X 5 = 9 x/ 5. 



Whence \/ 5 =the difference. 

Ex. 4. Find the difference of 2 %/ 50 and y/ 18. 
Ex. 5. Find the difference «f 2 y/ 320 and 3 \f 40. • 



Ex. 6. Find the difference of y/ ^cfx and %/ 20a*a:*. 



Ex. 7. Find the difference of y/ 162a* and 2 >/ 72a*. 

CASE VI. 

To multiply surd quantities together. 

(165.) Let it be required to multiply "v/ a by ^x/ 6. 

The result will be "\/ a6. 

For raise each of these quantities to the power of n, and we 
obtain the same result ab ; hence these two expressions are equal. 
We thus obtain the following 

RULE. 

WTien the surds have the same index, multiply the quantities 
under the sign by each other j and affect the result with the common 
radical sign. If there be coefficients^ these must be multiplied 
separately. 

Ex. I. Required the product of 3 v' 8 and 2 \/ 6. 

Here 3^8. 

Multiplied by 2 x/ 6. 



Gives 6%/48 = 6x/J6X3=»24V3. Ans. 

Proof. Square 3 \/ 8, and we obtain 9 X 8 = 72. 
Square 2 \/ 6, and we obtain 4X6 = 24. 
72 multiplied by 24 = 1728. 
Also 24 V 3 squared = 576 x 3 = 1728. 
19 



V 
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Ex. 2. Required the produet of 5 %/ 8 and 3 %/ 5. 

Ex. 3. Required the product of 7 V 18 and 5 V.4. 

Ex. 4. Required the product of J V 6 and yV V H. 

Ex. 5. Required the product of \ V 18 and 5 V 20. 

If the surds have not the same index, they must first be re- 
duced to a Common index. 

Ex. 6. Required tlie product of V 2 and W 3. 

Here V 2 = 2^ = (2^)^ = V8. 

And V3 = 3^ = (3«)^ = «v^9. 

Whence *\/ 72 = the product. 

(166.) We have seen in Article 50, that powm of the same 
quantity may be multiplied by adding their exponents. The 
same principle may be extended to roots of the same quantity. 

Let it be required to multiply \/ a by * a/ a, or a* by a*. 

We have seen in Art. 155, that a^ = a^, and a^ ^^ a^. 

But aJ ^a^ X a^ X a^. 

2 11 

And a^ ^a^ X d^. 

The product therefore is a^ X aJ^ X a^ X a^ X a^ = a^. 
Hence, roots of the same quantity may be multiplied by adding 
their Jractional exponents, 

Ex. 1. Multiply b(^ by 3a^. 

Ans, 15a^. 

Ex. 2. Multiply 3a^ by21ai 

Ex. 3. Multiply 3x*y^ by Ax^y^. 

X 1 

Ex. 4. Multiply (a +5)" by (a + 6)«. 

(167.) If the rational quantities, instead of being coefficients of 



IHBATIOHAL QUANTITIE9. 147 

the radical quantities, are connected with them by the signs + 
or — y each term in the multiplier must be multiplied into each 
term of the multiplicand. 

1. Let it be required to multiply 3 + ^5 

by2 — V5 



6 + 2\/5 
— 3 V5 



We obtain the product 6 — \/ 5 — 5 

which reduces to 1 — \/ 5. 

2. Multiply 7 + 2v'6by9 — 5 v/e. 

Ans. 3 — 17 V 6. 

'■ 3. Multiply 9 + 2 V 10 by 9 — 2 V' 10. 

Ans. 41. 

CASE VII. 

To divide one surd quantity by another. 

(168.) Let it be required to divide *\/ a* by ®\/ a*. 

The quotient must be a quantity which multiplied by the di- 
visor shall produce the dividend ; we thus obtain *\/ a, for 
according to Art. 165, V a* X V a — Vo*. 

*v/ a^ 

That is -7-/— = V a. 

Hence the following 

RULE. 

Quantities under the same radical sign or index may be divided 
Wee rational quantities j the quotient being affected with the common 
radical sign. If there are coeffidentSy they must be divided sepa- 
rately. 



I 
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If the radicals h^ve not the same index, we must first reduce 
them ta a common index. 

EXAMPLES. 

1. It is required to divide 8 V 108 by 2 \/ 6. 
Sv/lOS 



Here ^ - ,^ =4v'18 = 4v'9x2 = 12\/2. Ans. 
2 vo 

2. Divide 8 V 512 by 4 V 2. 
8 V 512 



Here — ^-T-;- = 2 V 556 = 2 V 64 X 4 X" 8 V 4. Ans. 
4*v 2 

3. Divide 6 V 54 by 3 V 2. 

4. Divide 4 V 72 by 2 V 18. 

5. Divide 4 V 6aV by 2 ^/3y. 

6. Divide 16 (a'6)S by 8 (ac)-. 

7. Divide 4 V 12 by 2 V 3. 

As the radicals in this last example have not the same index, 
they must be reduced to a common index. 

4 V 12 = 4(12)^ =- 4 (12) T «. 4 (144) ». 

2 v/ 3 = 2 (3)^ - 2 (3)^ = 2 (27)^. 

4(144V«- ,1,1 

J^ - 2 (SVf = 2 ( V)^ = 2V V. 

(169.) We have seen in Art. 67, that in order to divide 
quantities expressed by the same letter, we must subtract the ex- 
ponent of the divisor from the exponent of the dividend. The 
same principle may be extended to fractional exponents. 

Thus let it be required to divide a^ by a^. 
Then by the preceding article 






ai a} a' 



Ans. 
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Hence, a root is divided by another root of the same ktter or 
quantity, by subtracting the exponent of the divisor from that of the 
dividend. 

Ex. 1. Divide (a6)* by (a6)*. 

Ex. 2. Divide a^ by a^. 

Ex. 3. Divide a§ by o^. 

Ex. 4. Divide a« by a«. 

Ex. 6. Divide 4 V a6 by 2 V ab. 

CASE VIII. 

(170.) To raise surd quantities to any power. 

Let it be required to find the square of a^. 

The square of a quantity is found by multiplying it into itself 



onee. 



Hence, the square of a^ is equal to a* X a^ ^ a^ * « gf. 

That is (a^)^ = ai 

1 
Again, let it be required to find the cube of a^. 

The cube of a quantity is found by multiplying it Into itself 

twice. 

Hence the cube of a^ is equal to a^ X a^ X a* » a^. 

That is (a^) = a^. 

i ^ 
In the^same manner we should find the nth power of a»» ■* ^*»*». 

Hence we have the following • 

RULE. 

Radical quantities are involved by multiplying their fractional 
indices by the index of the required power. 
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Ex. 1. Required the fourth power of a 3. 

Ex. 2. Required the fourth power of f aK 
Ex. 3. Required the cube of § v^ 3. 



Ans. 4\/3. 



Ex. 4. Required the square of 3 ^\/ 3. 
Ex. 5. Required the fourth power of j^ \/ 6. 

(171.) If the radical quamMHes are comvected with others by the 
signs + and — , they mmt be involved by a multiplication of the 
several terms. 

Ex. 1. Required the square of 3 + \/ 5 

3+V5 



9 + 3 a/ 5 

3a/5 + 5 

The square is 9 + 6>/5 + 5 

or 14 + 6 \/ 5. Ans. 

Ex. 2. Required the square of 3 + 2 >/ 5. 

These two examples are comprehended under the rule in Art. 
60, that the square of the sum of two quantities, is equal to the 
square of the first, plus twice the product of the first by the 
second, plus the square of the second. 

Ex. 3. Reqired the cube of \/ ar + 3 \/ y. 

Ex. 4. Required the fourth power of >/ 3 — V 2. 

# 

CA SE IX. 

To find the roots of surd quantities. 

- (172.) A root of a quantity is that which multiplied by itself a 
certain number of times will produce the given quantity. But 
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we have seen that a radical quantity is involved by multiplying 
its index into the index of the required power. Hence 

To find the roots of surd quantities, 

Divide the fractional index by the number expressing the root to 
hefownd* 

*«,*«, .«w «x^««*w *«wv w» ^ is a ' «*« a^. 

For by Art. 170, we obtain the square of d^ by multiplying 
•i 
the index ""^ by 2. 

That is {a^Y = a^ = ai 



EXAMPLES. 



1. Find the square root of 9 (3)*. 
^Here (9(3)*)* = 9^ X 3* "^'^SO)^ « 3 V3. Ans. 



2. Required the cube root of J -^ 2. 



Ans. i V 2. 



3. Required the square root of 10*. 

4. Required the cube root of -i^ a^. 

5. Required the fourth root of If a^. 

6. Required the cube root of tVt ®*« 

7. Required the cube root of | \/ 1. - 

CASE X. 

To find mtdHpliers which shall cause surds to become rational. 
(173.) I. When the surd is a monomud. 
The quantity >/ a. is rendered rational by multiplying by >/ a. 
For V a X >/ a « a* X a* « ^, ^ 



• 
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So also a* is rendered rational by multiplying by a'. 

For a3 X a3 = a^ = a. 

1 . s 

Also a* is rendered rational by multiplying by a^. 

is 4 

i . . . — 

In general a» is reudered rational by multiplying by a*^ 

1 « — 1 n—l+l n 

For a* X a " «= a * « a " *» o. 

Hence we deduce the following 

RULE. 

Multiply the surd by the same quantity having such an exponent j 
as when added to the exponent of the given surd shall be equal to 
unity, 

II. When the surd is a binomial. 

If the binomial contains only the square root, multiply the given 
binomial by the same expression with the sign of one of it& terms 
clumgedy and it will give a rational product. . 

Ex. 1. Thus \/ a + \/ 6 

Multiplied by \/a — V b 



a + \/ ab 
— ^ab — b 

Gives a product a — 6, which is rational. 

Ex. 2. ^Find a multiplier which shall render 5 + \/ 3 rational. 

Given surd 5 + \/ 3 

Multiplier 5 — \/ 3 



Product 25 — 3 = 22 as required. 



f^ 



IRRATIONAL QUANTITIES. 153 

These two examples are comprehended under the Rule in Art. 
62, the product of the sum and difference of two quantities is 
equal to the difference of their squares. 

Ex. 3. find a multiplier that shall make \/ 5 + V 3 rational. 
Ex. 4. Find a multiplier that shall make ^b—^Vx rational. 
Ex. 5. Find a multiplier that shall make %/ a — \^ abc rational. 

in. When the sord is a trmonmL^ it may be reduced first to a 
l>inomial surd, and then to a rational quantity. 

Ex. 1. To find multipliers that shall make %/5 + %/3 — %/2 
rationaL 



Given surd 
First multiplier 


>/6 + !/3 — s/2 


First product 
Second multiplier 


5 + ^15— v^ 10 

+ v'16 + 3 — v^e 

+ •10+^/6—2 


6 + 2V15 
— 6 + 2^15 


• 


— 36 — 12 v/ 15 

+ 12^/15 + 60 



Second product — 36 + 60 = 24 a rational quantity. 

Ex. 2. To find multipliers that shall make \^ a + ^b+ s/ c 
rational. 



CASE XI. 

(174.) To reduce a fraction containing surds^ to another having 
a rational numerator or denxmUnator. 
20 
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RULE. 

Multiply both numerator and denominator by ajacior tokich will 
render either of them rational^ as the case may require. 



9 > 4 



Ex. 1 . If both teitns of the fraction —7^ be multipied by 

\r ' . 

\/ a, it will become -7—. ia \rhich the numeraioT is rational. 

^ ao 

Or if both terms be multiplied by \/ J, it will become -^'j ia 
which the denominator is rational. 

Ex. 2. Reduce the fraction —y-z to one that shall have a 
rational denominator. 

2^/3 



Ans. 



3 • 



3 

Ex. 3. Reduce -j-r^ yz to a fraction having a rs^tional de- 

nominator. 

Ans. \/5 + V'2. 

N 

v/2 

Ex. 4. Reduce -5 -y-^ to a fraction having a rational de- 



nominator. 



Ans. -=■+-= \/2. 
7 7 



Ex. 5. Reduce — ; — >-t to a fraction having a rational de- 

a + vh. ^ 

nominator. 



g 

Ex. 6. Reduce ^ ^ . — 7-r =■ to a fraction haVing a rational 

denominator. 

^ 5 -J. ^ 2 
Ex. 7. Reduce r to a fraction haying a rational 

numerator. 

(t75.) The utility of* the preceding transformations may be 
illustrated by computing the numerical value of a fractional 
surd. 

Suppose it is required to find the value of the fraction ^ -i^^o } 

and to make the illustration more striking, suppose great accuracy 
is requirecl, as for example that the result shall be correct to 20 
decimal places. We might first Extract the square root of 5 to 
20 decimal places, then multiply this root by 7. We thus get 
the value of the given numerator.. Then extract in succession 
the squard roots of 11 and 3 to 20 decimal places, take their 
sum, and divide by it the value of the numerator just found ; it 
will give the value of the fraction. Observe that we have ex- 
tracted the square root of three difierent numbers to 20 places, 
and have divided 22 figures by 21 figures^ and aft^r all we can- 
not be sure that our result is correct to more than 19 decimal 
places. 

« 

Suppose now we commence with making the denominator of 

Mhf ^ tf t^ P^ ^ ^ ^ 

the given fimction rational. The fractiott become^ . 

o 

It is now only necessary to extract two square roots, and divide 
by one figure instead of twerdy-ime. The mechanical labor is 
therefore reduced full one half. Moreover, we have tables which 
give the square roots of all numbers up to 10,000. With the 
aid of such a table, it would only be necessary to subtract -<lie 
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square root of 15 from the square root of 66, and take | of the 
difference. Thus 

>/ 55 » 7.4161985 
V 15 = 3.8729833 



3.5432152 

7 

8124.8025064 
7^5 



>/ll + v'3 



3.1003133 



*/ 6' 

1. Compute the value of the expresaon 



2. Compute the value of the expression 






3. Compute the value of the expression 



2v'8+3v/6— 7v'2- 
9 + 2 v' 10 



9 — 2v/10 



CASE XII. 
(176.) To free m equaiumfrom radical quantities. 

This may generally be done by successive involution^. For 
this purpose, we first free the equation from fractions. If there 
is but one radical expression, we bring that to stand alone on 
one dide of the equation, and involve the whole equation to a 
power denoted by the index of the radical. 

Ex. 1. Free the equation 



T - 



a + y/2asi: + 2^ 
a 

from radipal quantities. 



Charing of fractions, and transposing a we obtain 



\/ 2ax + a? ^ ab — a. 

The square of tbis equation is 

2ax + a^^a%* — 2a^b + a\ 

which is free from radical quantities. 
Ex. 2. Free the equation 

2o» 



X + \/ a» + X* == 



V^o' + x* 



from radical quantities. 

If the equation contains two radical expressions, combined 
with other terms which are rational, it will generally be best to 
bring one of the radicals to stand alone on one side of the equa-^ 
tion before involution. One of the radicals will thus be made to 
disappear, and the remaining radical may be exterminated as in 
the former case. 

Ex. 3. Free the equation • 



from radical quantities. 
Transposing one of the radicals we obtain 



x/a + x=:c — ^/ b + y. 
Squaring we have 



a + arsssc* — 2cy/b + y + b + y. , 
Transposing so as to bring the radical to stand alone, 

2c\/J + y==c' + 6+ y — a — ar, 

which may be freed from radicals by squaring a second 
time. 

Sometimes the two radicals may be of such a form that it is best 
to bring both to one member of the equation before involu- 
tion. 
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When an equaHnn contains several radical qnantili^s^ it ^ay 
generally be freed from them by successive involutions) but the 
best mode of procedure can only be determined by trial. 

Ex. 4. Free the equation 



^/ 2a: + 7 + V 3a:— 18 = v/7a: + 1. 

from radical quantities. 

When an equation contains a fraction involving radical quanti- 
ties in ^ both numerator and denominator, it is sometimes* best to 
render the denominator rational by Case XI. 

4 

Ex. 5w Free the equation 



y/ X + \/ X — a ar? 



s/ X — \/ a: — a ^ — ^ 
from radioal quantities. 



Multiply both terms of the first fraction by \/ x + v^ x — a, and 
we have 



( v' a: + >/ x^^-fO!. a^ 



3 



X — {x — a) 



X 



or (\/ x+ y/ X — a)* = -^ 



aV 



X — a 
Extracting the square root 



an 



y/ X + \/a: — a=s 



\^x — a 
<:learing of fractions 



\/ a^ — aa:+a: — a = an, 
which is easily freed from radicals. 
Ex. 6. Free the equation 






X — >/ X 
from radical quantities. 

Ex. 7. Free the equation 



X — Vx 4- 1 5 

X + Vx+l~U 

from radical quantities. 
Ex. 8. Free the equation 



Va* — ar* — x/ V + 3^ m 



y/(^.— x^+ Vb^ + x" » 
from radical quantities. 

(177.) The difierenkt ru)«s which have been giren for the tol- 
culation of radicals, are exact, so long as wq treat^of,a^:)iM# 
numbers; but are subject to some modifications vrhen we con- 
sider imaginary expressions^ such t& y/ — 3, i/ — a, etc. 

Let it be required, for example, to determine the product of 
V — a by >/ — a. 

» - 

By the rule given in Art. 165, 



-v/ — aX y/ — a=»\/ — aX — a 



>/.+€?. 



But %/ + fl^ » + a, so that there is apparently ^ ddubt ««( to 

the sign with which a ought to be aflected in order fo answer 
the question. Howerer, the true res&lt is --^d ; because' abjf 
quantity must be equal to th^ sqi^£|re of its sq^ar|» root. 

Now >/ — a X v' — a is the same thing ^s C>/ — «)S and con- 
sequently is equal to — a. 

Next let it be reqvired to determine the product of \/ — i^by 
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By the rule in Art. 166, 



v/— aXs/ — b^%/ — aX—b 



^^/ +ab . 

The true result however is — >/ a6^ for we have according to 
Art. 148 



v/ — a = \/ a.V — 1 
Hence 



^V'ab X — 1 

According to this principle, we shall find for the different 
powers of V — 1 the following results. 

v/ — 1 asB v/ — 1, the first power. 
vV — 1)* = — 1, the second power. 

= — %/ — 1, the third power. 

t=r— IX— 1 

. 5=5 +1, the fourth power. 

Since the low* following powers will be found by multiplying 
+ 1 by the fir^ty the second, the third, and the fourth powers, 
we shall ag^in find for the four next powers 

+ V"=1, — 1, — V^"=ri, + i; 

so that all the powers of V — 1 will form a repeating cycle of 
these four terms. 

Whenerer the student is at a loss to det^mine the product of 
two imag^ary quantities, it is best to resolve each of them into 
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two factors ; one the square root of a po^ive quairtiiyv and the 
other %/'^^, Art, 148. 



Thus let it be required to multiply >/ — 9 by \/ — 4. 



v^_4=::2%/— 1. 



Therefore ^Z — 9 X ^Z — 4 = 3 V— 1 X 2 %/ — 1 

= — 6. 



Examples. Multiply l + \/ — Ibyl — \/ — 1. 
Multiply V 18 by %/ ^=^. 



. « 



21 



« .. 



I. • • •»■' 

I 



\ 



»*• -- V . .- ». -■ ^/ . f! 






1 






.1 



.SECTION xir. 
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EQUATIOl^S OF" THE SECOND DEGREE. 



/ " — • 



(178.) According to Art, 96, quadratic equations^ or equations 
of the second degree^ are those in which the highest power of the 
unJcnown qumUity is a square. 

Quadratic equations are divided into two classes. 

I. Equations which involve only the square of the unknown 
quantity. These are termed pure quadr(Uics. Of this description 
are the equations 

ar* = 6; 3a? + 12 « 150 — a;*; etc. 

The^ are sometimes called quadratic equations of two termSy 
because by transposition and reduction they can always be ex- 
hibited under the general form. 

ax^^h, 

II. Equations which involve both the square and the first 
power of the unknown quantity. These are termed affected or 
complete quadratics. Of this description are the equations 

ba? X 3 
as? + hx^ ci 7? — lOx = 7 ; -—^ — *7r + T ™ 8. 

6 2 4 

They are sometimes called quadratic equations of three termsj 
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because by transposition and reduction they can always be 
exhibited under the general form 

Solution o/pure quadratics containing one unknown quantity. 
(179.) The splution pf the equatipj^ , / -. ; : 

presents no difficulty. Dividing each meipber by a^.it becomes 

a 

Whence ^ *» +V— 

— a 

> • • j^ 

h • 

If ^ be a particular number, riltfier* integral or fractional, w^ 



1 •• . 'ji. 



can extract its square, root eitjber exacUy 0]r approximately by the 
rules of arithmetic. 



. , . * 



It is to be remarked that since the ^uare both of + m and 

— m is +m', so in like toanwir thfe square bf -f </ +*- anfl Ihat 

/ < ' 

JL ' ■ \h 

of — \/ — are both H . Henc^ the above equation is sus- 

• * 

ceptible of two solutions, or has two roots ; that is, there are two 
quantities which when substftateu ftr x in the original equation 
will render the two paembers identipal. These are , 

a: == + \/ — and a? = — \/ — . 
a a 

•Fdr substitute' -each of tfesB values in the original eqaation 
aji? = 6, it becomes : • 

fl X ( + \/ — )'= 6, or a X — = 4 ; i. e. 6 = 6. 
a a 



and a x(— V --)'=6,ora X— =i; i, e. 6=^4. 



EXAMPLE I. 

Find the values of x which satisfy the equation ' 

• I r 

Transposing terms, 4r* — 3a:* = 9 + '7. 
Reducing a:' =16. 

Extracting the square root 

x=« + v^l6«+4. 

^ Hence the two values of ar are 4- 4 and — 4, and they may 
both be verified by substitution^ in the. original equation. 

Thus, taking the first value we have 

4 X (+ 4)*— 7 = 3 X (+ 4)* + 9 
4X16 — 7 = 3x16 + 9 
i. e. 57 =: 57, 

< Taking th^ ^eaond vake of :?, we have 

4X(— 4)« — 7 = 3x(— 4)* + 9 

4 X 16—7 = 3 X 16 + 9 as before. 

Fiom the preceding examples we deduce the following 

RULE. 

Reduce the equaiion to the form ax* =b { thm divide by the 
coefficient of x', and extract the squar$ root of both members of the 
equaiion. 

Ex. 2. Givien ap* — 17 = 13p — 2a:* to find the value* of v?. 

By transposition 3a:* = 147, 

therefore , a:* = 49 

and a: = + 7. 



Ex. 3. Given x^ + oi =^ 5ar* to fiod the values of x. 

By trans{iositioa aJ=^4«* 

therefore . +\/ 061=^22: 



and a; 



2a 



t 



Ex. 4. Given z + \/a* + a:^ == ^ ^ to find the values 



of X. 



Clearing of fractions x\/a^ + a^ + a^ + 3[^= 2a^. 

By transposition x\/ a^ + 3i^=a^ — 3^. 

Squaring both sides, a^3? + a^ = a^ — 2a* ar* + x^, 

' ■ * ■ • 

therefore 3aV = a^ 

and 3a:* = a^ 

■3 

therefore z = + — 7-^ • 

Ex, 5. Given - — . ,^ . ,0 ™ 1 to find the values of a:. 

z + 2 + Jo 

X 

^ Ans. X =* + 3. 

# * 

Ex. 6; Given 3x* — 4 = 28 + A:* to find the values ofar. 
fix. 7. Given a:* + 5a:= 5jp + 4225 to find the values of z. 

Ex.8. Given-^ — 3+-^==^— i^+4rr to find the 

o 12 5f4 24 

values of <F. , 
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PROBLEMS. 

Prob. 1. What two numbers are those whose siun is to the 
greater as 10 to 7 ; and whose sum imiltiplied by the less pro- 
duces 270? 

Let lOo; =?= their sina. 

Then Ix ^= thie greater number, 

and 3ar = the less 

Whence 30^"= 270, 
and 0^=9 

therefore a: = + 3, 

and the numbers are + 21 and + 9. 

Prob. 2. What two numbers are those whose sum. is to the 
greater as m to n ; and whose sum multiplied by the less is equal 
to a ? 



-1- ' gyt'* \a(m — n) 

^^' i ^m{m -n) »"^ ± ^ ^ ' ' 



12 3 

Prob. 3. Find three numbers in the ratio of ~, -r- and — ; the 

Z o 4 

sum of whose squares is 724. 

Prob. 4; Find three numbers in the ratio of m^ n and ;?; the 
sum of whose squares is equal to a. 

Ans. 



f an? , yl CO? I ap^ 

. ' . . . 

, Prob 5. Two travelers A and B set out to meet each other, A 
.living Hartford at the same time that B left New York* They 
traveled the direct road, and on meeting it appeared that A had 
traveled 18 miles more than B ; and that A could have gone-B^s 



/ 

/ 



. 






F,-rLt. -^^ t' 



journkey m I5| hount; bot JB wDukL •have been 28 hcmrs in per- 
forming A's joutxkey^ Wbat.was the distanee bdtweeiL Hartfoid; 
and New York ? 

Ans. 126 miles. 

Prob. 6. From two places at an unknown distance, two bodies 
A and B ipove tpwards each other, Agoing a miles more than. 
6. A would have descrlSed B's distance in n hours, and B 
would have described A^s distance in m hours. What was the 
dists^ce of the two places from each other ? 

... : ;. . . Ans. ax ^'" + ^" . 

' Prdb. 7. Diride the number 49 into two such parts, that the 
quotient of the greater divided by the less, may be to the Ijuo- 
tifetit bf the less divided by the greater, as 4 to |. 

Prob. 8. Divide the number a into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as m to n. 

AnS. — : : 7- and 



Pr6b« 9. In a <;ojart there are two square giass pla^s *,. a side of 
one.of.^ich is lOyards longer thanasid^ of the other; and their 
aveaiJ avci as 25 to 9., What are the lengths of the side^ P 

Prob. 10. There are two squares whose areas are as m to- n, 
and a side, of one exceeds a side of the other by a. What are 
the lengths of the sides ? 

Ans. — : T- and 



PfoK LI. What number is tbatytbe third part of whose square 
Jbeulg subtracted from. 20^ kav.e^ ^ remainder equal to 8 f , 
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Prob. 12. What number is diat, tbe mihrpzrt of yshose sqaare 
being subtracted from a, leaves a remaibder equal to i? 



Ans. +\/m(a — b), 

Prob. 13. A vintner draws a certain quantity of wine out of a 
full vesser that holds 256 gallons; and then filling'the vessel 
with water, draws off the same quantity of liquor a3 beforet,.arid 
so on for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time ? 

Ans. 64, 48, 36 and 27 gallons. 

,Prob. 14. A number a is diminished by Ilie ntli part of itself, 
this Temai9der is diminished by the nth part of itself and so on to 
the fourth remainder, which is equal to &• Required the num- 
ber subtracted the first time ? . 



Ans. a-^^\/6a\ 

; ' ^ ■ t 

• . ' J I , . . . . , I • 

Prob, 15. Two workmen A and B were engaged to work for 
a certain number of days ^t different rates. At the end of the 
time, A who had played 4 of those days had 75 shillings to re- 
ceive; but: B who had played 7 of Ihose days received only 48 
shillings. ' Now had B only played 4 days, and A played 7 days,' 
they would have received exactly aKke: For bow many days 
were they engaged ^ " ! 

Ans. 19 days. 

Prob. 16, A person employed two laborers, allowing them 
different wages. At the end of a certain number of days, the 
first who had played m days received a shillings ; and the second 
who had played n days received 6 shillings. Now if this, last 
had played m days and the other n days, they would both bav* 
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received the same sum. For how many days were they en- 
gaged? 

Ans. ^^"^ — days. 

y/a±y/b 

(180.) Solution of complete quadratics containing OTve unknomn 
quantity. 

Take the equation 

a? — 6a; +9— a 

it is required to find the value of x. 

Since each member of the equation is a complete square^ if we 
extract the square root, we shall obtain a new equation involving 
only the first power of a;, which may be easily solved. 

We thus have x — 3 =» +^ 1, 

and by transposition 

a:s«3 + l—4or2. 

In order to verify these values, substitute each of them in 
place of X in the given equation. Taking the first value we shall 
have 

4» — 6X4 + 9«1, 
i. e. 16 — 24 + 9 «*« 1, an identical equation* 

Taking the second value of x we obtain 

2« — 6X2 + 9«1, 
i. e. 4 — 12 + 9 « 1, an identifeal equation. 

Hence we see that an affected quadratic equation is readily 
solved, provided each member of the equation is a complete 
square. But equations are seldom presented to us under this 
form. Take for example, 

x^ — 6x^ — 8/ 
22 
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• 



The preceding method . seemis to be inapplicable, because the 
first member is not a complete square. We may, howevei:, 
render it a complete square by the addition of 9, "which must 
al^o be added to the second member to preserve the equality. 
The equation thus becomes, 

a:* — 6a; + 9 = 9— 8 = 1, 

» 

which is the equation originally proposed. 

The peculiar difficulty, then, in resolving complete equations 
of the second degree, consists in rendering the first member an 
exact square. 

(181.) In order to discover a general method of solution, let us 
take the equation 

03? + 6a: =» c, 

which is the general form of equations of the second degree. We 
begin by dividing both members by a, the coefficient of a:*. The 
equation then becomes 

r • ' « ♦ 

d a 

h c 

For convenience let us put » = — , and a = — ; we then 

have 

We have seen that if we can by any transformation render the 
fijrst member of this equation the perfect square of a binomial^ we 
can reduce the equation to one of the first degree by extracting 
the square root. 

But we know that the square of a binomial » + a, or a:* + 
2ax + a*, is composed of the square of the first term, plus twice 



EQUATIONS or THE SECOITD HEGHUBE. 171 

the product of the first term by the second, plus the square of the 
second term. 

Hence, considering 2:' + jos as the first two terms of the square 
6f a binomial, and consequently jpa; as twice the product of the 
first term of the binomial by the second, it is evident that the 

second term of this binomial must be ^ , for 2 X -^ Xz ^px. 

In order, therefore, that the above expression may be rendered 
a perfect square, we must add to it the square of this secbnd 

term -^, that is, the square of half the coefficient of the first 

power of a;; it thus becomes 

which is the square of x + •^. But since we have added ^ to 

the left hand member of the equation, in order that the equality 
between the two members may not be destroyed, we must add 
the same quantity to the right hand member also ; the equation 
thus transformed will become 

Extracting the square root 



P 1 /)* 



1) I «^ 

Whence x = — ^+ >/ q-\-— • 

2 — 4 
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We affix the double sign Zl \/ g "^ a » ^^^^^^^ ^® square 

both of + V J + — , and also of — V j + ^ is + (j +'^), arid 

every quadratic equation must therefore have two roots. 

(182.) From the preceding discussion we deduce the following 
general 

RULE FOR THE SOLUTION OF A COMPLETE 

QUADRATIC EQUATION. 

1. Transpose all the known quanti&es to one side of the equaUon^ 
and all the terms involving the unknown quantity to the other side^ 
and reduce the equation to the form ax* + bx «=» c. 

2. Divide each side of the equaiion by the coefficient of x', and 
add to each member the square of half the coej^cieni of the first 
power qfx. 

3. Extract the square root of both sideSj and the equaiion vnll be 
reduced to one of the first degree^ which may be solved in the usual 
manner, 

EXAHPtE 1. 

Reduce the equation a^—r 10a? »* — 16. 
Completing the square by adding to each side the square of 
half the coefficient of the second term, 

a? — 10a; + 25 « 25 — 16 « 9. 

Extracting the root a: — 5 == +3. 
Hence, x=5 + 3 

• ^a?=5 — 3=2. 

Thus X has two values, either 8 or 2. To verify them, sub- 
stitute in the original equation^ and we shall have 
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8* — 10 X 8 = — 16 i. e. 64 — 80=— 16, 

also 2* — 10X2«=— 16t. e. 4 — 20 = — 16, 

both of vfliich are identical equations. 

EXAMPLE 2. 

Reduce the equation a:* + 6a; = — 8. 
Completing the square a? + 6a: + 9 =9 — 8 == 1. 

Extracting the root a? +3 =+1. 

Hence x = — 3 + 1 



17S 



\ 



X =— 3 + 1=. 



X =^3—1 = 



2 
4. 



iVoo/'. (— 2)» + 6X — 2=— 8t. c. 4— 12 = — 8, 
also (_4)* + 6X — 4=— St. e. 16— 24 = — 8. 

Hence x has two values both negative. In verifying them it 
is to be observed that the, square of — 2 is + 4, and — 2 multi- 
plied bj + 6 gives — 12. 

EXABIFZ.E 3. 

* Reduce the equation a:* + 16a: = ^- 60. 
Completing the square a? + 16ar + 64 = 64 — 60 = 4. 

Extracting the root x -f 8 =? + 2. 

Hence a: = — 8 +2 = — 6 or — 10. 

EXAMPLE 4. 

Reduce the equation a? + 6a; = 27. 

Completing the square a:* + 6a: + 9 = 27 + 9 = 36. 

Extracting the root x +3 = + 6. 

Hence* a: = — 3 +6 = + 3 or — 9. 

EXAMPLE 5. ' 

Reduce the equation a? — 2a; ==24. 

Here x= 1 + 5 = + 6 or — 4. 



\ 
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EXAMPI.C 6« 

Reduce the equation a? — ^ 6« «* — 10. 
Completing the square a?. — 6a: + 9 = 9— 10 »s= — 1. 
Hence a? s«3 +V — 1. 

Here both values of x are irruxgi/nary. ^ 

EXAMPXiE 7. 

Reduce the equation a^ — 6:* =*= -^ 9. . . 
Completing the squarei 2*-r-6a; + 9 — 9 — 9 = 0. 
Extracting the root q? — 3 = + 0., 
Hence x =^ S 4-0. > 

Here the two values of x are equal to each other. 
Ex. 8. Givc^n 2a? + 8a: -^ 20 = 7Q to find x. 

Ans. ar = 6 or — ft. 
. Ex, 9. Given as* — 335 + 6 •=' 5i to find a;. 

Ans. a;==§or J. - 

(183.) The Rule given on page 172 for solving a quadratic 
equation is applicable to all cases ; nevertheless a modificatioa of 
this method is sometimes preferable. . 

The object is to render the first member of the equation a com- 
plete square. After the equation has been reduced to the form 

aa? 4- 6a? = c 

the square may be complete, by mrdiiplyiTig the equation by four 
times the coefficient ojfx^y aud adding, to both sides the square of the 
coefficient of%. ...,,,- 

Thus the above equation multiplied by 4a becomes 

4fl^a:* + 4a5a? '= 4ac. 

Adding I? to both members, we have 

*- 4aV + 4a64? + ft2«4ac + 6'. 

Extracting the square root ' •' 



ffc«» + 6=* + iv/4ac + 6'. 



■» f 
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Transposing b and dividing by 2a, 

x'^— b±^/4ac + li' , 

2c 

which is ihe same result as would be obtained by the former 
Rule ; but by this pew method we have avoided th^ introduc- 
tion of fractions in completing the ^uare. 

When a » 1, the above Rule becomes. Multiply theisqagikm 
by four J and add to both members the squ4^re of the coefficient 
ofx. 

Ex* 10. Given Ja:* — Jx + 20J =«4a|to find a?. 

Ans. ar=*7, or — 6J. 

Ex. 11. Given a?*— &r+ 10 =• 19 to find x. 
Ex: 12. Given a?*— ar— 40 7=* 170 to fiind a^ 
Ex. 13. Given 3^' + 2a? — 9 = 76 to find a?. 
Ex. 14. Givenja:*— |a:+7|=«8tofiBdx. 

17 iR r.- o 6>— 40 . 3a? — 10 .^.^^ 

Ex. 15. Given 3a? -; ^-z >, ^ ^ > ^ 2 to find a^ 

2ar — 1, 9 — 2a? 

We must begin "with clearing this equation of firactions, which 
is done by multiplying by the denominators ; we thus obtain 

— 12a?' + 60a?* — 27a?+ 12aJ*— 64a:?*+360— 80a?— 6a7»+2ar 

— 10 « 40a? — 8a?*— 18. ^ . 

Here tbe two terms containing x^ balance each qtber, and 
uniting sdmilar terms we obtain . 

. Sob?-;- 124* « — 368. 
Dividing by 8, <b»— 15Ji =* _ 46. 

31\«_ ..„ . /31\» , 225 

16* 



Completing the square «»— 16i(»+(^) «~:46+ (-)' 



Extracting the root « ^ — r = "• — 

4 ~ 4 
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31 .15 ,,, 

a? « - ± ~ « llj, or 4. 

Ex. 16. Given -^ t-tl « to find a?. 

a? flp+1 a?+2 

(184.) The preceding rules will enable us to solve not only 
quadratic equations, but all equations vhich can be reduced to 
the form 

that is, all equations which contain only two powers of the unknown 
quantity, and in which one of the exponents is double of the other. 

For if in the above equation we assume y ~ ap", then y*= «**, 
and it becomes ^ 

y'+py^q. 

Solving this according to the rule 

I ^ 

Ebctractbg the nth root of both sides 

^ 4 

EXAMPLE 1. 

Given «* — 25a?*«a — 144 to fincfthe values of a?. 
■ Assume x^^y^ the above becomes 

y«_25y— — 144. 
Whence y— 16 or 9. 

But since op^BBy^ x^^s/y. 

Therefore «— + \/ 16 or + \/ 9. 

Thus « has four ralues, vizJ +4, — 4, + 3, — 3. 
To verify th'^se values. < 

1st value; (+4)*— 25x(+4)»— — 144,t.e.256— 400— — 144. 
2d value; (— 4)*— 25x(— 4)'-— 144,t.c.256— 400— — 144. 



i 
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3d value; (+3)^— !^5x(+3)»«— 144,f.e. 81— 225-»— 144. 
4th value; (— 3)^— 25x(— 3)*«— l^,i.6. 81— 225-— 144. 

EXAMPLE 2. 

Given x^ — 13a?* « — 36 to find the values of x. 
Assume a?'«y, 

then f— 13y=— 36 

^_«,+ (f)'-(f)-3.-f 

w 

y-- +^=9or4. 
Therefore a; «■ -f 3 or + 2. 

EXAMPLE 3. 

Given** — 7ar'«8. 
Assuming «*«=y, we have 

Whence y = 8 or — 1, 
Therefore a? = + %/8or + %/ — 1, the two last of which 
roots are imaginary. 

EXAMPLE 4. 

Given «* — 2*^ = 48 to find x. 
Assuming xi^^^y^ the above becomes 

y* — 2y = 48. 

Whence y *= 8 or — 6. 
But since «^ =y, therefore « == V y. » 

Hence two of the roots of the above equation are 2 and — *%/ 6 ; 
the remaining four roots cannot be determined by this process. 

EXAMPLE 5. 

Let 2x — 7\/a?=99. 

23 
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In this case assume %/ ^ =^ y, the equation becomes 

^— 7y=99, 

Whence y =9 or — -5-. 
But since >/ x^y^ therefore ar =■ y*. 
Whence a; =» 81 or — 7- . 



EXAMPLE 6. 



Let v'x+12 + Vx + 12 « 6. 

Assume a: + 12 — y, the equation then becomes 

which evidently belongs to the same class as the previous ex- 
amples. Completing the square, we shall have 

yi = 2or — 3. 

Raising both sides of the equation to the fourth power, 

y « 16 or 81. 
Therefore a or y — 12 » 4 or 69. 

EXAMPLE 7, 



Let 2a:» + %/ 2a?» + 1 « 11. 

Adding 1 to each member of the equation, it becomes 



2a?' + 1 + ^/ 2a?* + 1 « 12. 
Assume ^ 2^?* + 1 = y, then 

y + yi«12. 
Completing the square and solving, we find 

yi = 3 or — 4. 
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t. e. \L23^ + 1 ■• 3 or — 4, 
therefore ^^Hl " 9 or 16 

4 or-. 

Hence a — + 2, — 2, + %/ — , — v/-^. 

It may be remarked that it is generally unnecessary to substi- 
tute iff which has been done in the preceding examples simply 
for the sake of perspicuity. 

Ex. 8. Given ar^ + ia?* « 12 to find x. 

Ans. 0? »* + ^/2. 
Ex. 9. Given a?* — 8ar^ — 513 « to find a?. 

Ad8« a? » 3. 

Ex. 10. Given ar^ + a:^ = 766 to find x. 



/ I p 



Ans. X « 243 or V (— 28/. 

Ex. 11. Given Jo?* — Jar* — — ^, to find x. 

, Ex. 12. Givenar^+3ar^ — 2tofinda:. 
Ex. 13. Given ar*— 12x»+44a:» — 4&c = 9009 to find a:. 
This equation may be expressed as follows : .. v . 

(ar« --6a:)» + 8 (a:* — ete) = 9009. t ih)/ 

Ex. 14. Given \x — J ^/x = 22j- to fi nd x. '•» . 

Ex. 15. Given s/W+x—W'W+'x « 2 to find x. / 

Ex. 16. Given 2ar^ — a:* + 96 = 99 to find ar. ^ . . / 

Ex. 17. Given af^ + 20ar» _ 10 «= 59 to find x. 
' Ex. 18. Given 3a*» — 2a?"+ 3 « 11 to find x. \ ^ 
\Ex. 19. Givena:* — ar^/3«x — Jv/3tofindar. 

Ex. 20. Given y/l+x-^ — 2(1+ x—o^) = J to find x. 
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(185.) We have seen that an equatio n qf M ^e form aa?' + to « c 
has two rootSj or that there are two dBRties which when sub- 
stituted for X in the original equatioiJ^Ru render the two mem- 
bers identical. In like manner we MSu. find that every equation 
of the third degree has three roots; an equation of the fourth 
degree has four roots ; and in general an equation has as many 
roots as it has dimensions. 

The above method of solving the equation ai^ + px^ = g, will 
not always give us all of the roots, and we must have recourse to 
different processes to obtain the remaining roots. The subject 
will be resumed in Section XX. 

PROBLEMS PRODUCING QUADRATIC EQUATIONS. 

« 

Prob. 1. It is required to find two numbers, such that their 
* difierence shall be 8, and their product 240. 

* 

Let X ™ the least number. 

Then will a? + 8 = the greater. 

And by the question a?(a? + 8)=ar^ + 8a;« 240 

a* = 12 the less number, 
a: + 8 = 20 the greater. 
Proof. 20 — 12 =s 8, the first condition, 

20 X 12 = 240, the second con.dition. 

Prob. 2. The Receiving Reservoir at Yorkville is a rectangle, 
60 rods longer than it is broad, and its area is 5500 square rods. 
Required its length and breadth ? 

Prob. 3. What two numbers are those whose difierence is 2«, 
and product b ? 



Ans. a+ \/ b + a^j and — a+ V b +a*. 

Prob. 4. It is required to divide the number 60 into two such 
parts that their product shall be 864. 
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Let X = the greater part* 

Then will 60 — iP « the leas. 

And by the question oj/eo — a?) =* 60a? — a: ' «? 864. .. 

The parts are 36 and 24. Ans. 

Prob. 5. In a parcel which contains 24 coins of silver a^d cop- 
per, each silver coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there are 
silver coins, and the whole is worth 18 shillings. How many 
are there of each ? 

Prob. 6. What two numbers are those whose sum is 2a, and 
product h ? 



Ans. a+ y/ c? — 6, and a — \/ a* — 6,. 

Prob. 7. It is required to find two numbers such that their sum 
shall be 10, and the sum of their squares 58. 

Let X s== the greater of the two numbers. 

Then will 10 — a?.= the less. 

And a?* + (10 — a?)2 = 2x* — 20ar+ 100:»«:68 

a?a_10ar«— 21 

a?«_10a? + 25=4 

a?=5 + 2 = 7or3. 

The two values of x are the required numbers whose sum is 
10. It will be observed we put x to represent the greaier num- 
ber, whereas we find it may equal the less as well as the greater. 
The reason is that we have here imposed a condition which does 
not enter into the equation. Jf x represent either of the required 
numbers, then 10 — x will represent the other^ and hence the 
values of x found by solving the equation should give the less 
as well as the greater number. Beginners are very apt thus in 
the statement of a problem to impose conditions which do not 
appear in the equation. 

The preceding example, and all others of the same class may 
be solved without completing the square. Thus 
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Let X represent the half difference of the two numbers. 

Then according to the principle on page 81, 
5 + ^ will represent the greater of the t^ numbeis, 
5 — a? " the less "• 

The square of 6 + a? is 25 + lOa? + a?* 
« 5—x 25— 10j? + a?« 

The sum is 60 + 2ar*, which according to 

the problem =58 

Hence 2a:* « 8, 

or a?*=« 4 
a? = + 2. 

Therefore 5 + a? = 7 the greater number, 

6_a?«3 less " 

Prob. 8, A laborer dug two trenches whose united length was 
26 yards, for 356 shillings, and the dig^ng of each of them cost 
as many shillings per yard as there were yards in its lengths 
What was the length of each ? 

Prob. 9. What two numbers are those whose sum is 2a, and 
the sum of their squares is 2b ? 



Ans. a + \/b — a*, and a — >/6 — a*. 

Prob. 10. Two persons A and B set out at the same time from 
two different places, C and D, and traveled towards each other. 
On meeting it appeared that A had gone 30 miles more than B, 
.and according to the rate at which they travel, A calculates that 
he can reach the place D in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D ? 

Ans. 150 miles. 

Prob. 11. In the preceding problem, let d be the distance 
which A had traveled more thsih B ; a the time which A requires 
to travel the remaining distance to D, and b the time which B 
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requires in order to travel the remaining distance to e, What 
expression will give the distance between C and D ? 

d{x/b + Va) 



Ans. 



Vb — V a 



Prob. 12. A person bought a number of sheep for 80 dollars, 
and if he had bought four more for the same money, he would 
have paid one dollar less for each. How many did he buv ? 

Let X represent the number of sheep. 

80 
Then will — be the price of each. 



80 
And — -7--r — the price of each, if he had bought four more 



for the same money.] 
But by the question 

80 80 



+ 1. 



X X + 4 
Solving this equation, we obtain 

dr»16. Anal 

Prob. 13. A person bought a number of sheep for a dollars. 
If he had bought 2b more for the same money, he would have 
paid c dollars less for each. How many did he buy ? 

A A+ J 2ab + Vc 

Ans. — 6 T- V • 

c 

Prob. 14. It is required to find three numbers such thftt the 
product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second and 
Aird74. 

Prob. 15. Required to find three numbers such that the pro- 
duct of the first and second may be a, the product of the first 






I I 
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and third A, and the sum of the squares of the second and 
third c. 



Ans. V , a V ^ , -^ ^ bV 2 . ^^ » 

c ' a^ + i^' o* + 6* 

Prob. 16. The sum of two numbers is 16, and the sum of 
their cubes 1072. What are those numbers ? 

Ans. 7 and 9. 

Prob. 17. The sum of two numbers is 2a, and the sum of their 
cubes is 26. To find the numbers. 

Ans. a + V—- — and a — V 



3a 3a 

Prob. 18. Two magnets, whose powers are as 4 to 9, are 
placed at a distance of 20 inches from each other. It is required to 
find, on the line which joins their centres, the point where a needle 
would be equally attracted by both ; admitting that the intensity 
of magnetic attraction varies inversely as the square of the dis- 
tance. 

A ^ 8 inches from the weakest mamet 

^ns. jor — 40 " " 

Prob. 19. Two magnets, whose powers are as m to n, are 
place^d at a distance of a feet from each other. It is required to 
find, on the line which joins their centres, the point which is 
equally attracted by both. 

Ans. The distance from the magnet m is — ; ; — 7-. 

ay/ n 

Prob. 20. A set out from C towards D and traveled 6 miles an 
hour. After he had gone 45 miles, B set out from D towards 
Cy and went every hpur -^^ of the entire distance ; and after he 
had traveled as many hours as he went miles in one hour, he met 
A. Required the distance of the places C and D. 

Ans. Either 100 miles or 180 miles. 



nis 



' I 
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Pmb4 21.4 A set out from C towards D and tray^kd a miles 
per hour. After he had gone 6 miles, B set out from D towavds 
C, and went every hour nth of the entire distance ; and after he 
had traveled as many hours as he went miles in one hour, he 
met A. Required the distance of the places C and D. 



A»..(^!=i + J(»-=i)-4.) 



(186.) On the soluHon of quadratic equations cojUaining two 
unknovm quantities. 

An equation containing two unknown quamtities is said to be 
of the second degree^ when it involves terms in which the sum of the 
exponents of the unknovm quanUHes is equal to 2, but never ex- 
ceeds 2. Thus 

3a:« _ 4a: + 3/* « 25 
*lxy — 4r + y = 40, 

are equations of the second degree. 

The general solution of two equations of the second degree 
containing two unknown quantities, depends upon the solution of 
ah equation of the fourth degree containing one unknown quan- 
tity. Hence the principles already established are not sufficient 
to enable us to solve all equations of this description. Yet there 
are many particular cas^s in which they may be reduced either 
to pure or affected quadratics, and the roots determined in the 
ordinary manner. 

EXAMPLE I. 

Given \ = 28 ( *°.^"^ ^^^ values of x and y. 

Multiply the second equation by 2, we have ^ 

2x^ = 56. ... 
24 
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Adding aod Aubtncting this eqnatioa wcc^asively from the 
first, 

«* + 2 a?y,+ y* - 121. 

« 

Aod 

a?2 — 2xy + y* = 9. 

Extracting the square roots of each of these equations 

x + y^ ±11, 
and X — y = rt 3. 

Adding or subtracting these, we shall have 

^ «• 7 or — 1 

y =» .4 or — 4. 

(187.) It will sometimes facilitate the operation to substitute 
for one of the unknown quantities, the product of the other by a 
third unknown quantity ; which method may be applied to ad- 
vantage whenever the sum of the dimensions of the unknown 
quantities is the same in every term of the equation. Se(e 
Article 30. 

Ex. 2, Given ) aj« + Ov* « 60 ( ^° ^^ ^^ values of x and ft. 

Here, agreeably to the above observation, let x =ry, then 

vy +vy»=«56 
vf + 2y* = 60. 

56 

Whence from the first of these equations y* « > , , 

60 

and from the second y* =« — r~^ . 

^ v + 2 

Therefore by equating the right hand members of these two 
expressions, we shall have 
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60 56 



V + 2 v* + r' 
or 60t;' + 60v « 56v + 112. 

Whence t^* + r? ** r^» 

15 10 

Hence by completing the square 

1 , ri ^28" 1 .41 4 7 

•'^ 30-^-900 +i6=~30i30"l ^'-"5' 

And consequently by the former part of the process 
60 60 



v + 2' 1 + 2 



= 18 ; whence y = %/ 18 » 3 %/2, 



or y* =* -r =- ■" "7 ■■ 100 ; whence y = + 10, 

anda:=vy=5-^ x3%/2 = ± 4\/2, 



ora; = — -^ X 10 = + 14. 

^ Hence y = + 10, x=^+ 14. 

The yalaes of x are read minus or plus 14, while those of y 
are read plus or minus 10 ; showing that when the value of jf is 
+ 10, X must be taken* — 14 in order to satisfy the original 
equations ; and when y is taken — 10, x will be equal to + 14. 

(188.) A solution may sometimes be shortened by substituting 
for the unknown quantities, the sum and difference of two other 
quantities ; which method may be used when the unknown 
quantities in each equation are similarly involved. 

Ex. 3. Givien i y x f to find the valuei of » and y . 



1 



a;+y a»12 



t. 



188 
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Here according to the above observation assume 

and y=2 — v. 

Then by adding these two equations together, we shall have 

a? + y = 2z = 12 or s = 6. 

Also since x==6 + Vj y = 6 — i?, and by the first equation 
a^ 4- ^ as l&ry, we shall obtain by substitution 

(6 + vf + {6—vf = 18 {6+v){e — v\ 

or by involving the two parts of the first member) and BHiIiipfy- 
ing those of the second 

432 + 36t;« = 648 — iSr*. ' 

Whence 54i;* « 216 

t>*«4 
or V ^ + 2. 



Hence 



a: «- « + V =. 6 + 2 = 8 or 4 
y—z — r = 6 + 2 = 4or8. 
X — y = 15 



Ex. 4. Given < 



2 ^ 



" to find the values of x and y. 



From the second equation x *■ 2y*. 

Substituting this value ia the first equation, ve hare 

2y» — y-15. 



Ex. 6. Given \ 



10af + 



y ] 

— = 3 I to find the values of x 
and y. 



aiy 

t9y — 9x = 18, 

(189.) In many cases it may be convenient to solve the equa- 
tion first, considering one of the quantities as known ; when the 
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rules for exterminiiting unknown quantities may be more easily 
applied. 

Ex. 6. Given S^^^^—ff] to find the values of x 

( x + y = 6 ) and y, 

i From the first equation 

^f + 4xy = 96. 

Completing the square, regarding xy as the unknown quanti^, 

x'f + 4xy + 4=100. 
Whence xy=S or — 12. 

Now «|uaring the second equation 

tt' + 2xy + f = 36j 
^^^ * 4ry =32 or — 48 



Therefore by subtraction s^ — 2xy + y'= 4 or 84 
extracting the root x — y== + 2or+\/84» 

but X + y = 6. 



« 

Therefore by addition 2x = 6 + 2 or 6 + \/ 84. 

Whence x = 4or 2,or3+ >/21, 
and by subtraction 2y = 6 + 2 or 6 + >/ 84. 

- Hence y = 2 or 4 or 3 qp V 21. 

Ex. 7. Given j ^ + ^ + y = 18—y^ ) to find the valus of x 

, C xy=6 J and y. 

By transposition a:' + y' + x + y = 18 
and from the second equation 2xy = 12. 



. Therefore by addition x^ + 2xy + f + x + y= 30^ 

OT{x + yf + {x + y):=:.30. 

Ex. S. Given \ ^+^+y'+2x = 120 — 2y ) to find the val- 

i xy — f^S Juesofxandy. 



190 
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By transposition (x + y)' + 2 (a: + jr) = 120. 

Ex. 9. Given \^ ttZ'"^^'^'^i\*^^'f^^ ""'"*' "^ 

(xy + X +y =39^3: and y. 

Adding twice the second equation to the first 

x^ + 2xy+f + x+y=lb6, 
0T{x + yf + {x + y)==lb6. 

y^ y ~ 9 [to 
[ X —y =2 ^ 



Ex. 10. Given < 



find the values otx and y. 



In the first equation— maybe treated as the unknown qaan- 

iitjy and the square completed in the usual way. 

C xy "i- xv^ — - I Q ^ 
Ex. 1 1 . Given 1 ^ . I ♦J^ = i g i ^ ^^^ ^^^ values of* and y. 

12 



From the fit^ equation aJ = 



y{i+yy 



and from the second « = 



tVhehce 



Iff 



121 

y(l + y) 



18 



l+y' ' 



and dividing by 



1+y 



Therefore 



y y»_y+r 

2y*— 2y + 2=3y, 
or 2y^ — 5y= — 2. 



\3x — 2y ) I 2a? 
Ex. 12. Given { ^ 2* "*" ^ftr— 2y 

ap«_i8=x(4y — 9) 



= 2 



to find the 
values of x 
atid jr.. . 
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Multiplying the first equation by V — - — ^ 

2x 






By transposition — - — 2\/ — -- — ^ +1 = 0. 



I 3^ 2v 

Extracting the square root %/ — - — ^ — 1 == 0. 

Whence 3af — 2tf = 2x, 
and x=2y. 

Now substitute this Value of ^ or y in the second eqtiadon. 

PROBLEMS. • 

<• 

(190,) 1. To divide the number 100 into two such parts, that 
the sum of their square roots may be 14* 

Ans. 64 and 36. 

2. To divide the number a into two such parts, that the sum 
of their square roots may be A. 



€L u .-r— ' r::- , d 



Ans. 2 + ^ V 2a — 6* and — — ~ -v/ 2a— ft*. 

3. The sum of two numbers is 7, and the sum of iheir fourth 
powers is 641 . What are the numbers ? 

! 

Ans. 2 and 6. 

4. The sum of two numbers is 2a, and the sum of their n>6rth 
powers is ft. What are the numbers .^ 



Ans. arf\/--3tt'+VeaHi6anda— \/— 3a*+\/8a^+ift. 
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5. The sum of two numbers is 6, and the sum of their fifth 
powers is 1056. What are the numbers? 

Ans. 2 and 4. 

6. The sum of two numbers is 2a and the sum of their fifth 
powers is b. What are the numbers ? 

Ans. 



} } b A^4 _ , I ] 6 4ff* 



10a 5 10a ^ 5 

7. What two numbers are those whose product is 120, and if 
the greater be increased by 8, and the less by 5, the product of 
the two numbers thus obtained shall be 300 ? 

Ans. 12 and 10 ; or 16 and 7.5. 

« 

8. What two numbers are those whose product is a, and if the 
greater be increased by 6, and the less by c, the product of the 
two numbers thus obtained shall be d ? 



f ^Isi' ab 



a 



an 



T ^ ' 

where jT = — — '— — J, 

I • c c 

9. To find two numbers, such that their sum, their product and 
the difference of their squares may be all equal to one another. 

'3 5 1 - 5 

Ans. ~ + v/ -r and --+ V -r. 
2 4 2 4 

. 10. Divide the nupaber 100 into two such parts, that their pro- 
duct and the difference of their squares may be equal to each 
other. 

Ans. 38.196^ and 61.804. 
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11. Divide the number a into two such' parts, that their prod- 
uct and the difference of their squares may be equal to each 
other. 



. 3a J5a _ a J5a' 
An8.--V— aIld-^+^/-^. 



(191.) Discussion of t/ie general equation of the second degree. 

We have seen that every equation of the second degree may be 
reduced to the form 

a?* +px = q, 

where p and q are known quantities, positive or negative, integral 
or fractional, numerical or algebraical. 
The values of x in this equation are 



x = -| + ^/J+.^^ 



*=-l-A+^. 



Hence, 



PROPERTY I. 



Every equation of the second degree has two roots^ and only two, 

A root of an equation is such a number as, being substituted for 
the unknown quantity, will satisfy the equation. 

This principle has been often exemplified in the preceding 
pages. Two values have uniformly been found for a?, although 
both values may not be applicable to the problem which furnishes 
the equation. 

(192.) If we multiply 

25 
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hyx+^ + Vq + ^=^Q, 



we shall obtain x'^+px—q=zOf 

which was the equation originally proposed. 
Hence, 



PROPERTY II. 

Every equation of the second degree^ whose roots are a and b^ may 
be resolved into the two factors^ a? — a and x^b» 

Ex. 1. Thus the equation 

a?*— 10a?+16=0, 

may be resolved into the factors < ZqUo' 

where 8 and 2 are the rocfts of the given equation. 

It is also obvious that if a is a root of an equation of the second 
degree, this equation must be divisible by x—a. Thus the pre- 
ceding equation is divisible by a?— 8, giving the quotient a? —2. 

Ex. 2. The roots of the equation 

a?«+6x+8=0, 
are — 2 and — 4. Resolve it into its factors. 
Ex. 3. The roots of the equation 

a?»+6a;-27=0, 
are + 3 and — 9. Resolve it into its factors. 
Ex. 4. The roots of the equation 

a:*— 2a?— 24=0, 

are + 6 and — 4. Resolve it into its factors. 

(193.) If we add together the two values of x in the general 
equation of the second degree, the radical^ parts having opposite 
signs disappear and we obtain 
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Hence, 



PROPERTY III. 



The algebraic sum of the two roots is equal to the coefficient of the 
second term of the equation^ taken with a contrary sign. 

Thus, in Example 1, page 172, 

a?«— 10a?= — 16, 

the two roots are 8 and 2, whose sum is +10, the coefficient ^of 4? 
taken with a contrary sign. 

In the equation 

a?»+6a:=— 8, 

the two roots are — 2 and — 4. 

In the equation 

• a?*+16a?= — 60, 
the two roots are . — 6 and — 10. 

(194.) If we multiply together the two values of a?, (since the 
product of the sum and difierence of two quantities is equal to 
the difference of their squares), we ohtain 



?-o^o= 



Hence, 

PRofeRTY IV. 

The product of the two roots is equal to the second member of the 
equation, taken with a contrary sign. 
Thus, in the equation 

a?'— ,101?=: — 16, 

the product of the two roots 8 and 2 is + 16, which is equal to the 
second memher of the equation taken with a contrary sign. 
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So also in the equation 

aj»+6a?=27, 
whose two loots are +3 and — 9, their product is — 27. 



&EAL AND IMA6INABY VALUES. 



(195.) Since ^^ being a square, is positive for all real values of 

pj it follows that the expression J+t ®*^ ^^^V ^® rendered neg- 
ative by q. 
When q is positive, or when q is negative and numerically less 

than ^, then will J + t ^® positive, and consequently Vq + ^ 
will be real. This happens in nearly all the preceding examples. 

When q is negative, and numerically greater than '^, then 



q+ A will be negative, and consequently */ J+ t will be imaginary- 
This happens in Ex. 6, p. 174. 



CASE I. 



When '^2+ A ** ^^'* 



P 
1. When p is negative, and ^ is numerically greater than 



Vq+^i both values ofx will be real and positive. 



4 
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This happens in the equation 

a?»— 6a:=— 8, 

whose two roots are 4 and 2. 
Also in the equation 

a»— 100?=: — 16, 

whose two roots are 8 and 2. 

2. When p is positive, and ^ is numerically greater than 



\/g-|-^} both values of x will be real and negative. 

This happens in the equation 

a;»+6a?=— 8, 

whose two roots are — 2 and — 4. 
Also in the equation 

a?'+16j?=— 60, 
whose two roots are — 6 and — 10. 

p I p* • 

3. When 5- is numerically less than V q+^y both values of x will 

he realy the one positive and the other negative. 
This happens in the equation 

af-+ 6ir=27, 

whose roots are + 3 and —9, 
Also in the equation 

a;*— 2a?=24, 

whose roots are 4- ^ ^^^ — ^* 

CASE XL 



(196t) When >/q+ t is imaginary. 



198 
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In this case, both values of x are imaginary. 
This happens in the equation 

a?»—6a?= — 10, 



whose roots are 3 db \^ — 1. 



We will now show that in this case the conditions of the ques- 
tion are incompatible with each other, and therefore the values of 
X ought to be imaginary. 

For this purpose we must first establish the following principle. 

The greatest product which can be obtained by dividing a number 
into two parts and multiplying them together , is the square of half that 
number. 

Let p = the given number, 
and d = the diference of the parts. 



Then from page 81, § +— = the greater part, 



^ — ^ = the less part, 

and "^ — J = the product of the parts. 

Now it is plain that this expression will be the greatest possi- 
ble when rf = 0, that is, "^ is the greatest product, which is the 

square of ^, half the given number. 

For example, let 12 be the number to be divided. 
We have 



12=1 + 11. 


; and 11 x 1 = 11 


12 = 2+10^ 


; « 10x2 = 20 


12 = 3+ 9. 


; <' 9x3 = 27 


12 = 4+ 8| 


; « 8x4 = 32 


12 = 5+ 7j 


; « 7x5 = 35 


12 = 6+ 6i 


1 « 6 X 6 = 36. 
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We here see that the smaller the difference of the two parts, 
the greater the product i and this product is greatest when the 
two parts are equal. 

Now, in the equation 

a?* — px = — q^ 
p is the sum of the roots and q their product. Therefore q can 



,3 



never be greater than"^. 

If, then, any problem furnishes an equation in which q is nega- 
tive, and greater than ^, we infer that the conditions of the ques- 
tion are incompatible with each other. 

Thus, in the example 

ai* — 6a?= — 10, 

-^ = 9, which is numerically less than q. The equation requires 

us to divide the number 6 into two parts whose product shall be 
10, which is an impossibility i and, accordingly, in solving the 
equation, we obtain imaginary values for x. 

Hence, an imaginary root indicates an absurdity in the proposed 
question which furnished the equation. 

Suppose it is required to divide 8 into two such parts, that their 
product shall be 18. 

Let X = one of the parts, 
8 — a? = the other. 

Then by the conditions 

a?(8— a?) = 18. 

Whence a?* — 8a? z= — 18. 

This equation, solved by the usual method, gives 
0? = 4 ± V — 2, an imaginary expression. 
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Hence we infer that it is impossible to find two numbers whose 
sum is 8 and product 18. This is obvious from the Proposition 
above demonstrated, from which it appears that 16 is the greatest 
product which can be obtained by decomposing 8 into two parts, 
and multiplying them together. 

(197.) When q is negative, and numerically equal to 7-, the 
radical part of both values of x becomes zero, and both values of 

^. The two roots are then said to be equal. 



X reduce to — ^. 



Thus, in the equation 

a?* — 6a? = — 9, 

the two roots are 3 and 3. 

We say that in this case the equation has two roots, because it 
is the product of the two factors, x — "3 = 0, and x — 3 = 0. 
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(198.) lo discussing particular problems which involve equa- 
tions of the second degree, we meet with all the different cases 
which are presented by equations of the first degree, and some 
peculiarities besides. We may therefore have, 

• 

1. Positive values of «• 

2. Negative values. 

3. Values of the form of -^. 

•a 

4. Values of the form of ^r- 



5. Values of the form of — . 
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All these different cases are presented by Prob. 19, p. 184, when 
we make different suppositions upon the values of a, m, and n ; but 
we need not dwell upon' them here. 

The peculiarities exhibited by equations of the second degree 
are, 

6. Double values of x, 

7. Imaginary values. 

We will consider the last two cases. 

(199.) Double values of the unknown quantity. 

We have seen that every equation of the second degree has 
two roots. Sometimes both of these values are applicable to the 
problem which furnishes the equation. Thus^ in Prob. 20, p. 184, 
we obtain either 100 or 180 miles for the distance between the 
places C and D. 

C E D 

J I ! 

Let E represent the situation of A when B sets out on his 
journey. Then, if we suppose C D equals 100 miles, E D will equal 
55 miles, of which A will travel 30 miles (being 6 miles an hour 
for 5 hours) ; and B will travel 25 miles (being 5 miles an hour 
for 5 hours). 

If we suppose C D equals 180 miles, E D will equal 135 miles, 
of which A will travel 54 miles (being 6 miles an hour for 9 hours) ; 
and B will travel 81 miles (being 9 miles an hour for 9 hours). 

This problem, therefore, admits of two positive answers, both 
equally applicable to the question. 

In Prob. 18, p. 184, one of the values of x is positive, and the 
other negative. 

C A C B 

] i I I 

Let the weakest magnet be placed at A, and the strongest at B ; 

then C will represent the situation of a needle equally attracted 

\>y both magnets. According to the first value, the distance 

A C = 8 inches, and C B = 12. Now at the distance of 8 inches, 

4 
the power of the weakest magnet will be represented by ^ ; and 

o 

at the distance of 12 inches, the power of the other magnet will 

9 
be represented by -r^, and these two powers are equal, for 
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4 __ _9_ 

But there is another point, C, whieh equally satisfies the con- 
ditions of the question ; and this point is 40 inches to the left of 
A, and therefore 60 inches to the left of B ; for 

40^ " 60»* 

(200.) Imaginary values of the unknovm quantity. 

We have seen that an imaginary root indicates an absurdity m 
the proposed question which furnished the equation. 

In several of the preceding problems, the values of x become 
imaginary in particular cases. 

When will the values of a? in Prob. 6, p. 181, be imaginary! 

Ans. When h > a'. 

What is the absurdity involved in this supposition 1 
Ans. It is absurd to suppose that the product of two numbers 
can be greater than the square of half their sum. 

When will the values of x in Prob. 9, p. 182, be imaginary 1 

Ans, When a" > b ; or (2a)* > U. 

What is the absurdity of this supposition % 
Arts. The square of the sum of two numbers cannot be greater 
than twice the sum of their squares. 

When will the values of x in Prob. 17, p. 184, be imaginary % 

Jlns. When a^ > h ; or (2a)' > 86. 

What is the absurdity of this supposition 1 
Jlns. The cube of the sum of two numbers cannot be greater 
than four times the sum of their cubes. 

When will the values of x in Prob. 12, p. 168, be imaginary, 
and what is the absurdity of this supposition 1 ^ 



SECTION XIIL 



RATIO AND PROPORTION. 

y 

(201.) Numbers may be compared in two ways : either by their 
difference^ or by their quotient. We may inquire how much one 
quantity is greater than another ; or, how many times the one con- 
tains the other. One is called Arithmetical, and the other Geo- 
metrical Ratio. 

The difierence between two numbers is called their Arithmetical 
Ratio, Thus, the arithmetical ratio of 9 to 7 is 9 — 7, or 2 ; and 
if a and h designate two numbers, their arithmetical ratio is rep- 
resented by a — b. 

Numbers are more generally compared by means of quotients ; 
that is, by inquiring how many times one number contains another. 
The quotient of one number divided by another is called their 
Geometrical Ratio, The term Ratio, when used without any quali- 
fication, is always understood to signify a geometrical ratio, and 
we shall confine our attention to ratios of this description. 

(202.) By the ratio of two numbers, then, we mean the quotient 
which arises from dimdir^ one of these riumbers by the other, 

12 
Thus, the ratio of 12 to 4 is represented by — , or 3 ; 

5 
The ratio of 5 to 2 is ^, or 2.5. 

1 
The ratio of 1 to 3 is ^, or .333. 

We here perceive that the value of a ratio cannot always be 
expressed exactly ; but, by taking a sufficient number of terms of 
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the decimal, we can approach as nearly as we please to the true 
value. 

If a and b designate two numherc, the ratio of a to d is the 
quotient arising from dividing a hy 6, and may be represented by 

writing them a : 5, or r-- The first term, o, is called the antecedent 

of the ratio, the last term, 5, is called the consequent of the ratio. 

Hence it appears that the theory of ratios is identified with tfire 
theory of fractions, and a ratio may be considered as a fractitm 
whose numerator is the antecedent^ and whose denominator is the con- 
sequent, 

(203.) When the antecedent of a ratio is greater than the con- 

5 12 
sequent, the ratio is called a ratio ofgrecUer inequality ; as, ^, — . 

When the antecedent is less than the consequent, it is called a 

2 5 
ratio of less inequality ; as, ^, ^. When the antecedent and con- 

3 8 
sequent are equal, it is called a ratio of equality ; as, ^, ^. It is 

o o 

plain that a ratio of equality may always be represented by 

unity. 

(204.) When the corresponding terms of two or more simple 

ratios are multiplied together, the ratios are said to be compounded, 

a c 

Thus, the ratio of -r-, compounded with the ratio of j, becomes 



ac 



When a ratio is compounded with itself, the result is called a 

2 . 4f 
3^^9 



2 4i 
duplicate ratio. Thus, the duplicate ratio of ^ is ^ ; the duplicate 



ratio of -J- is 75. 


A ratio compounded of three equal ratios is called a triplicate 

2 8 
ratio. Thus, the triplicate ratio of ^ is ^ ; the triplicate ratio of 

a . a? 
h *.® W 

The ratio of the square roots of two quantities is called a sub' 
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4f 2 
duplicate ratio* Thus, the subduplicate ratio of ^ is ^ ; the sub- 

duplicate ratio of t is ^=r, 

^ ^ Vb 

The ratio of the cube roots of two quantities is called a subtrip* 

8 2 
licate ratio, * Thus, the subtriplicate ratio of ^ is -^ ; the subtrip- 

licate ratio of t is — =. 

b ^b 

(205.) If the terms of a ratio are both multiplied^ or both divided by 
the same quantity, the value of the ratio remains unchanged. 

The ratio of a to 5 is represented by the fraction ^, and the 

value of a fraction is not changed if we multiply or divide both 
numerator and denominator by the same quantity. Thus, 

a 
a ma n 
b^mb^V 

n 

or, a : = OTa : jwo = — : — . 

' ». n 

(206.) Katios are compared with each other by reducing the 
fractions which represent them to a common denominator. 

In order to ascertain whether the ratio of 2 to 7 is greater or 

less than that of 3 to 8, we represent these ratios by the fractions 

2 3 

=- and ^, and reduce them to a common denominator. They thus 

become 

16 .21 

■=-:r and — ;; I 

56 56' 

and, since the latter of these is the greatest, we infer that the 
ratio of 2 to 7 is less than the ratio of 3 to 8. 

(207.) A ratio of greater inequality is diminished, and a ratio of 
less inequality is increased, by adding the same quantity to both 
terms. 
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3^3+14 
Thus, ^>__,or3 5 

2 2-f 1 3 
3'^3+r'''4' 

To prove the proposition generally, let t- represenf any ratio, ^ 

and let x be added to each of its terms. The two ratios will 
then be 

a . a + x 
-r and T-; — , 
b + x* 

which, reduced to a common denominator, become 

ab + ax ab + hx . 

b(b + 5)' b(b + xy* 

If a > 5, that is, if t- is a ratio of greater inequality, then, since 
ax is greater than bx^ the first of these fractions is greater than 
the second, and therefore j- is diminished by the addition of the 
same quantity to each of its terms. 

But if <a < 6, that is, if t- is a ratio of less inequality, then, since 

ax is less than bx^ the first of the above fractions is less than the 

a 
second, and therefore t- is increased by the addition of the same 

quantity to each of its terms. 

(208.) If, in a series of ratios, the consequent of each is the 
antecedent of the following ratio, then the ratio of the first antecC' 
dent to the last conseqtient is equal to that which is compounded of all 
the intervening ratios. 

Let the proposed ratios be 

a b c d e 
b'T'd'Pf' 

Compounding them by Art. 204, we obtain 

abcde 
bcdef 
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which, by dividing by bcdey reduces to 

a 

T 



PROPORTION. 

(209.) Proportion is an equality of ratios. 

Thus, if a, d, c, d are four quantities, such that a, when divided 
by b, gives the same quotient as c when divided by rf, then a, 6, c, d 
are called proportionals, and we say that a is to 6 as c is to (/; and 
this is expressed by writing them thus : 

• 

a : b : : c : dy 
or a : b = c : dy 

a c 

1=1- 

So, also, 3, 4, 9, 12 are proportionals ; that is, 

3 : 4 : : 9 : 12, 

3 9 

4 = 12- 

In ordinary language, the terms ratio and proportion are con- 
founded with each other. Thus, two quantities are said to be in 
the proportion of 3 to 5, instead of the ratio of 3 to 5. A ratio 
subsists between two quantities, a proportion only between four. 
Ratio is the quotient arising from dividing one quantity by another ; 
two equal ratios form a proportion. 

* (210.) In the proportion 

a : b : : c : dy 

a, by c, d are called the terms of the proportion. The first and last 
terms are called the extremes, the second and third the means* 
The first term is called the first antecedent, the second term the 
first consequent, the third term the second antecedenty and the fourth 
term the second consequent. 

(211.) When the second and third terms of a proportion are 
identical, this quantity is called a mean proportional between the 
other two. Thus, if we have three quafitities, a, by c, such that 
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a : b : : b : c, 

then b is called' a mean proportional between a and c, and c is* called 
a third proportional to a and b. 

If, in a series of proportional magnitudes, each consequent is 
identical with the next antecedent, these quantities are said to be 
in continued proportion. Thus, if we have a, 6, c, rf, e,/, such that 

a : b : : b : c : : c : d : : d : e: : e :fy 

a b c d ^ e 
b c d c / 

the quantities a, 6, c, J, e^fare in continued proportion. 

(212.) If four quantities are proportional, the product of the ca?- 
tremej is equal to the product of the means. 

Let 

or 



a:b : 


:c:^ 


a 
b' 


c 
-d' 


als by bd, the ex] 


abd 


bed 


b ' 


= d' 


ad z 


= be. 


3:4: 


: 9 : 12, 


3x 12 


= 4x9. 



or 

Thus, if 
then 

(213.) Conversely, if the product of two quantities is equal to 
the product of two others, the first two quantities may be made the 
extremes^ and the other 'two the means of a proportion. 

Let ad = be. 

Dividing these equals by bd^ the expression becomes 





a c c a 

r- = -7) or J- = T-; 
' b d d b^ 


that is. 


a: b : : c I dy or ci d'. \ 


Thus, if 


3 X 12 = 4 X 9 ; 


then • 


3 : 4 : : 9 : 12, 


or 


9 : 12 : : 3 : 4. 



\ 
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(214.) This proposition is called the test of proportions, and 
any change may be made in the form of a proportion which is 
consistent with the application of this test. In order, then, to 
decide whether four quantities are proportional, we compare the 
product of the extremes with the product of the means. 

Thus, to determine whether 5, 6, 7, 8 are proportional, we mul- 
tiply 5 by 8, and obtain 40. Multiplying 6 by 7, we obtain 42. As 
these two products are not equal, we conclude that the numbers 
5, 6, 7, 8 are not proportional. 

Again, take the numbers 5, 6, 10, 12. The product of 5 by 12 
is 60, and the product of 6 by 10 is also 60. Hence the numbers 

are proportional \ that is, 

■A 

5 : 6 : : 10 : 12. 

(215.) If three quantities are in continued proportion, the prod- 
uct of the extremes is equal to the square of the mean. 

If a : b : : b : c. 

Then, by Art. 212, ac z= bb = b\ 

Conversely, if the product of two quantities is equal to the 
square of a third, the last quantity will be a mean proportional between 
the other two. 

Thus, let ac = b^. 

Dividing these equals by 5c, we obtain 

a b 

-b =7 

or a : b ', \ b : c, 

' Thus, if 4 : 6 : : 6 : 9, 

then ' 4 X 9 = 6^ 

And conversely, if 4x9 = 6', 

then 6 is a mean proportional between 4 and 9.. 

EXAMPLES. 

1. Given the first three terms of a proportion, 24, 15, and 40, to* 
find the fourth term. 

2. Given the first three terms of a proportion, 3ab\ 4ia^b\ and 
9a% to find the fourth term. 

27 
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3. Given the last three terms of a proportion, 4ja®6*, Sa^b^y and 
2a% to find the first term. 

4. Given the first, second, and fourth terms of a proportion, 
5y*, 7a?y, and 21a?®y, to find the third term. 

5. Given* the first, third, and fourth terms of a proportion^ 1, 
a — by and a* — 6% to find the second term. 

(216.) Ratios that are equal to the same ratio are equal to each other. 

Let a : b : : X : y, } .^ . , . . , 

J J ^ > then a : : : c : a. 

and c : a : : X : y, ) 

For, from the first of these proportions, 



And from the second. 





a 


X 






b 


y 






c 


X 






d 








a 


c 






b 


-T 




a 


:b 




d 



Therefore, 

or 

(217.) If four quantities are proportional, they will he propor- 
tional hy alternation ; that is, the first will have the same ratio to the 
third that the second has to the fourth. 

Let a lb : : c I dy 

Then, also, a\ c i \b : d. 

For, applying the test of Art. 214«, we have in each case 

ad = be, 

(218.) If four quantities are proportional, they will be propor- 
tional by inversion ; that is, the second will have to the first the same 
ratio that the fourth has to the third. 

Let a : b : : c : dy 

then will b : a : : d : c. 

For, applying the test of Art. 214, we have, from the first pro- 
portion, ad = bcy 

and from the second, be = ad. 
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(219.) If four quantities are proportional, they will be propor- 
tional by composition ; that is, the sum of the first and second will 
have to the second the same ratio that the sum of the third and fourth 
has to the fourth. 

Let a : b : : c : dy 

then will a + b : b : : c + d :d. 

a c 
For, from the first proportion, ^ = — . 

Add unity to each member, and we have 

a c a + b c + d 

that is, a + b : b : : c + d : d, 

(220.) If four quantities are proportional, they will be propor- 
tional by division ; that is, the difference of the first and second will 
have to the second the same ratio that the difference of the third and 
fourth has to the fourth. 

Let a : 6 : : c : (f , 

then will ^ o — b \ b \ \ c — did. 

For, from the first proportion, -^ z=z-y. 

Subtract unity from each member, and we have 
a ^ c ^ a — b c — d 

that is, a — b \b \ i c — did. 

(22L) If four quantities are proportional, they will be propor- 
tional by conversion ; that is, the first will have to the difference of 
the first and second the same ratio that the third has to the difference 
of the third and fourth. 

Let a I b I I c I d^ 

then will a i a — b i i c i c — d. 

For, by inversion, b i a i i d i c : whence — = — . 
'J' ' ' a c 

Subtract each member from unity, and we have 
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b ^ d a — h c — d 

1 = 1 J or = ; 

a c a c 

that is, a — b : a : : c — c? : c, 

or inversely, a : a — b : : c : c — d, 

(222.) If four quantities are ^roiportional^ the sum of the first and 
second mil have to their difference the same ratio that the sum of the 
third and fourth has to their difference. 

Let a : b : : c : d^ 

then will a + b : a — b : : c + d : c — d. 

For, by composition, a + b : b : : c + d : d, 
and inverting the means, a + b : c + d : : b : d. 

Also, by division, a — b : b : : c — d : d, 
and inverting the means, a — b : c — d : : b : d. 

Hence, by equality of ratios, a + b : a — b : : c + d : c — d» 

(223.) If four quantities are proportional, like powers' or roots 
of these quantities will also be proportional. 

Let a : b I I c I d. 

then will <f : b^ : : c^ : rf". 

a c 
For, since y- = -j, raising each of these equals to the nth power, 

we have 



a" c" 



ir'" dr' 

that is, a" : ^ : : c" : d% 

where n may be either integral or fractional. 

(224.) If there is any number of proportional quantities all hav- 
ing the same ratio, the first will have to the second the same ratio that 
the sum of all the antecedents has to the sum of all the consequents^ 

Let a, 6, c, c?, e,/be any number of proportional quantities, sucl> 
that 

(p : b : : c : d : I e :f^ 

then will a : b : : a + c-]- e : b + d+f 

For, by Art. 212, we have af = bej 

ad=:bc; 
also, ab z= ba. 
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Therefore a{b + d+f) = b{a + c + e). 

Hence, by Art. 213, a: b : : a + c + e : b + d + f, 

* 

(225.) If three quantities are in continued proportion, the first 
wUl have to the third the duplicate ratio of that which it has to the 
second. 



Let 
Then 



a : b : : b : c^ 
a : c : : a^ : b\ 



For, by Art. 212, ac = b\ 

Multiplying these equals by a, we have 

a^c = ab^ ; 

i. e., a' X c = a X ^'. 
Hence, by Art. 213, a : c : : a^ : b'^. 

(226.) If ft)ur quantities are in continued proportion, the first 
will have to the fourth the triplicate ratio of that which it has to the 

m 

second. 

Let a, 6, c, d be four quantities in continued proportion, so that 



then will 



a : b : : b : c : : c : d, 
a : d : : a^ : ii^. 



For, by Art. 212, we have adz=bc, 

ac=:b^l 
Also, abzzzba. 

Therefore, multiplying these equals together, we have 

a\bdc) =i¥(abc\ 
or c^ xd=zb^ xa. 

Hence, by Art. 213, a : d : : c^ : ¥. 

(227.) If there are two sets of proportional quantities, ^Ae j9ro</- 
* ucts of the corresponding terms will be proportional. 



Let 


a : b : : c : dy 


and 


e :f : :g : h. 


Then will 


ae : bf: : eg : dh 


For, by Art. 212, 


ad=:bcy 


and 


eh=fg. 
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■ 

Multiplying these equals together, we have 

ae X dh=:bfx eg 

Hence, hy Art. 213, ae : bf: : eg : dh, 

(228.) Three quantities are said to be in harmonical proportion 
when the first is to the third as the difference between the first and 
secakd is to the difference between the second and third. 

Thus, 2, 3, 6 are in harmonical proportion, for 

2:6::3 — 2:6 — 3. 
Let a, b, c be in harmonical proportion, then 

a : c : : a — b : b — c. 
Multiplying the extremes and means, and reducing, we have 

ab 

where c is said to be a third harmonical proportional to a and b. 

(229.) Four quantities are said to be in harmonical proportion 

when the first is to the fourth as the difference between the first and 

second is to the difference between the third and fourth. 

« 

Thus, 2, 3, 4, 8 are in harmonical proportion, for 

2 : 8 : : 3 — 2 : 8 — 4. 
Let a, 6, c, d be in harmonical proportion, then 

a : d: : a — b : c — d. 
Multiplying the extremes and means, and reducing, we have 

J ac 

■ 

where J is a fourth harmonical proportional to a, by c. 

(230.) Proportions are often expressed in an abridged form. 
Thus, if A and B represent two sums of money put out for one 
year at the same rate of interest, then 

A : B : : interest of A : interest of B. 
This is briefly expressed by saying that the interest vanes as 
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the principal. A peculiar character o) is used- to denote this re- 
lation. Thus, we write 

the interest go the principal. 

One quantity varies directly as another, when hoth increase or 
diminish together in the same ratio. Thus, in the ahove example, 
A varies directly as the interest of A. In such a case either 
quantity is equal to the other multiplied hy some constant num- 
ber. Thus, if the interest varies as the principal, then the inter- 
est equals the principal multiplied by a constant quantity, which 
is the rate of interest. 

If A CO B, then A = wiB. 

If the space (S) described by a falling body varies as the square 
of the time (T), then 

S = otT», 
m representing some constant quantity. 

(231.) One quantity varies inversely as another, when one in- 
creases in the same ratio that the other diminishes. Thus, the 
altitude of a triangle whose area is given, varies inversely as its 
base. 

If one quantity varies inversely as another, the product of the 
two quantities is constant. 

Thus, na X — = ah. 

' n 

Conversely, if the product of two quantities is constant, then 
one varies inversely as the other. 

Thus, if AB = m, 

I A ^ 1 

then A = g- GO g. 

For example, if xy = 24, 

24 
then X = — . 

y . 

If a? = 2, then y = 12, 

If 0? = 4, then y=z 6 ; 
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♦ 

that is, if X is doubledy then y is halved. The one varies inversely 
as the other. 

(232.) One quantity may vary as the product of several others. 
Thus, in uniform motion, the space varies as the time multiplied 
into the velocity. The area of a rectangle varies as the product 
of its length and breadth. 

The weight of a stick of timber varies as its length x its breath 
X its depth x its density. 

If the density is given, then the weight varies as the length x 
the breadth x the depth. 

If the depth also is given, then the weight varies as the length 
X the breadth. 

If the breadth is given, then the weight varies as the length. 

Finally, if the length also is given, then the weight is equal to 
a constant quantity. 

(233.) One quantity may vary directly as a second, and inversely 
as a third. Thus, according to the Newtonian law of gravitation, 
the attraction (G) of a heavenly body varies directly as* the quan- 
tity of matter (Q), and inversely as the square of the distance (D). 

That is, ^""S- 

(234.) Application of the preceding principles. 

Ex. 1. Given ^ + y - ^ '- '- ^'^ ^,lto ^ndthe values of x and y. 

Since oc-\-y : a? : : 5 : 3. 

By Art. 220, y : a? : : 2 : 3. 

' 2x 
Therefore, By = 2a?, and y = -^. 

Substituting this value in the second equation, we obtain 

and a?« = 9. 

Therefore, a? = ± 3, 

whence y=dz2* 
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Ex. 2. Given a! + y:x-y:: 3 : 1, | g^^ ^ ^ 

From the first equation, by Art. 222, we obtain 

207 : 2y : : 4 : 2 ; 
whence, a? : y : : 2 : 1, 

and a? = 2y. 

Substituting this value of x in the second equation, we obtain 

y = 2 5 0? = 4j. 



Ex.3. Given a: + y :x-y : : 64 : 1, K^ ^^j ^ j 

^y = 63, J ^ 

By Art. 223, x-\- y : x^-y : : S : 1. 

By Art. 222, 2a? : 2y : : 9 : 7, 

whence a? : y : : 9 : 7. 

Therefore, ^ = -y • 

Substituting this value for x in the second equation, we obtain 

y=i75 x=±9. 

• 3 



Ex. 4. Given x»- j^ : ^-y : : 61 : 1, j ^^ ^^^ ^^^ ^^j^^^ ^^ ^ 

iry = 320, j 

and y. 

Since o?^ — j/* : or* — 3a?'y + 3xy' — 3/» : : 61 : 1. 



By Art. 220, 3xy x (a? — y) : a? — y : : 60 : 1. 



Hence ' 960 : x — y : : 60 : 1, 



and 16 : X — y : : 1 : 1, 

Therefore, x — y = ±4. 

Since a?* — 2a;y + y* = 16. 

Also, 4iry = 1280. 

By addition, a?' + 2iry + y* = 1296. 

Extracting the root, a? + y = ± 36. 

Hence ' a? = ± 20, or ± 16, 

v»^^^^ v^^t^ y+±16,or±20. 
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a 



Ex. 5. Given x^-f : x'^y-^^ : : 7 i^'/ ^^ ^^ ^ 

Ans. a? = 4, or 2, 
y = 2, or 4. 



Ex. 6. Given Vv — Va — x-^zy/y — a:, 

> to find 

Vy — x+y/a — X : y/ a — a? : : 5 : 2, 

X and y. 

- 4a 5a 

Ans. a? = -^ : y = — . 
5 ^ 4 

Ex. 7. Given a?+v/a?:a? — V x: iSy/ x + 6 :2 y/ x^to find the 
values of x. 

Ans. iT = 9, or 4. 

Ex. 8. What number is that to which, if 1, 5, and 13 he severally- 
added, ^e first sum shall be to the second as the second to the 
third % ^ 

Ex. 9. What number is that to which, if a, 6, and c be severally 
added, the' first sum shall be to the second as the second to the 
third 1 

. 6' — ac 

Ans. —r' . 

a — 2b + c 

Ex. 10. What two numbers are those whose difference, sum, 
and product are as the numbers 2, 3, and 5 respectively 1 V ' ' . 

Ex. 11. What two numbers are those whose difference, sum, ( 
and product are as the numbers m, n, and p ? 

Ans. '. , and ^ 



n + m n — m 

Ex. 12. Find two numbers, the greater of which shall be to the 
less as their sum to 42, and as their difference to 6. • ^ A 

Ex. 13. Find two numbers, the greater of which shall be to the 
less as their sum to a, and their difference to h, 

Ans. -^ jTj and — .r— 

2(a — b) 2 • 

Ex. 14. There are two numbers which are in the ratio of 3 to 
2 ; the difference of whose fourth powers is to the sum of their 
cubes as 26 to 7. Reouired the numbers. J^ 




<•• 



c 
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Ex. 15. What two numbers are those which are in the ratio of 
mton; the diference of whose fourth powers is to the sum of 
their cubes as jp to g ? 

. mp m'? + n' , np m^ + n^ 

Ans. — X — T If ftncl — X — 3 ;► 

a mr — nr a m* — »* 
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PROGRESSIONS. 

ARITHMETICAL PROGRESSION. 

(235.) An Arithmetical Progression is a series of quantities which 
increase or decrease by the continued addition or subtraction of the 
same quantity* 

Thus, the numbers 

1, 3, 5, 7, 9, 11, &c., 

which are obtained by the addition of 2 to each successive term, 
form what is called an increasing Arithmetical Progression i and 
the numbers 

20, 17, 14, 11, 8, 5, &c., 

which are obtained by the subtraction of 3 from each successive 
term, form what is called a decreasing Arithmetical Progression. 

(236.) I( a represent the first term of an arithmetical progres- 
sion, and d the common difierence, the successive terms of an 
increasing series will be 

a, a + dy a + 2c?, a+Sd, a + 4J, &c. 

The successive terms of a decreasing series will be 

a, a — d, a — 2d, a — 3c?, a — 4c?, &c. 

Since the coefficient of d in the second term is 1, in the third 
term 2, in the fourth term 3, and so on, the nth term of the series 
will be of the form 

a±{n — l)rf, 

which may be called the last term when the number of terms is n. 
Hence, 
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The last term is equal to the first ^ ± the product of the common dif- 
ference into the number of terms less one. 

In what follows we shall consider the progression an increasirig 
one, since all the results which we ohtain can he immediately 
applied to a decreasing series hy changing the sign of d. 

If we put / to represent the last term of the series, we shall 
accordingly have 

lz=a + {n — l)d, 

^^ ♦ 

This equation contains four quantities, any one of which may 

he computed when the other three are known. 

(237.) To find the sum of n terms of a series. 
Take any series, and under it set the same terms in an inverted 
order, thus : 

Take the series 1, 3, 5, 7, 9, 11, 13, 15. 

and the same series inverted, 15, 13, 11, 9, 7, 5, 3, 1. 

The sums are, 16, 16, 16, 16, 16, 16, 16, 16. 

The sum of the two series must he douhle the sum of a single 
series, and is equal to the sum of the extremes repeated as many 
times as there are terms. 

In order to generalize this method, let S represent the sum of 
the series. 

Then S=ia+ a + d+'a + ^+a+3d+ + /. 

Write the same series in an inverted order, thus : 

S=:l + l — d+l — 2d + n^^+ + a. 

Adding the two series together, term hy term, we ohtain 

2S=T+a + / + « + / + a +7+~o+ + T+a. 

Represent the number of terms in the series by n ; then 

Hence S=^^. 

At 

Therefore, 

The sum of an Arithmetical Progression is equal to half the sum 
of the two extremes^ multiplied by the number of terms. 
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It also appears from the above, that the sum of the extremes is 
equal to the sum of any other two terms equally distant from the ex- 
tremes, 

(238.) The two equations 

/ = « + (»—!)(/, 

contain five variable quantities, 

of which any three being given, the other two may be found. 
Accordingly, 20 different cases may arise, all of which are solved 
by combining the formulae above given. These cases are exhib- 
ited in the following table, and should be verified by the student : 






No. 



1 

2 



5 

6 

7 
8 



9 

10 
11 
12 



Given. 



a, d^ n 
a, (/, S 

a, ?}, S 
d^ n, S 



a, (/, n 
a, d^ I 
a, n^ I 



a, 71, S 
a, /, S 
n, I, S 



Required, 



/ 



s 



Formuls. 






/ 
/ 



—\d± v/2(fS + (a — id)N 

2S 
a, 

S , (» — 1)J 
n"*" 2 • 



S 
S 

S 

S 



= in|2a + (w— l)j|, 
/ + a (/ + a) (/ — a 

— H ;r-i > 



2 



2rf 



x». 



^^7l|2/— (71— l)j|. 



d 
d 
d 



I — a 

2S — Ian 
n{n — 1) ' 

{l + a){l — a) 
2S — l — a ' 

272/ — 2S 

n(n — 1)* 
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No. 



Given. 



13 
14 

15 
16 



d^ n, S 

dy ly S 

71, /, S 



Required. 



Formulae. 



a 



17 


a,dy I 


18 


CLy dy S 


19 


a, ly S 


20 


d, Z, S 



n 



a 
a 

a 
a 



l — {n—l)dy 
S _^{n—l)d 
n ~2" 



z=\d±y/(l^\df — U% 



2S 
n 



n = 



/ — a 



+ 1, 



n-=z 



n = 



n=z 



y/{2a — df + SdS — 2a + d 



2d 



2S 



l + a 



2l + d±y/{2l + dY — SdS 
2d 



(239.) 



EXAMPLES. 



Ex. 1. Required the sum of 60 terms of an arithmetical pro 
gressioQ whose first term is 5, and common difference 10. / ^ .' 

Ex. 2. Reauired the number of terms of a progression whose 
sum is 4f4)2y whose first term is 2, and common difference 3. / / 

Ex. 3. Required the first term of a progression whose sum is 
99, whose last term is 19, and common difference 2. ^ 

Ex. 4<. The sum of a progression is 1455, the first term 5, and 
the last term 92. What is the common difference 1 3 

Ex. 5. A body falls 16 feet during the first second, and in each 
succeeding second 32 feet more than in the one .immediately 
preceding. If it continue falling during the space of 20 seconds, 
how many feet will it pass over in the last second, and how many ' 

in the whole time 1 / ' -/ .<.- .(-^^ / , / 

(r *- 

« Ex. 6. Required the sum of 101 terms of the series 

1, 3, 5, 7, 9, &c, / 

£x. 7. Find the last term of the series 



1, 3, 5, 7, 9, &c. 



Ans. 2n — 1 ; 



' » 
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that is, the last term of this series is one less than twice the number 
of terms, 
Ex. 8. Find the sum of the series 

1, 3, 5, 7, 9, &c. 

Ans. v^ 5 

that is, the sum of the terms of this series is equal to the square of the 
number of terms. 

Thus, 1 + 3 = 4 = 2» 

1 + 3 + 5 = 9 = 3' 

1 + 3 + 5 + 7 =rl6 = 4* 

l + 3 + 5 + 7 + 9 = 25 = 5^ 

Ex. 9. Find the sum of the natural series of numhers 



Ans. ^^. 



1, 2, 3, 4, 5, &c., 
up to n terms. 

Ex. 10. Find the sum of the even numbers 

2, 4, 6, 8, &c., 

up to n terms. 

An^ n{n + 1). 

Ex. 11. One hundred stones being placed on the ground in a 
straight line, at the distance of two yards from each other ^ how 
far will a person travel who shall bring them one by one to a 
basket which is placed two yards from the. first stone 1 / ^''- •/ ^ '' ' 

Ex. 12. To find m arithmetical means between two given num. 

bers. 

» 

In order to solve this problem, we must first find the common 
difference. The whole number of terms consists of the two ex- 
tremes, and all the intermediate terms. If, then, m represent the 
number of means, m + 2 will be the whole number of terms. 

Substituting m + 2 for n, in formula 9, p. 222, we have • 

rf = — -—r- = the common difference, 
m+ 1 

whence the required means are easily obtained by addition. 
Ex. 13. Find 6 arithmetical means between 1 and 50. 
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Ex. 14. Find three numbers in arithmetical progression, the 
sum of whose squares shall be 1232, and the square of the mean 
greater than the product of the two extremes by 16. j Q- < ' ' _' y 

•Ex. 15. Find- three numbers in arithmetical progression, the 
sum of whose squares shall be a, and the square of the mean 
greater than the product of the two extremes by I. 



A. 


1234 5 6 7 

II 1 1 i i 


8 

1 


9 10 11 12 13 

1 1 i 1 1 


14 

1 


15 


B. 


1 1 
1 2 


1 
3 


4 5 6 7 8 


1 
9 


10 



It is readily seen from the figure that A is in advance of B un- 
til the end of his 8th day, when ^ overtakes and passes him. 
After the 12th day, A gains upon B, and passes him on the 15th 
day, after which he is continually gaining upon B, and could not 
be again overtaken. 

Ex. 18. A goes 1 mile the first day, 2 the second, and so on. 
B'stants a days later, and travels h miles per day. How long wijl 
A travel before he is overtaken by B \ 



26— 1± ^(n—\y—%(ih^ 
Ans. ^ days. 



In what case would B ntvtr overtake A \ 



Ans. Whena>- — i + — 



cL-. 



Ans. y — ^ ^^ ^y — ^3~' *"^ Y — 3 ^■^^• 

Ex. 16. Find four numbers in arithmetical progression, whose 
sum is 28, and continued product 585. 

Ex. 17. A sets out for a certain place, anfl travels 1 mile the 
first day, 2 the second, 3 the third, and so on. In five days after- 
ward, B sets out, and travels 12 miles a day. How lon^ will A ^ / 
travel before he is overtaken by B 1 -it • ^ 

Ans. 8 or 15 days. / 

This is another example of an equation of the second degree, 
in which the two roots are both positive. The following figure 
exhibits the daily progress of each traveler. The divisions above 
the horizontal line represent, the distances traveled each day by 
A; those below the line the distances traveled by B, 
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For instance, in the preceding example, if B had started one 
day later, he could never have overtaken A. 

Ex. 19. A traveler set out from a certain place and went 1 
mile the first day, 3 the second, 5 the third, and so on. After 
he had been g.pne three days, a second sets out, and travels 12 
miles the first day, 13 the second, and so on. In how many days 
will the second overtake the first 1 

Ans. in 2 or 9 days. 

Let the student illustrate this example by a diagram like the 
preceding. 

GEOMETRICAL PROGRESSION. 

(240.) A Geometrical Progression is a series of quarUitieSy each of 
which is equal to the product of that which precedes it by a constant 
number. 

Thus, the series 

2, 4, 8, 16, 32, &c., 
and 81, 27, 9, 3, &c., 

are geometrical progressions. In the former, each number is 
derived from the preceding by multiplying it by 2, and the series 
forms an increasing geometrical progression. In the latter, each 
number is derived from the preceding by multiplying it by ^, and 
the series forms a decreasing geometrical progression. 

In each of these cases, the common multiplier is called the 
common ratio. 

(241.) To find the last term of the progression. 
Let a represent the first term, and r the common ratio \ then 
the successive terms of the series will be 

a, ar^ ai^^ ar^^ ar*^ &c. 

The exponent of r in the second term is 1, in the third term is 
2, in the fourth term 3, and so on i hence the nth term of the 
series will be 



ar^ 



— 1 



Hence, puttiqg / for the last term, and n the number of terms 
of the series, we obtain ' 

l = af*-\ 
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That is, 

The last term of a geometrical progression is equal to the product 
of the first term by that power of the ratio whose index is one less than 
the number of terms, 

(242.) To find the sum of all the terms. 

If we take any geometrical series, and multiply each of its 
terms by the ratio, a new series will be formed, of which every 
term except the last will have its corresponding term in the first 
series. Thus, take the series 

1, 2, 4, 8, 16, 32, 

the sum of which we will represent by S, so that 

S=l + 2 + 4 + 8-fl6 + 32. 

Multiplying each term by 2, we obtain 

28 = 2 + 4 + 8+16 + 32 + 64. 

The terms of the two series are identical, except the^r^^ term 
of the first series and the last term of the second series. If, then, 
we subtract one of these equations from the other, all the remain- 
ing terms will disappear, and we shall have 

2S — S = 64— 1. 

In order to generalize this method, let a, ar, ar\ &c., represent 
any geometrical series, and S its sum, then 

S = a + ar + ar» + ar*+ +ar^-^-j'ar"~'. 

Multiplying this equation by r, we have 

rSz=ar+ar^ + ar^ + ar*+ +ar^~^ -^ar^. 

Subtracting the first equation from the second, we obtain 
« rS — S = or" — a. 

Hence S = — : 

r — 1 ' 

or, substituting the value of / already found, we obtain 

r — 1 

Hence, to find the sum of the terms of a geometrical progres-' 
sion, 
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Multiply the last term by the ratioy subtract the first term, and di- 
vide the remainder by the ratio less one. 

If a series is a decreasing one, and r consequently represents a 
fraction, it is convenient to change the signs of botli numerator 
and denominator in this expression, which then becomes 

_ a — ar^ a — Ir 
1 — r 1 — r 

(243.) In the two equations 

l = ar^-\ 

r — 1 

there are five variable quantities, 

* a, /, r, n, S, 

of which any three being given, the other two may be found. Ac- 
cordingly, as in arithmetical progression, 20 different cases may 
arise, all of which are readily solved, with the exception of those 
in which n is the quantity sought. The value of n can only be 
found by the solution of an exponential equation. See Art. 336. 
These different cases are all exhibited in tKe following table for 
convenient reference. 

Formulae. 



No. 


Given. 


Required. 


1 


a,r, » 




2 


a, r, S 




3 


a, n, S^ 




4 


r, », S 




5 


a,r,n 




6 


a,r,l 


s 


7 


a,n,l 




8 


r,n,l 





1 = 07^-^ 

o+(r— 1)S 

I = , 

r 

l{S — lY-' — a(S 

r-— 1 • 



— a)"-i = 0, 



S 
S 



_ a(r"— 1) 
~ r—T' 
Ir — a 

= 7=T' 



s= 



8 = 



/(r"-l) 
(r_l)r»-»- 
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No. 



Given. 



10 

11 

12 



13 

14 

15 
16 



17 
18 
19 

20 



a, 7), S 
a, /, S 



r, 71, / 

Ik 

r, n, S 

r, /, S 
», /, S 



a,r, S 
r, /, S 



Required. 



n 



Ponnule. 



= Q-' 



_ S . S — o ^ 

r" rH =0) 

a a 



r = 



S — a 

s 



1—1 



s— / 



+ 



/ 



s— / 



= 0. 



/ 



a 



a = 



(r-l)S 



r»— 1 * 

a =r/— (r— 1)S, 

a(S _ a)"-' — 1(8 — ly-' = 0. 



n 



n = 



log. I — log. a 



+ 1, 



log,r 
log. [a + (r — 1) S] — log. a 



n = 



n = 



log.r 
log. I — log. a 



/og.(S — o)— /og.(S — / 
log.l-^log.[rl—{r—l)S] 



H, 



log.r 



+ 1. 



EXAMPLES. 

Ex. 1. Required the sum of the series 

1, 3, 9, 27, &c., 

continued to 12 terms. 
Ex. 2. Required the sum of the series 

1, 2, 4., 8, 16, &c., 

continued to 14 terms. 

Ex. 3. Given the first term 2, the ratio 3, and the number of 
terms 10, to find the last term. '7 

Ex. 4. Given the first term 1, the last term 512, and the sum 
of the terms 1023, to find the ratio. 



^N' ■> 



/(■'■. 
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Ex. 5. Given the last term 2048, the number of terms 12, and 
the ratio 2, to find the first term. / 

Ex. 6. A person being asked to dispose of his horse, said he 
would sell him on condition of receiving one cent for the first 
nail in his shoe^, two cents for the second, and so on, doub- 
ling the price of every nail to 32, the number of nails in his four 
shoes. Wha^^ould the horse sell for at that rate 1 

Ans. $42949672.95. 

(244.) To find any number of geometrical means between two given 
numbers. 

In order to solve this problem, it is only necessary to know the 
rcttio. If m represent the number of means^ m -{- 2 will be the 
whole number of terms. Substituting m + 2 for tz in^ formula 9, 
Art. 243, we obtain 



=vi 



When the ratio is known, the required means are obtained by 
continued multiplication. 

Ex. 1. Find three geometrical means between 2 and 162. 

Ex. 2. Find two geometrical means between 4 and 256. 

(245.) Of decreasing progressions having an infinite number of 
terms, 
• The formula 

-J a — ar^ 

o = — 

1 — r ' 

which represents the sum of n terms of a decreasing series, may- 
be put under the form 

a af 



S = 



1 — r \ — r 



In a decreasing progression, since r is a proper fraction, f is 
less than unity, and the larger the number n, the smaller will be the 
quantity r". If, therefore, we take a very large number of terms 

of the series, the quantity r", and consequently the term -z^ , will 

be very small ; and if we take n greater than any assignable nam- 



af* 



ber, then -z will be less than any assignable number. 



Ans. |. 
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Hence, the sum of an infinite series decreasing in geometrical 
progression is 

1 — r 
Ex. 1. Find the sum of the infinite series 

Here a = 1, r = ^. 

Therefore, S = :r-^ = = 2. 

1 — r 1 — \ 

Ex. 2. Find the sum of the infinite series 

l+i + i + i^T+J&C- 

Ex. 3. Find the sum of the infinite series 

• i + i + TV + 6V+,&c. 

Ex. 4. Find the ratio of an infinite progression, whose first term 
is 1, and the sum of the series \. 

Ex. 5. Find the first term of an infinite progression, whose 
ratio is ^-^^ and th« sum |. 

Ex. 6. Find the first term of an infinite progression, of which 

the ratio is -> and the sum r / 

n n — r / 

(^6.) PROBLEMS. 

• Prob. 1. Of four numbers in geometrical progression, the sam 
of the first and second is 15, and the sum of the third and fourth 
is 60. Required the numbers. 

Let a?, a?y, a?y\ a?y^, be the numbers. 

Therefore, x-\-xy =15, 

and xf -}- xf = 60. 

Multiplying the first equation by y^, 

ajy' + a:y'=15y» = 60. 
Therefore, y' = 4?j 

and y = ± 2. 

Also, a? ± 2a? x= 15. 

Therefore, a? = 5 or — 15. 



232 PROGRESSIONS. 

Taking the first value of a?, and the corresponding value of y^ 
we ohtain the series 

5, 10, 20, 40 \ 

which numhers may be easily verified. 

Taking the second value of a?, and the corresponding value ot 
y^ we obtain the series 

— 15, +30, —60, +120; 

which numbers also perfectly satisfy the problem understood al. 
gebraically. If, however, it is required that the terms of the pro- 
gression be positive^ the last value of x would be inapplicable to 
the problem, though satisfying the algebraic equation. 

Prob. 2. There are three numbers in geometrical progression 
whose sum is 210, and the first exceeds the last by 90. What 
are the numbers 1 J y •• ^ ^ ^' \ ( 

Prob. 3. There are three numbers in geometrical progression 
whose continued product is 64, and the sum of their cubes is 584. 
Eequired the numbers. C_K^\^i 

Prob. 4. There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24 ; and the sum 
of the extremes is to the sum of the means as 7 to 3. Required 
the numbers. y J 

Prob. 5. Of four numbers in geometrical progres^on, the dif- 
ference between the first and second is 36, and the difference 
between the third and fourth is 4. What are the numbers 1 

• 

Prob. 6. Of four numbers in geometrical progression, the sum 
of the first and third is a, the sum of the second and fourth is b. 
What are the numbers % 

a» a^'b ah^ b^ 



Ans. 



a^+ 6*' a« 4- b^' a* + b^' a^ + 1^' 



HARMONICAL PROGRESSION. 

(247.) .^ series of quantities is said to be in harmonical progression 
when, of any three consecutive terms, the first is to the third as the dif- 
ference of the first and second is to the difference of the second and 
third. 

The numbers • 

60, 30, 20, 15, 12, 10, 
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are in barmonical progression, for 

60:20: : 60 — 30; 30 — 20 
30 : 15 :: 30 — 20 : 20 — 15 
20: 12: : 20—15: 15 — 12 
15 : 10: : 15—12: 12—10. 

So, also, the numbers 

form an harmonica! progression. 

(248.) The reciprocals of a series of terms in harmoniccd progres 
sion are in arithmetical progression. 

Thus, the reciprocals of 60, 30, 20, &c., are 

111111 

Fo> 3'S^ Iff) TJ) TS7 TJTJ 



which are respectively equal to 

» 1 a 3 4 s^ • , 

¥o5 "JoJ ¥Tr» 1^7> TffJ e?> 

being an arithmetical progression whose common difference is ^V* 

If si^ musical strings of equal weight and tension have their 

lengths in the ratio of the numbers 
« 

1 J. 1 ± .1 4- 

■*•> 2J 3' 4> 5» 8> 

the second will sound the octave of the first ; the third will sound 
the twelfth ; the fourth will sound the double octave ; the fifth 
will sound the eighteenth ; and the sixth will sound the third 
octave of the first. Hence the origin of the term harmonical or 
musical proportion. 

Let 0, 5, c be three quantities in harmonical progression, then 

a : c : : a — b : b — c; 
2ac 



whence b = 



a + c 



? 



That is, an harmonical mean between two quantities is equal to twice 
their product divided by their sum. 
30 



SECTION XV. 



GREATEST COMMON DIVISOR.— PERMUTATIONS AND 

COMBINATIONS. 

(249.) The greatest common divisor of two or more quanti- 
ties is the greatest factor which is common to each of the quan- 
tities. 

^PROPOSITION. 

The greatest common divisor of two quantities is the same with the 
greatest comrnon divisor of the least quantity^ and their remaittder after 
division. 

To prove this principle, let the greatest of the two quantities be 
represented by A, and the least by B. Divide A by B ; let the 
ebtire part of the quotient be represented by Q, and the remain- 
der by R. Then, since the dividend must be equal to the prod- 
uct of the divisor by the quotient + the remainder, 

A=:QB-f.R. 

Now every number which will divide B will divide QB ; and 
every number which will divide R and QB will divide R + QB or 
A. That is, every number which is a common divisor of B and 
R is a common divisor of A and B. 

Again, every number which will divide A and B wil^. divide A 
and QB ; it will also divide A — QB or R. That is, every num- 
ber which is a common divisor of A and B is also a common 
divisor of B and R. Hence the greatest common divisor of A 
and B must be the same as the greatest common divisor of B 
and R. 

(250.) To find, then, the greatest common divisor of two quan- 
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titles, we divide the greater by the less ;, and the remainder, which 
is necessarily less than either of the given quantities, is by the 
last article divisible by the greatest common divisor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be found, which is divisible by the greatest 
common divisor ; and by continuing this {process with each re- 
mainder and the preceding divisor, quantities smaller and smaller 
are found, which are all divisible by the greatest common divisor, 
until at length the greatest common divisor must be obtained. 
Hence the following 

RULE. 

Divide the greater quantity by the less^ and the precedir^ divisor by 
the last remainder^ till nothing remains ; the last divisor will be the 
greatest common measure. 

When the remainders decrease to unity, the given quantities 
have no common divisor, and are said to be incommensurable^ or 
prime to each other. • 

EXAMPLES. 

Ex. 1. What is the greatest common divisor of 372 and 246 % 









372 


246 




246 


1 


246 


126, 


first Rem. 


126 


1 


126 


120, second Rem. 


120 


1 


120 


6,third Rem. 


120 


20 









Here we have continued the operation of division until we ob- 
tain for a remainder ; the last divisor (6) is the greatest common 
divisor. Thus, 246 and 372 being each divided by 6, give 41 and 
62, and these quotients are prime with respect to each other ; that 
is, have no common divisor greater than unity. 

Ex. 2. What is the greatest common divisor of 

336 and 7201 
Ex. 3. What is the greatest common divisor of 

918 and 5221 
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(251.) In the application of this rule to polynomials, some 
modification may hecome necessary. It may happen that the 
first term of the dividend is not divisible by the first term of the 
divisor. This may arise from the presence of a factor in the 
divisor which is not found in the dividend, and may therefore be 
suppressed. For, since the greatest common divisor of two quan- 
tities is only the product of their common factors, it cannot be 
affected by a factor of the one quantity which is not found in the 
other. 

We therefore suppress in the first polynomial all the factors 
common to each of its terms. We do the same with the second 
polynomial, and if the suppressed factors have a common divisor, 
we reserve it as forming part of the common divisor sought. 

But if, after this reduction, the first term of the dividend, when 
arranged according to the powers of some letter, is not divisible 
by the first term of the arranged divisor, it follows from the above 
that we may multiply the dividend by any monomial factor which 
will render its first term divisible by the first term of the divisor. 

EXAMPLES. 

Ex. 1. Required the greatest common divisor of 

x^ + aP and x* — 1. 

cc^ + aP 

OD^ — X 



x*—l 



X 



X* + X, first Rem 
Suppressing a?, we have a?'+ 1. 



a?*— 1 

x*+ x^ 



0?'+ 1 



x^—1 



— x^—1 

— J?'— 1. 

Whence a?*+ 1 is the greatest common divisor. To verify thi« 
result, divide x'^ + aP hy x'^ + 1, and we obtain aP 5 divide x* — 1 
by 0?* + 1, and we obtain x^ — 1. 

Ex. 2. Required the greatest common divisor of 

o^^h^x and sP + 2bx + ¥, 



aP — b^x 

aP -h 2baP + b^x 



j?» + 2^0? + fi^ 



X 



— 2b(x^—2b% first Rem. 
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Suppressing the factor — 2hx, we have x + b. 



j?« + 2bx + b' 
x^ + bx 



x-\'b 



x + b 



bx+b^ 
bx + b\ 

Whence x + b is the greatest comraon divisor. 
Ex. 3. Required the greatest common divisor of 

4«3_2o« — 3a+l and3o' — 2a— 1. 

Ans. a — 1. 

Ex. 4. Find the greatest coiximon divisor of 

a?' — 1 and ax + 1. 

Ex. 5. Find the greatest common divisor of 

X* — a* and x^ — a^, 

Ex. 6. Find the greatest common divisor of 

a^ — 3ab + 2b'' and a' — ab — 2b^. 

Ex. 7. Find the greatest common divisor of 

a* — a?* and flr* — a^x — ax^ + or*. 

Ex. 8. Find the greatest common divisor of 

a^ — a^b + Sab'' — 3^>' and a^ — bab + U\ 

THEORY OF PERMUTATIONS AND COMBINATIONS. 

(252.) The different orders in which quantities maybe arranged 
are called their PermtUations, Thus, 

C o, b, c, 
o, c, 6, 

b, a, c, 
5, c, a, 

c, o, 6, 
(. c^ bj a, 

'a,b, 



the permutations of the three letters a, by c, taken all to- 
gethcTy are ......... 



The permutations of the same letters taken two and two, 



are 



< 



b,a, 
b,c, 
c, a, 
^c,b. 



238 PERMUTATIONS AND COMBINATIONS. 

The permutations of the same letters taken singly, or one \ ^' 

by one, are ) ' 

(c. 

(253.) To find the number of permutations of n letters, taken m and 
m together. 

Let ay b, c, d A:, be the n letters. 

The number of permutations of n letters taken singly, or one 
by one, is evidently equal to the number of letters, or to n. 

The number of permutations of n letters taken two and two is 
n(n — 1). For i^ we reserve one of the letters, as a, there will 
remain n — 1 letters. 

by Cy d k. 

Writing a before each of these letters, we shall have 

aby aCy ad ak ; 

that IS, we obtain n — 1 permutations of the n letters taken two 
and two, in which a stands firsts Proceeding in the same manner 
with by we shall find n — 1 permutations of the n letters taken two 
and two, in which b stands first ; and so for each of the n letters. 
Hence the whole number of permutations will be 

n{n — 1). 

The number of permutations of n letters taken three and three 
together is 

n(n — 1) (» — 2). 

For if we reserve one of the letters, as a, there will remain 
n — 1 letters. Now we have found the number of permutations 
of n letters taken two and two to be n{n — 1). Hence the per- 
mutations of n — 1 letters taken two and two must be 

(n— l)(w — -2). 

Writing a before each of these permutations, we shall have 
{n — 1) (n — 2) permutations of the n letters taken three and 
three, in which a stands first. Proceeding in the same manner 
with b, we shall find (n — 1) {n — 2) permutations of the n letters 
taken three and three, in which b stands first ; and so for each of 
the n letters. Hence the whole number of permutations will be 

n(n— 1) (« — 2). 
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In like manner, we can prove that the number of permutations 
of n letters taken four and four is 

n{n —l)(n — 2) (n — 3). 

When the letters are taken two and twOy the last factor in the 
corresponding formula is n — 1. When the letters are taken 
three and three^ the last factor is ;i — 2. When the letters are 
taken four and four ^ the last factor is ti — 3. 

Hence, when the letters are taken m and m together, the last 
factor will be ;i — (m — 1) otn—^m-\- 1 j and the number of per- 
mutations of n letters taken m and m together will be 

n(n— 1) (n — 2) («— 3) (» — wi + l). 

EXAMPLES. 

Ex. h I^equired the number of permutations of. the 8 letters 
a, ^, c, (/, e, /, g, A, taken 5 and 5 together. 

Here 7i = 8, »i = 5, n — m+l=4, 

and the above formula becomes 

8.7.6.5.4 = 6720, Ans. 

Ex. 2. Required the number of permutati6ns of the 26 letters 
of the alphabet, taken 4 and 4 together. 

Ex. 3. Required the number of permutations of 12 letters, taken 
6 and 6 together. / 

(254.) If we suppose that each 'permutation comprehends all the n 
letters / that is, if »i = ;j, the preceding formula becomes 

n(» — 1) (» — 2) 2x1; 

or, inverting the order of the factors, 

1.2.3.4 {n — l);i; 

which expresses the number of permutations of n letters taken 
all together. 

Ex. 1. Required the number of changes which can be rung 
upon 8 bells. 
According to the preceding formula^ we have 

1.2.3.4.5.6.7.8 = 40320, Ans. 

Ex. 2. What is the number of permutations which may be 
formed from the letters composing the word ** virtue ?" . 
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Ex. 3. What is the number of different arrangements which 
can be made of 12 persons at a dinner-table 1 

(255.) The combinations of any number of quantities signify the 
different collections which may be formed of these quantities, 
without regard to the order of their arrangement. 

Thus, the three letters a, b^ c, taken all together^ form but one 
combination, abc. 

Taken two and twoj they form three combinations, 

* ab^ ac^ be. 

To find the number of combinations of n letters^ taken m and m to- 
gether. 

The number of combinations of n letters taken separately, or 
one by one, is evidently n. 

The number of combinations of n letters taken two and two^ is 
n(n—l) ' ^ ' 

1.2 

For the number of permu lotions of n letters taken two and two 
is n(n — 1) 5 and there are two permutations (ab, bd) correspond- 
ing to one combination of two letters. Therefore the number of 
combinations will be found by dividing the nOmber of permuta- 
tions by 2. 

The number of combinations of n letters taken three and three 

. n(»— 1) (n — 2) 
together, is -^ j-^^ \ 

For the number of permutations of n letters taken three and 
three, is n{n — 1) (n — 2), and there are 1.2.3 permutations for 
one combination of three letters. Therefore the number of com- 
binations will be found by dividing the number of permutations 
by 1.2.3. 

In the same manner, we find the number of combinations of n 
letters, taken m and m together, 

7i(yi-— 1) (n — 2) (n — m-i-l) 

1.2.3 m 

Ex. 1. Required the number of combinations of six letters taken 
three and three together. 

Here » = 6, »» = 3, w— wi+ 1 = 4, 

and the formula becomes 

6.5.4 _ 

i::2;3-^^' 
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Ex. 2. Required the number of combinations of 8 letters taken 
4 and 4. 

Ex. 3. Required'the number of combinations of 10 letters taken 
6 and 6. 

The following table, which is computed by the preceding for- 
mula, shows the number of combinations of 1, 2^ 3, 4, &;c., letters 
taken singly, or two and two, three and three, &;c. An important 
application of this table will be seen in the next Section. 



Lett'rs. 


Singly. 


2 and 2. 


3 and 3. 


4 and 4. 


5 and 5. 


6 and 6. 


7 and 7. 


8 and 8. 


9 and 9. 


10, 10. 


1 

. 2 


1 

2 


1 




















3 


3 


3 


1 




Number of combinations. 




4 


A 


A 


4 


1 






5 


5 


10 


10 


5 


1 








6 


6 


15 


20 


15 


6 


1 






- 




7 


7 


21 


35 


35 


21 


7 


1 








8 


8 


28 


56 


70 


56 


28 


8 


1 


• 




9 


9 


36 


84 


126 


126 


84 


36 


9 


1 




10 


10 


45 


120 


210 


252 


210 


120 45 10 


1 



31 



SECTION XVI. 



INVOLUTION OF BINOMIALS. 



(256.) We have shown, in Art. 142, how to obtain any power 
of a binomial by actual multiplication. We now propose to de- 
velop, a theorem by which this labor may be greatly abridged. 

Taking the binomial a + b, its successive powers found by 
actual multiplication are as follows : 

(a + by=za +b, 

(a + bY=za' + 2ab +b% 

(a + ^)' = o' + 3a«6 + 3a6» +b\ 

la + bY = a* + 4>a'b + 6a^b^ +4a&' +b\ 

la + by = (^ + 5a*b + lOc^b^ + lOa'lP + 5aJ^ + i», 

(a -f by = a^+ 6a'b + 15M^ + Wd'b^ + 15a'^* + 6a6* + b\ 

(257.) The powers of a -7- 6, found in the same manner, are as 
follows : 

(a — by=:a — b^ 

\a — by=za^ — 2ab 4-^^ 

(a — if = a' — 3a*6 + 3ai» ^ &% 

(a_J)* = a*_4,a^6 + 6a*6' — ^afi* +b\ 

\a — by = c^ — ba'b + lOd^b^ — lOa^b"" + bab^ — A*, 

(a _ by = a« — 6fl^6 + 15a*6« — ^Wb" + Iba^b' — 6a6* + b\ 

On comparing the powers of a + i with those of a — 5, we per- 
ceive that they only differ in the signs of certain terms. In the 
powers of a + i) all the terms are positive. In the povvers of 
a — i, the terms coiltaining the odd powers of i have the sign — , 
while the even powers retail the sign +• The reason of this is 
obvious I for since — b is the only negative term of the root, the 
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terms of the power can only be rendered negative 'by b. A term 
which contains the factor — ban even number of times, will there- 
fore be positive ; if it contain it an odd number of times, it must 
be negative. Hence it appears that it is only necessary to seek 
for a method of obtaining the powers o[ a+ b; for these will 
become the powers of a — b, by simply changing the signs of the 
alternate terms. 

(258.) If we consider the exponents of the preceding powers, 
we shall find that they follow a very simple law. Thus, 

In the square, the exponents . • | /. , r! t* o 

In the cube, the exponents . . [^[^.^^^ ^' ^' ^ ^' 
' ^ ( of & are 0, 1, 2, 3. 



In the fourth power, tne exponents i ^[ f "® *' ^' ^' ^' ^» 

^ ' ^ ( of J are 0, 1, 2, 3, 4. 

&c., &;c., 6cc. 

In the first term of each power, a is raised to the required 
power of the binomial ; and in the following terms the exponents 
of a continually decrease by unity to ; while the exponents of 
b increase by unity from up to the required power of the bino- 
mial. The sum of the exponents of a and b in any term is equal 
to the exponent of the power required. Thus, in the second 
power, the sum of the exponents of a and b in each term is 2 ; in 
the third power, it is 3 ; in the fourth power, 4, &;c.. 

We hence infer that for the seventh power the terms, without 
the coefficients, are 

a\ a%, M\ 0*6', (^b\ a^¥, a6», V ; 
and for the nth power 

a", (t-% a^'-^'b^ ar-W a«6"-«, a&'-S br. 

(259.) It remains to determine the coefficients which belong to 
these terms ; and in order to discover the law of their formation, 
let us take the coefficients by themselves. 

The coefficients of the 1st power are 1 1 

The coefficients of the 2d power are 12 1 

The coefficients of the 3d power are 13 3 1 

The coefficients ofth^th power are 1 4> 6 4 1 

The coefficients ofthe 5th power are 15 10 10 5 1 

The coefficients of the 6th power are 1 6 15 20 15 6 1 
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The numbers in this table are identical with those in the table 
of combinations on page 241. For example, the coefficients of 
the fifth power denote the number of combinations of five letters 
taken one and one, two and two, &;c. ; the coefficients of the sixth 
power denote the number of combinations of six letters taken one 
and one, two and two, &c. The reason of this will appear if we 
observe the law of the product of several binomial factors, a? + a, 
X + b, X +c, a? + rf, &c. 

Multiply X + a 
by a? + *, 



we obtain a?''+(a+^)a7 + 06= 1st product. 

Multiply by 0? + c, 
we obtain 3[i^'{'{a+b + c)x^+(ab+ac+bc)x+abc = 2d product. 

Multiply by x + d^ 

we obtain x*-{-{a-\-b-\-c+d)xi^+{ab-\-ac+ad+bc+bd+cd)3^-{- 

+ (abc -r abd-{-acd-\-bcd)x-{- abed = 3d product. 

We observe that in each of these products the coefficient of x in 
the first term is unity ; the coefficient of the second term is the sum of 
the second terms of the binomial factors ; the coefficient of the third 
term is the sum of all tJhir products two and two ; the coefficient of the 
fourth term is the sum of all their products three and three, &c. 

It is easily seen that if we multiply the last product by a new 
factor, 0? + €, the same law of the coefficients will be preserved. 

If now, in the preceding binomial factors, we suppose a, 6, c, d, 
&;c., to be all equal to each other, the product 

(x + a){x + b)(x-{-c){x+d) 

becomes (a? + «)"• 

The coefficient of the second term of the product, or a-\~b+c-\-d 

...... becomes a -\- a + a -{- a ; that is, a taken as many times 

as there are letters a, b, c, J, and is consequently equal to na. 

The coefficient of the third term, or ab + ac, &;c., reduces to 
a^ + a^ + a^ , or o' repeated as many times as there are dif- 
ferent combinations of n letters taken two and two ; that is, 
n{n-l) , , • 

The coefficient of the fourth term reduces to a^ repeated as 
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many times as there are different combinations of n letters taken 

three and three, that is, ^ ^ -^ ^a^, and so on. 

Thus, we find that the nth power ofx+a may be expressed as 
follows : 

{x+ay=ar+na(xi'*^+ i~o — -^^ + — Too aof* + . . . 

+ na"~* a? 4- a", 

which is called the Binomial Theorem, and is generally ascribed 
to Sir Isaac Newton. So important was it regarded, that it was 
engraved on his monument in Westminster Abbey as one of his 
greatest discoveries. 

On comparing the different terms of this development, we per- 
ceive that any coefficient may be derived from the preceding one , 
by the following rule : If the coefficient of any term he multiplied by 
the index of x in that term^ and divided by the index of a increased by 
one, it will give the coefficient of the succeeding term. 

Thus, the fifth power of a? + o is 

a?* + box'' + 1 OaV + lOa'rr* -+ 5a*a? + o^ 

If the coefficient 5 of the second term be multiplied by 4, the 
index of x in that term, and divided by 2, which is the index of a 
increased by one, we obtain 10, the coefficient of the third term. 

So, also, if 10, the coefficient of the fourth term, be multiplied 
by 2, the index of x^ and divided by 4, the index of a increased 
by one, we obtain 5, the coefficient of the fifth term ] and so of 
the others. 

The coefficients of the sixth power will also be found as fol- 
lows : 

^ ^ 6x5 15x4 20x3 15x2 6x1 
^' ^' "2"' -^~' -4—' -^5-' ^-^' 

that is, 1,6, 15, 20, 15, 6, 1. 

The coefficients of the seventh power will be 

7x6 21x5 35x4 35x3 21x2 7x1 
^' ' "2"' 3 ' 4 ' 5 ' 6 ' ~7~' 
that is, 1, 7, 21, 35, 35, 21, 7, 1. 
Therefore, the seventh power of a? + a is 

x' + la!X^ + 21aV + 35aV + 35aV + 21a*a:' + 7a«a? + a\ 
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It is sometimes preferable to retain the factors of the coeffi- 
cients distinct from each other, as follows : 

7.6.5A3.2 g 7.6.5A3.2.1 , 
■^ 1.2.3.4.5.6^^"^ 1.2.3.4.5.6.7^ * 

The factor 1 is retained for the sake of symmetry, and to ex- 
hibit more clearly the law of the coefficients. 

(260.) The theorem thus developed is expressed in the following 

RULE. 

In any power of a binomial x + a, the index of x h^ns in the first 
term with the index of the power ^ and in the following terms continue 
ally decreases by one. The index of a commences with one in the 
second term of the power, and continually increases by one. 

The coefficient of the first term is one / that of the second is the 
index of the power; and if the coefficient of any term be multiplied by 
the index of x in that term, and divided by the index of a increased by 
one, it will give the coefficient of the succeeding term, 

(261.) The number of terms in the power is always greater by 
unity than the index of the power. Thus, the number of terms 
in (a + &)Ms 4 + 1 or 5 5 in (a + bf is 6 + 1 or 7. 

Also, if we examine the table in Art. 259, it will be perceived 
that after we pass the middle term, the same coefficients are re- 
peated in the inverse order. Thus, the coefficients of 

{a + by Eire 1, 5, 10, 10, 5, 1, 

of (a + ^)« are 1, 6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compute the coefficients for half 
the terms ; we then repeat the same numbers in the inverse order. 

(262.) The sum of the coefficients for each power is equal to the 
number 2 raised to the same power. For, let d? = 1 and a = 1, 
then each term without the coefficients reduces to unity, and the 
value of the power is simply the sum of the coefficients. Also, in 
this case, {x + a)" becomes 2". Thus, the coefficients of the 

first power are 1+1 = 2 = 2^, 

second power are 1 + 2+1=4 = 2', 

third power are 1 + 3 + 3 + 1 = 8 = 2', 

fourth power are 1 + 4 + 6 + 4 + 1 = 16 = 2*. 
&c., &;c., &;c. 
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EXAMPLES. 

Ex. 1. Raise a? 4- a to the 9th power. 
The terms without the coefficients are 

a?^, (MP®, aV, ci^af^^ aV, (i^x\ aV, aV, o^x^ o?. 

And the coefficients are 

9x8 36x7 84x6 126x5 126x4^84x3 36x2 9x1 
'^' "^'~T"' 4 ' 5 ' 6 ' 7 '""8^ 9 ' 
that is, 1, 9, 36, 84, 126, 126, 84, 36, 9, 1. 

Prefixing the coefficients, we obtain 

(ap+a)*=aJ^+9aa?«+36aV+84a'a;«+ 126aV+ 126a*a?*+84oV+ 

+ 36aV+9a*'a?+a'». 

It should be rememberied that, according to Art. 261, it is only 
necessary to compute the coefficients of half the terms independ- 
ently. 

Ex. 2. What is the 6th power of a? — a ? 

(263.) If the terms of the given binomial are afected with 
coefficients or exponents, they must be raised to the required 
powers, according to the principles already established for the 
involution of monomials. 

Ex. 3. Raise 2a? + ba^ to the fourth power. 

For convenience, let us substitute h for 2a7, and c for 5a^. 

Then (b + cy = b* + ^J^c + 66V + 46<r» + (?*. 

Restoring the values of h and c, 

The first term will be (2a?)* = 16a?*. 

The second term will be 4(2a?)'. 5a' =4.8.5a?'a'. 
The third term will be 6{2a?)« . (5a7=6.4.25a?V. 
The fourth term will be 4(2a?) .(5a*)' =4.2.1 25a?a^ 
The fifth term will be (5a7=:625a». 

Therefore, (2a?+5a7= 16a?*+ 160ar'a*+600a?V-f 1000a?a«+625a». 

Ex. 4. What is the fourth power of 2a?' + 5y'? 

Ex. 5. What is the seventh power of 2a + 36 ? 

Ex. 6. What is the sixth power of a^ + 3a6 ? 

Ex. 7. What is the fourth power of 5c' — ^yzl 

(264.) By means of the Binomial Theorem we can raise any 
polynomial to any power. 
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For example, let it be required to raise a + b + c to the third 
power. 

For convenience, we put b + c = tn ; we then obtain 

(a + b + cy=:{a + mf z=a^ +'3a% + Sarn^ + m\ 

Substituting for m its equal, b + c, we obtain 

(a + 6 + c)' = a' + Ba^{b + c) + 3a{b^ cf + {b + cf. 

It only remains to develop the powers of the binomial b + Cj 
and to perform the multiplications which are indicated. We thus 
obtain 

(a-{-b + cyz=(^ + 3a'b + 3ab'' +b\ 

+ 3a«c + 6abc + 3b\ 
+ 3ac« + 36c», 
+ C. 
Ex. 2. Raise x + a + b to the fifth power. 

(265.) When one of the terms of a binomial is unity, the powers 
assume a simpler form, since every power of Lis 1. 
Thus, the fourth power of a + ^, which is 

a* + 4a^6 + 6a'6» + 4<ab^ + b\ 
when we make a = 1, becomes 

l + U + eb^ + 4,b' + b\ 

So,also,(l+a)"=l+-a+-^-y^-^a«+-i ^^^ -V+,&c. 

Every binomial of the form* (a? + a)** may be reduced to the 
form ofa?"(l + J)». For 

x+a =x (l+l). 

Therefore, (x+o)"=x"/ 1+ - j ; or, putting 6=-> 

=ar(l+i)", 
_„r, , a , »(«—!) a« , n(»— 1)(»— 2)a' , , "1 

This expression for the value of {x + a)" is equivalent to that 
on page 245, as may be easily shown by multiplying of into each 
term within the parenthesis. For some purposes this is regarded 
as the simplest form. 

(266.) In the development of the binomial (d?-|-a)'*, we have 
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hitherto supposed n to be a positive integer. The Binomial Theo- 
rem is, however, applicable, whatever be the nature of the quan- 
tity 7i, whether it be positive or negative^ integral or fractional. 
When 72 is a positive integer, the series consists of n + 1 terms. 
In every other case, the series never terminates ; that is, the de- 
velopment of (x + o)" furnishes an infinite series, 

Ex. l! It is required to convert — — -r or (a+ b)~^ into an in- 

a+ ^ ' 

finite series. 
According to Art. 260, the terms without the coefficients are 

fl-S a-\ a-^b\ a-'¥, a-^h\ a-%\ a-'h% &c. 

The coefficient of the first term is 1. 

The coefficient of the 2d term is — 1, the index of the power. 

1 X 2 

The coefficient of ihe third term is ^ = + 1. 

The coefficient of the fourth term is = = — 1. 

3 

1 X 4, 

The coefficient of the fifth term is -. = + 1. 

The coefficient of the sixth term is = = — 1. 

D 

We thus obtain • 

~l-- = (a + b)-'=a-'—a-''b + a-^b'—a-'b^+a-'b^—a-^b' +, &c., 
a-\- 

where the law of the series is obvious ; the coefficients are all 

unity, and the signs are alternately positive and negative. 

We might have obtained the same result by the ordinary method 

of division. The operation is as follows : 

1 a + b 



a 



1 *.*'*'. c 

- — -3 + -3— ^+,&c.,= the quotient. 



b 




a 




b 


b' 


a 


a' 



32 





b^ 




+ 


0» 






b^ 


IP 


+ 


a^ 


+ ? 






b" 






(^' 
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Hence, 

= i + -3 V ^^' 5 which may be written 



a-^ b a a' a® a* 
a~^ — ar^b + a""'^' — a~*li^ +, &c., the same as before found ; 

and it is obvious, from inspecting the operation of division, that 
the series* will never terminate. 

Ex. 2. It is required to convert .., or {a+b)~^ into an in- 

finite series 

1 26 36« 4^ . bb* , 
Ans. -5 3-H — 7 -r- + -"5- — ,&c.5 

or, a-* — 2a-^ + 3a-*b^ — AfT^bi" + bcr% &c. 

Here the coefficients increase regularly by^l, and the signs are 
alternately positive and negative. We might have obtained the • 
same result by division, as in the former example 

Ex. 3. Expand into a series -r or (a — &)""'. 

Ex. 4. Expand into a series vrj or (a — b)''\ 

Ex. 5. Expand into a series (a + b)~\ 
Ex. 6. Expand into a series (a — b)~*. 

(267.) We have now considered the powers of a binomial whea 
the exponent is an integer, either positive or negative. It re- 
mains to consider the case when the exponent is a. fraction. 

EXAMPLES. 



Ex. 1. Expand y/ a + b or (a + by into an infinite series. 
The terms without the coefficients are 

I 1 3 2 -£ 3 1 - 

a3, a n^a ^b , a ^b , a ^b\ &c. 

The exponents of a decrease by unity, while those of b in- 
crease by unity. 

The coefficient of the first term is 1. 

« 

The coefficient of the second term is + ^. 

The coefficient of the third term is — -z: — = — ^r— • 

Z t6.4. 
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1 



2.4^ * . 1.3 



The coefficient of the fourth term is = + 



The coefficient of the fifth term is 
The series then is 



3 ' 2.4.6' 

2.4.6 ^ * 1.3.5 



4 2.4.6.8. 



K -r J -r^ ''—2.4 ^2.4.6 2.4.6.8 -r,^^* 

The factors which form the coefficients are kept distinct, in 
order to show more clearly the law of the series. The factors 
in the numerator compose the series of odd numbers, 1, 3, 5, 7, 
&«. ; while the denominator contains the even numbers, 2, 4, 6, 8, 
10, &c. 

The above series expresses the square root of a + ^* We 
should obtain the same result if we extracted the square root by 
the usual method. See Art. 286. 

Ex. 2. It is required to convert (a^ + x)^ into an infinite series. 
Ans. a + ^ ^^^^3 + o.4,.6a* 2.4.6.8a' "^ 2.4X8T0a« '" ' 

or, a + -J- -2T "•" 2.4.6 ~ "2X678 "^2.4.6.8.10 ""' ^'^ 

where the law of the series is evident. 

Ex. 3. It is required to convert (a — a?)* into an infinite series. 

Ex. 4. It is required to convert (a + b)^ into an infinite series. 

^ ^ , , 6 2^' . 2.5y 2.5.8&* , ^_ ) 

Ans. a I 1 + 3^ 3 g^. + 35 9^3 3.6.9.12a* "^' ^"^^ ] ' 

Ex. 5. Expand (a — b)^ into an infinite series. 

Hi ^ 3y 3.76=^ 3.7. 11&* ) 

Ans. a ^ 1 — — ^ g^, 4.8.12a« 4.8.12.16a* ""' ^^' \ * 

Ex. 6. Expand (a -f a?)^ into an infinite series. 
Ex. 7. Expand (1 — x)j mto an infinite series. 
Ex. 8. Expand (a^ + ^')^ into an infinite series. 
Ex. 9. Expand (c^ — b^)^ into an infinite series. 

(268.) The binomial theorem is applicable to cases in which 
the value of the exponent n is a negative fraction^ 
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EXAMPLES. 

Ex. 1. Expand into a series -: j-t or (a + b)~~^' 

The terms without the coefficients are 

« S a ^, a n\ a 2^^ a ^h\ a ^ b% &c. 

The coefficient of the first term is 1. 

The coefficient of the second term is — |. 

The coefficient of the third term is — 2_- — 1=+ -^, 

2.4 ^ 1.3.5 

The coefficient of the fourth term is — ^ — ^ = — ^'■' . 

o ^.4.0 

1.3.5 _ 

2.4.6^ ^ i. 3.5.7 

The coefficient of the fifth term is ^ = + .''' . 

4 S.4.0.O 

> 

Hence we ohtain 

, , ^.-4 _4 1 -_3 1.3 _i « 1.3.5 —1-3 . 1.3.5.7 -4,4 

Ta+i) *=a 2 a ^^H a -b a ^b A a ^b — 

ya-ru) -« ^a ^^^2.4 2.4.6 ^2.4.6.8 

— , &c. 

Ex. 2. Expand into an infinite series (a + a?)""*. 

An8.a ^-3«^^+3:g« '^-376.9^ ^+3:6:9:12" ^- 
&c. 
Ex. 3. Expand (l + a?)"^into an infinite series. 

1 ? -L J^l 6. n^ 6.11.16a;* 
^''^- ^ 5 + 5.10 5.10.15" ^ 5.10.15.20""' ^'^' ' 

Ex. 4. Expand (a* — a?)~' into an infinite series. 

Ex. 5. Expand — == into an infinite series. 

y/l^ + d" 

(269.) The hinomial theorem may be employed to determine 
the roots of surd numbers. 

EXAIUPLES. 

Ex. 1. It is required to find the square root of 2. 



I 
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The development of (a + b)^ has been given in Example 1, page 
251. If we make a =: 1 and J = 1, then (a + b)^ becomes (1+1)* 
or \/ 2 3 and the terms of the development become 

1 1 1.3 1.3.5. 1.3.5.7 

■^2 2.4 "*" 2.4.6 2.4.6.8 "*" 2.4.6.8.10 ' ' 

which therefore expresses the square root of 2. The sum of this 
series is 1.41421. As, however, the series does not converge 
rapidly, it would require a large number of terms to give the root 
with tolerable accuracy. The following example affords a better 
illustration of the utility of the method. 

Ex. 2. Required the square root of 101. 



101 = 100^1+ j^Y Therefore x/ 101 = 10 (^+ A 



Y 

looy- 

Put a=z 1 and b = y^ in the development of (a + b)^ on page 
251, and we shall have 

/lor 10 /^l f ^ 1 1.3 1.3.5 \ 

^ V 2.100 2.4.100^"^ 2.4.6.100^ 2.4.6.8.100*'^' ^"^'J 

This series converges so rapidly that the first two terms give a 
result correct to three decimal places ; and ^ve terms give a re- 
sult borrect to ten decimal places. 

Thus, the value of the first term is 1.00000000000 

The value of the second term is . + .00500000000 

The value of the third term is — .00001250000 

The value of the fourth term is + .00000006250 

The value of the fifth term is — .00000000039 ^ 



Their sum is 1.00498756211 

And multiplying by 10, we have 



x/ 101 = 10.0498756211. 

Ex. 3. It is required to convert 'v/9, or its equal (8 + 1)*, into 
an infinite series, and find its value. 

. o.J^^ 1 , 5 ^^8 5.8.11 

Ans. ^-hg^, 3.6.2*"^ 3.6.9.2^ 3.6.9.12.2^°"*" 3.6.9.12.15.2^^ ' ' 

=2.08008. 
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Ex. 4. It is required to extract the cube root of 31. 

V"31 = V27+1; = V 87 r 1 + ^ Y. 

oi,, 4 2.4' . 2.5.4' 2.5.8.4« J 

- '^ I ■*■ 3.27 3.6.27' "^ 3.6.9.27' 3.6.9.12.27* "^' **'" ) ' 

=3.14138. 



SECTION XVII. 



EVOLUTION OF POLYNOMIALS. 

(270.) Method of extracting the square root. 

In order to discover a rule for extracting the square root, let 
us consider the square of a + 6, which is a^ + 2fl6 + h^. If we 
write the terms of the square in such a manner that the powers 
of one of the letters, as a, may go on continually decreasing, the 
first term will he the square of the first term of the root ] and 
since in the present case the first term of the square is a^, the 
first term of the root must be a. 

Having found the first term of the root, we must consider the 
rest of the square, namely, 2ah + ^^ to see how we can derive 
from it the second term of the root. Now this remainder, 2aA+^^ 
may be put under the form (2a + b)h ; whence it appears that 
we shall find the second term of the root if we divide the re- 
mainder by 2a + ^« The first part of this divisor, 2a, is double of 
the first term already determined ; the second part, 5, is yet un- 
known, and it is necessary at present to leave its place empty. 
Nevertheless, we may commence the division, employing only the 
term 2a ; but as soon as the quotient is found, which, in the pres-. 
ent case, is 5, we must put it in the vacant place, and thus render 
the divisor complete. 

The whole process, therefore, may be represented as fol- 
lows: 

a' + 2o* + ^' I a + ^ = the root. 



a» 



2ab + b^ 



2a + 6 = the divisor. 
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Hence we derive the following 

RULE FOR EXTRACTING THE SQUARE ROOT OF A 

POLYNOMIAL. 

Arrange the polynomial according to the powers of some one letter ; 
take the root of the first term for the first term of the required root, and 
subtract its square from the given quantity. 

Divide the first term of the remainder by double the root already 
found, and annex the result both to the root and the divisor. Multiply 
the divisor thus increased by the last term of the rooty and subtract the 
produft from the last remainder. Proceed in the same manner to find 
the additional terms of the root, 

Ex. 1. Required the square root of a* — 2c^x + Ba^aP — 2aa:^ + a?*. 

a* — 2a'a? + 3aV — 2flw?^ + xMa' — aa? + a?' = the root. 



a* 



— 2(fx + 3aV 

— 2a^x + a^x^ 



2a' — aa: = the first divisor. 



2aV — 2^0?" + X* 
2a V — 2aa;' + »* 



2a' — 2aa; + a;' = second divisor. 



For verification, multiply this root hy itself thus : 

a' — ax '+aP 
a' — ax -\-0!p 
a* — a^x + o^ic 

— a^x +aV — axi^ 

+ aV — aa^ +x* 



a^ — 2a^a; + Sa^ic* — 2aa;^ + a5^ which is the orig- 
inal polynomial. 

Ex. 2. Required the square root of a' + 2a^ + 2ac + 6'+2Ac + c*. 

Ex. 3. Required the square root of 10a:* — lOx* — 12aj^ + 5a;' + 
9aj« — 2a;+l. 

Ex. 4. Required the square root of 4aj* + Saic' + 4aV + W^oi? + 
X^ab^x + \^b\ 

Ans. 2^* + 2aa; + 4?^'. 

Ex. 5. Extract the square root of o^— 6a^6+ 15a*^'— 20a'63 + 
15a«A*_6a6* + ^'. 

Ex. 6. Extract the square root of a* — 4a®^ + 8a^ + 46*. 

(27 L) To extract the cube root of a polynomial, • . 

We already know that the cube of a+6 is a' + Sa^b + 3a5' + ^. 
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If, then, the cube were given, and we were required to find its 
root^ it might be done by the following method : 

When the cube is arranged according to the powers of one let- 
ter, we at once know from the first term a^, that a must be one 
term of the root. If, then, we subtract its cube from the proposed 
polynomial, we obtain the remainder, 3a^^ -f 3ab^ -f b^y which must 
furnish the second term of the root. 

Now this remainder may be put under the form 

whence it appears that we shall find the second term of the root, 
if we divide the remainder by 3a* + 3a6 ■;{-, ¥, But as this second 
term is supposed to be unknown, the divisor cannot be completed. 
Nevertheless, we know the first term 3a*, that is, thrice the square 
of the first term already found, and by means of this we can find 
the other part 6, and then complete the divisor before we perform 
the division. For this purpose, we must add to 3a* thrice the 
product of the two terms, or 3a6, and the square of the second 
term of the root, or A*. Hence we derive the following 

RULE FOR EXTRACTING THE CUBE ROOT OF A POLY- 
NOMIAL. 

(272.) Having arranged the polynomial according to the po,wers of 
some one letter ^ take the cube root of the first term, and subtract the cube 
from the given quantity. 

Divide the first term of the remainder by three times the square of 
the root already founds the quotient will be the second term of the root. 

Complete the divisor by adding to it three times the product of the 
two terms of the root, and the square of the second term. 

Multiply the divisor thus increased by ihclast term of the root, and 
subtract the product from the last remainder. Proceed in the same 
manner to find the additional terms of the root, 

Ex. 1. Extract the cube root of a'+ 12a* + 48a + 64. 



a' 



a' + 12a* + 48a + 64 | aj- 4 = the root. 

3a* + 12a + 16 = the divisor. 



12a* + 48a + 64 
12a* + 48a + 64 



Having found the first term of the root a, and subtracted its 
33 
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cube, we divide the first term of the remainder, 12a^ by three 
times the square of a, that is, 3a^, and we obtain 4 for the second 
term of the root. We then complete the divisor by adding to it 
three times the product of the two terms of the root, which is 
12a, together with the square of the last term, 4, which is 16. 
Multiplying, then, the complete divisor by 4, and subtracting the 
product from the last remainder, nothing is left. Hence, the re- 
quired cube root is a -f 4. 

This result may be easily verified by multiplication. 

Ex. 2. Extract the cube root of a^ — Sa^ -\- 15a* — 20c^ + 15a' 
— 6a4-l. 

a8_6a'^+ 15a* — 20a'+ loa'* — 6a+ 1 la'— 2a+ 1 = the root. 



a« 



— 6a' + 15a* — 20a=* 

— 6a'+12a*— Sa^ 



3a* — %6a^ + 4>a' = the first divisor. 



3a* — IW + 15a^ — 6a + 1 
3a* — 12a' + 15a' — 6a + 1 



3a*— 12a' + 15a'— 6a + 1 
= second divisor. 



We may dispense with forming the complete^divisor according 
to the rule, if, each time that we find a new term of the root, we 
raise the entire root to the third power, and subtract the cube 
from the given polynomial. 

Ex. 3. Required the cube root of a?^ + 6x* — 40ar^ + 96a: — 64. 

Ex. 4. Required the cube root of 18a?* + 36x' + 24a? + 8 + 32ap^ 

+ !X^ + e»3^, 

Ex. 5. Required the cube root of W — bU" J^Z¥—l + 3b. 

Tr (273.) To extract any root of a polynomial. 

We already know that the nth power of a + ^ is a" + n^^^h -}- 
other terms. The first term of the root is, therefore, the wth root 
of the first term of the polynomial. Also, the second term of the 
root maybe found by dividing the second term of the polynomial 
by na*"'' ; that is, the first term of the root raised to the next in- 
ferior power, and multiplied by the index of the given power. 
Hence we deduce the following 
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RULE FOR EXTRACTING ANY ROOT OF A POLY- 

NOMIAL. 

Having arranged the terms according to the powers of one of the let' 
ters^ take the nth root of the first term for the first term of the required 
root. 

Subtract its power from the given quantity^ and divide the first term 
of the remainder y by n times the (n — 1) power of this root ; the quo» 
tient will be the second term of the root. 

Subtract the nth power of the terms already found, from the given 
quantity, and using the same divisor, proceed in like manner to find 
the remaining terms of the root. 

Ex. 1. Required the fourth root of 16a*— 96a'a: + 216aV — 

16a* — 96a'a: + 216aV — 216£wr'+ 81a?* 1 2a — 3a? = the root. 
16a* % 



— 96a^a? 32a' = the' divisor. 



16a* — 96a''x + 216aV — 21600?^ + ^lo?*. 

Here we take the fourth root of 16a*, which is 2a, for the first 
term of the required root^ subtract its fourth power, and bring 
down the first term of the remainder — 96a®a?. For a divisor, we 
raise the first term of the root to the third power, and multiply it 
by 4, making 32a^ Dividing, we obtain — 3x for the second term 
of the root. The quantity 2a — 3a? being raised to the fourth 
power, is found to be equal to the proposed polynomial. 

Ex. 2. Required the fifth root of 32a?* — 80a?* + SOx" — 4.0x* + 
lOo?— 1. 

Ans. 2a; — 1. 

Ex. 3. Required the fourth root of 81a:® — 216a?H 336a?* — 56a?* 
— 2240?^ + 64.a; + 16. 

Ans. 3a?" — 2a? — 2. 

(274.) When the index of the root to be extracted is a multiple 
of two at more numbers, we may obtain the root required by the 
successive extraction of simpler roots. Art. 159. 

For example, we may obtain the fourth root by extracting the 
square roottunce successively ; for the square root of a* is a\ and 
the square root of a^ is a. 

The eighth root may be obtained by extracting the square root 
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three times successively ; for the square root of a® is o*, that of a* 
is a^, and that of a^ is a. 

In the same manner, the sixteenth root may be obtained by ex- 
tracting the square root four times successively, and so on. 

The siocth root may be found by extracting the square root, and 
afterward the cube root 5 for the square root of a® is a®, and the 
cube root of a^ is a. We may also take, first, the cube root, which 
gives a^,. and afterward the square root, which gives a, as before. 
It is, however, best to extract the roots of the lowest degree first, 
because the operation is less laborious. 

In general, the xtwith root of a number is equal to the nth root of the 
rath root of this number. That is, 



\/« = VVa. 



For raising each member of this expression to the nth power, 
we have ^ 

Ex. 1. Find the fourth, root of a* — 4>a^b + 6a*6' — 4a6' + b* 

Ex. 2. Find the sixth root of a« + 6a^b + Iba'b^ + 20o=^6' + 15a«A^ 
+ 6al^ + b\ 

Ex. 3. Find the eighth root of SSea:* + 1024a?^y + 1792a?^y' -f 
1792a?y + 1 120a?y + 44l8a;y + 1 12a?y + l^xy' + y». 

EXTRACTION OF THE SQUARE ROOT OF A QUANTITY OF THE FORM 

a± Vb. 

(275.) Binomials of this class require particular attention, be- 
cause they frequently occur in the solution of equations of the 
fourth degree, such as are treated of in Art. 184. Thus, the equa- 
tion 

a?* = 6a?* — 4, 

gives us a^ = 3db\/5. 

Hence, in order to find the value of x^ we must extract the 
square root of the binomial 3± v^5. 

In order to show that the square root of such an expression 
may sometimes be extracted, take the binomial 

2+%/ 3, 
and find its square. 
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Therefore, the square root of 7 + 2 n/ 3 is 2 + \/ 3. 

The square root of an expression of the form adz V b may, 
therefore, sometimes be extracted, and it is required to determine 
a general method for this purpose whenever it is practicable. 

r 

PROPOSITION I. 

The square root of a whole number cannot consist of two pavts one 
of which is rational and the other irrational. 

For, if possible, let V a = x±: V y, where x denotes a rational 
quantity, and \/ y denotes a surd. 

By squaring both sides, we obtain a = a:' ± 2a? \/y + y; whence, 
by transposition and division, 

, . a — x^ — y 

The second member of the equation contains only rational quan- 
tities, while y/y was supposed to be irrational ; that is, we find an 
irrational quantity equal to a rational one, which is absurd. 
Hence the square root of a whole number cannot be partly ra- 
tional and partly irrational ; in other words, the sum or difierence 
of two surds cannot be equal to a whole number. 

PROPOSITION II. 
In every equation of the form 

x±s/y = a±\/b, 

the rational parts on the opposite sides are equal to each other, and 
also the irrational parts. 

For if X is not equal to a, let it be equal to adb z. 

Then a±z±Vy = a±y/b; » 

or ±\/ b= ± z± V y ; 

that is, y/b is partly rational and partly irrational, which by the 
last Proposition is impossible. Therefore, x=ay and, consequent- 
ly, s/y=zy/b. 
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PROPOSITION III. 



If y/ a -{- %/ b is equal to x+ \/y, 

then will y/a — \/bhe equal to x — v/y. 

For, by involution, a+y/b=ix^ + 2x\/y-\-y. 
But by the last Proposition, a = o;^ + y, 

and y/b = 2xy/y- 



Subtracting, we obtain, a — y/b = x^ — 2xy/y-^y. 

Therefore, by evolution, Va — Vb = x — v^y. 

(277.) To find an expression for the square root of&ih Vh, 



Assume y/a+ Vb=zp-^q (1)^ 

where p and q may be both radicals, or one rational and the other 
a radical, but p^ and q^ are necessarily rational. 
Then, by the last Proposition, 



Va —y/bz=zp—q (2). 
Multiplying these equations together, we obtain 



v'a* — b — p^ — q^ (3), a rational quantity. 

Hence we see that, in order thatY/a+ \/b may be expressed 

by the sum of two radicals, or one rational term and the other a 
radical, the expression a' — b must be a perfect square. 



Let, then, a' — b be a perfect square, and put v'a* — b z= c s 
eqi;iation (3) will thus become 

p^ — q^z=:C. 

Squaring equations (1) and (2), we obtain 

p' + q' + 2pq = a^Vb, 
p^ + q^ — 2pq = a—Vb. 

Adding these two equations, we obtain 

p^ + q^ = a. 

But we have already 

/ — <y^ = c. 

Hence 2^' = a +c, 

2g'' = a — c. 
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/a-\- c 
And, therefore, pz=±\/ — o"? 

Ja—c 
Therefore, 



/ /(i-\-c /a — c\ 

Va—s^b,orp — q=± (^y^t^-^—^^^y 

(278.) Hence, to extract the square root of a hinomial of the 
form adb y/b, we have the following 

RULE. 

From the square of the rational part (a'), subtract the square of the 
irrational part (b) ; take the square root of the remainder^ and calling 
that root c, the required root mil be 



/a + c la 



Ex. 1. Required the square root of 4 + 2 \/3. 

Here a = 4, and >/b = 2\/3 ; therefore, a' — 5 = c' = 16 — 12 
= 4 ; or c = 2. Hence, by the above formula, the required root 
will be 



v/^ti+yt^ = ^a+. 



VerificfUion. 

The square of 73+1 is 3 + 2v/3+ l = 4 + 2v/3. 

Ex. 2. -Required the square root of 11 + 6\/2. 

Here a =11, and v/^> = 6v/2; therefore, A = 36 x2 = 72; and 
a^ — 6 = 49 = c'. Hence c = 7, and we find the square root of 
ll + 6v/2is >/9+ yf% or 3+ v'2. 

Ex. 3. Required the square root of 11 + 2\/30. 

Ans. v'6 + v'S. 

Ex. 4. Required the square root of 2+ \/3. 

Ans. \/| + \/ J. 
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(279.) This method is applicable even when the binomial con- 
tains imaginary quantities, as in the following examples. 

Ex. 5. Required the square root of 1 + 4 \/ — 3. 

Here a = 1, and \/6 = 4 %/ — 3 5 hence 6 = — 48, and a' — 6 = 



49; therefore, c = 7. The required square root is /4+ •>/ — 3 



Ex. 6. Required the square root of — i + i \/ — 3. 



Ans. i + Jv^ — 3. 



Ex. 7. Required the square root of 2v^ — 1. 

Here we put az=:o ; hence c=2, and the required root is 



1+v^ — 1, 
which may be easily verified. 
Ex. 8. Required the square root of 6 + 2n/5 and 6 — 2\/5. 
Ex. 9. Required the value of the expression 



Y/4 + 3%/ — 20+\/ 4 — 3x/— 20. 



Ans. 6. 



SECTION XVIIL 



INFINITE SERIES. 

(280.) An infinite series is an infinite number of terms connected 
together by the signs -|- or — , and usually following some certain 
law. 

As 1 + 1 + ^ + 4+ J +_i-,&c., 

or |_i + |_| + ^i_-_u,&c. 

In the first of these examples, the terms are the reciprocals of 
the odd numbers, 1, 3, 5, 7, &c. ; and in the other, they are the 
reciprocals of the even numbers, 2, 4, 6, 8, &c., with signs alter- 
nately + and — . 

Infinite series may arise from the common operations otrl^if- 
ion, the extraction of roots, and other processes of calculation, 
as will be seen hereafter. 

md converging series is one in which the terms continually de- 
crease, as in the examples just given. 

•d diverging series is one in which the terms continually in- 
crease; as, 

1 — 2 + 4 — 8 + 16 — 32 + , &c. 

^n ascending series is one in which the powers of the unknown 
quantity continually increase ; as, 

1 + ax + bx^ + cx^ + dcs* + ea^ +^ &c. 

^ descending series is one in which the powers of the unknown 
quantity continually decrease ; as, 

1 + ax-^ + bx-^ + ca;-' + dx'* + exr^ +, &c. 
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PROBLEM I. 

(281.) •^ny series being given^ to find its several orders of differ- 
ences, 

RULE. 

1. Take the first term from the second^ the second from the third^ the 
third from the fourth^ S^c. ; and the remainders will form a new series^ 
called the first order of differences. 

2. Take the first term of this last series from the second^ the second 
from the thirds the third from the fourth^ S^c^ ; and the remainders will 
form a third series^ called the second order of differences. 

3. Proceed in like manner for the third, fourth^ ff thy Sfc,^ orders of 
differences / and so on till they terminate^ or are carried as far as may 
he thought necessary. 

Ex. L' Required the several orders of differences of the series 
of squares, 1 4 9 16 25 36 49, &c. 

3 5 7 9 11 13 first differences. 

2 2 2 2 2 second differences. 

third dififerences 

Ex. 2. Required the several orders of differences of the series 
of cubes, 1 8 27 64 125 216, &c. 

7 19 37 61 91 first differences. 

12 18 24 30 second dififerences. 

6 6 6 third differences. 

. fourth dififerences. 

Ex. 3. Required the several orders of differences of the series 
of fourth powers, 

1, 16, 81, 256, 625, 1296, &c. 

Ex. 4. Required the several orders of dififerences of the series 
of fifth powers, 

1, 32, 243, 1024, 3125, 7776, 16807, &c. 

Ex. 5. Required the several orders of dififerences of the series 
of numbers, 

1, 3, 6', 10, 15, 21, &c. 
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PROBLEM II. 

(282.) To find the nth term of the series 

a, b, c, dy e, &c., 

when the differences of any order become at last equal to each 
other. 

Take the proposed series, and subtract each term from the next 
succeeding one ; we shall obtain the following series, which is 
called,the first order of differences : 

b — a, c — b, d — c, e — d^f — c, &c. 

Again, subtracting each term of this series from the next suc- 
ceeding term, we find for the second order of differences y 

c — 2b + a, d — 2c + b, e — 2d+c,f—2e + d, &c. 

Subtracting, again, each term of the preceding series from its 
next succeeding term, we get the third order of differences^ 

d—3c + 3b — a, e—3d+3c — byf—3e + 3d—Cy &c. 

Subtracting again, we find for the fourth order of differences, 

e — 4c?+ 6c — 4i + a, / — 4e + 6c/ — 4c + 6, &c. 

And for the fifth order of differences^ 

f— 5e + lOd — 10c + 5& — a, i;c. 

Let D', D'', D''', D% &c., represent the first terms of the sev- 
eral orders of differences. 

Then, 

D' =b — a; whence A=:a+ D' 

J)''=c — 2b + a; whence c=a+'2D'+ D^' . 

W=d—3c+3b — a; whence c/=:a+3D'+3D''+ D'^' 

ft 

D'" =e — 4rf-f6c — 4A+a; whence c=a+4D'+6D''4-4D'"+D% 
&c., &c. 

The coefficients of the value of c, the third term of the proposed 
series, are 1, 2, 1, which are the coefficients of the second power 
of a binomial ; the coefficients of the value of J, the fourth term, 
are 1, 3, 3, 1, which are the coefficients of the third power of a 
binomial ; and so on. Hence we infer that the coefficients of the 
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71th term of the series, are the coefficients of the {n — 1) power 
of a binomial. Therefore, the nth term of the series will be 

^ 1 ^ 1.2 ^ 1.2.3 ^' 

&c.* 
Ex. 1. Required the twelfth term of the series, 

2, 6, 12, 20, 30, &c. 

The first order of differences is 4 6 8 10, &c. 
The second order of differences is 2 2 2, &c. 
The third order of differences is 0. 

Therefore, D'=4, D"=2, and D"=0. Also, a=2, and n=12. 

Then a + (n — 1)D' + in—l)^n — 2)J)'' ^ g + IID' + 55D" = 

= 2 + 44 + 110 = 156 = the twelfth term. 
Ex. 2. Required the twentieth term of the series, 

1, 3, 6, 10, 15, 21, &c. 

Here, a=l, D =2, D"=l, and 7i=20 

Therefore, the 20th term = 1 + 19D' + HID'' =1 + 38+171 

= 210, Ans. 
Ex. 3. Required the thirteenth term of the series, 

1, 2, 3, 6, 12, 24, 48, &c. 

Ans. 75. 
Ex. 4. Required the fifteenth term of the series, 

1, 4, 9, 16, 25, 36, &c. 

Ans. 225. 
Ex. 5. Required the twentieth term of the series, 

1, 8, 27, 64, 125, &c. 

\ PROBLEM III. 

(283.) To find the sum of n terms of the series^ 

a, 6, c, d^ e, &c. 
Assume the series, 

0, a, a + 6, a + h + c^ a + & + c + J, &c. 
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£ublracting each term from the next succeeding, we obtain 

a, 6, c, d, e, &c., 

whicl^ is the series whose sum we propose to find. Hence the 
sum of n terms of the proposed series, is the (n + l)th term of 
the assumed series ; and the nth order of differences in one series 
is the {n -f- l)th order in the other series. If, therefore, in the 
formula of the preceding Problem, we substitute 

for a, 
n-\- 1 for 71, 
a for D, 
D' for D". 
&c., 
we shall have 



2 2*3 %.3.4* 

+ ,&c., 

which is the sum of n terms of the proposed series. 
Ex. 1. Required the sum of n terms of the series 

1, 2, 3, 4, 5, 6, &c. 

Here a=l, D'=l, D' = 0. 

Therefore, na + -i — ^-^— =n+ — ^ = — ^ = - - ^ •■ 

the sum of n terms, the same as found in Art. 239. 
Ex. 2. Required the sum of n terms of the series 

1\ 2\ 3\ 4', 5^ &c. 

Here a=l, D'=3, D''=2. 

Therefore the general formula reduces to 

2n(n—l) , 2n{n.^l){n — 2) 
n+ + — _, 

2n'+3n' + n 
= 6 ' 

n{n+l){2n+l) . . , 

— —^^ ±^ £, the sum required. 



//^ 
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Ex. 3. Required the sum of ra terms of the series 

- r, 2', 3', 4', 5', 6', &c. 
Here a = 1, D' = 7, D " = 12, D" = 6,' 

A„s. "> + 'I 

Ex. 4. Required the sum of n terms of the series 

1,.3, 6, 10, 15, &c. 

.(»+!) (. + 2) 

O Q 

Ex. 5. Required the sum of n terms of the series 

1, 4, 10, 20, 35, &c. 

n{n+l)(n + 2)(A+3) 
■^"^- 2:35 • 

PROBLEM IV. 

(284.) ^ny series of equidistant terras^ a, b, c, d, e, Scc^ being given^ 
to find any intermediate term by interpolation. 

This is essentially the same as Problem II. For convenience, 

let us put X to represent the distance of the required term from 

the first term of the series a, in which case x =.n — 1, and we 

shall have 

^ jy^'xix — 1) D'"a?(a7 —l)(x — 2) 
z = a + Wx+ L ^ + i:_l__M f.^+,&c. 

Ex.*l. Given the square root of 160, equal to 12.64911 ; 

" " 162, " 12.72792 5 

« « 164, " 12.80625, 

to find the square root of 161. 

Here the first differences are +.07881, +.07833. 
And the second difference is — .00048. 

The interval between the given numbers is 2 ; the distance of 
the required term from the first term is 1 ; and, since this is al- 
ways to be reckoned in parts of the equal intervals of the given 
numbers, we have a? = J. 

Also, D' == + .0788 1, D'^ = — .00048. 

Hence z=:a + \D' — \D'\ 

= 12.64911 + .03941 + .00006, 

= 12.68858, which is the square root of 161. 
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Ex. 2. Given the cube root of 60, equal to 3.91487 

62, " 3.95789 
64, " 4.00000 
66, " 4.04124, 
to find the cube root of 61. 

Ans. 3.93650. 

/ Ex. 3. Given the fourth root of 625, equal to 5.000000 ; 

628, " 5.005988; 
631, " 5.011956 J 
634, " 5.017903, 

to find the fourth root of 627 



(( 


ii 


(C 


n 


u 


u 



Her* a? = f . Therefore, 2r = o + |D' — JD". 



Ans. 5.003994. 



Ex. 4. Given the square root of 70, equal to 8.36660 

" " 74, " 8.60233 

" " 78, " 8.83176 

" " 82, " 9.05539, 

to find the square root of 71. 

Ans. 8.42615. 

(285.) Fractions expanded into infinite series. 
When the dividend is not divisible by the divisor, the quotient 
may be expressed by a fraction. Thus, if it is required to divide 

1 by 1 — a, we obtain the fraction . We may, hovirever, 

proceed with the division according to the usual method, thus : 



1 

1 — g 

a 
a 



1 — 



1 4- o + a* + a' '+ a* +, &c., = the quotient. 



a' 



a:' 

o* — a^ 



a" 



Hence 



1 — fl 



= l+orf-o'* + « + a* + (!*+, &c., to infinity. 
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Suppose a = ^, we shall then have 

.11 

-^ = -z r =2, which will be equal to the series 

1 — a 1 — i ' ^ 

i + i + i + J + iV+^c. 

Suppose a = ^, we shall then have 

■z = :; r = h which will be equal to the series 

1 — a 1 — i 

l + i + i+aV+eV+^&C. 
1 

Ex. 2. Resolve -r-- — into an infinite series. 

1 -f • o 

Ans. 1 — a + a' — a' + a* — a*^ +, &c. 
Suppose a = ^) we shall then have 

= |, which will be equal to the series 

1 — 1 + i — J + iV — ^v+,&c- 

Q 

. Ex. 3. Resolve the fraction — r-i into an infinite series. 

a + 

. c be , b^c IPc 

Ans. i + -3- r +, &c. 

a or or a* 

a* 
Ex. 4. Resolve 7— — into an infinite series. 

b + X 

1 + a? . 

Ex. 5. Resolve into an infinite series. 

1 — X 

We may proceed in the same manner when there are more 
than two terms in the divisor. 

Ex. 6. Resolve -z ; — « into an infinite series 

1 — a + a* 



Ans. 1 + — a^ — a* + a* +, &c. 



o« 



Ex. 7. Resolve -; — ; — rr into an infinite series. 

{a + xy 

(286.) Infinite series obtained by extracting the square root. 
In Art. 267, Va4- & has been expanded into an infinite series 
by the Binomial Theorem. It was also remarked that the same 
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result might have been obtained by extracting the square root 
according to the usual rule. The operation will be as follows : 



a-hb 
a 



lb 6' fr** bb' 

a- +77-1^ 77-? +-— 1 



2a2 8a2 ^ 16a^ 128ai 



2a » + pr-ii first divisor. 
2a2 



I + , &c., = square root ofa + b. 



iL b' 



4a 
b^ 



J. 6 

2a3 + -1- 



8a5 



3, second divisor. 



"•4a 8tt^ "^ 64a' 



+ 



8a^ 



64a' 
b* 



1 b 
2a2 4- -1 
a2 



-^9 4- -7r-5> third divisor. 
4a2 16a? 



8a' ^ 16a' 



64r7 "^ 256^ 



^b*_ _^ 
3 * ITT,.* 



he 



64a* ' 64a^ 256aV 

This result is the same as that obtained in Art. 267. 
Ex. 2. Extract the square root of 1 + ^• 



X 



X' 



. a, u> ML »/m7 _ 

Ex. 3. Extract the square root of a^ + b, 
f Ex. 4. Extract the square root of a* — b. 

METHOD OF UNKNOWN COEFFICIENTS. 

(287.) The method of unknown coefficients is a method for the 
development of algebraic expressions, by assuming a series with 
unknown coefficients, and afterward finding the value of these 
coefficients. This method is founded on the fullowing 

THEOREM. 

If an equation of the form 

A + Bt + Cx» + Dx'+,&c.', = A' + B'a: + C'a?' + D'a?'+,&c,, 

must be verified by any value given to x, the terms involving the same 
powers in the two members are respectively equal. 
35 
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For, since this equation must be verified for every value of rr, it 
must be verified when a? = 0. But, upon this supposition, 

A = A. 

Suppressing these two equal terms, we have 

Bx + Ca;' + r>ar* +, &c., = B'a? + C'x^ + D V +, &c. 
Dividing every term by a;, we have 

B + Ca: + Da?' +, &c., = B' + C'a? + D V +, &c. * 

Since this equation must be verified for every value of a?, it 
must be verified when a? = 0. But, upon this supposition, 

B = B^ 

In the same manner, we can prove that 

c=c; 

D = D', &c. 

(288.) In order to give some idea of this method, we propose 

1 X 

to develop the expression j—- — tnto a series arranged accord- 

ing to the powers of x. It is plain that this development is pos- 
sible, for we may divide tlie numerator by the denominator, as 
explained in Art. 285. 

Let us, then, assume 

« 

. lZL^=:A + Ba? + Caf + Dar^ + Ea?*+,&c., 

X "j~ X 

A, B, C, D, being coefficients independent of a?, but dependent 
on the known terms of the fraction. 

In order to obtain the values of these coefficients, let us multi- 
ply both members of the above equation by 1 + ^, and we shall 
have 

1— a;=iA+(A + B)a?+{B + C)a?' + (C + D)ar^ + (D + E)x^ + ,&c. 

But, according to the preceding Theorem, the terms involving 
the same powers of x in the two members of the equation must 
be equal tO| each other. 



Therefore, 
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A= 1, 




A + B= — I5 


hence B = — 2. 


B + C- .0; 


" 0=4-2. 


C + D= Oj 


; " D = — 2. 


D + E= 0] 


; " E = + 2, 


&c., 


&c. 
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Suhstitating these values of the coefficients in the assumed 
series, we obtain 

i^= 1— 2a? + 2a?» — 2a:^ + 2a;*— , &c. 
1 + a? ' 

(289.) The method thus exemplified is expressed in the fol- 
lowing 

RULE. 

.Assume a series with unknown coefficients for that which is required 
to be found ; then, having multiplied it by the denominator of the given 
fraction, or raised it to its proper power, find the value of each of 
these coefficients by equating the corresponding terms of the two expres- 
sions, or putting such of them as have 'no corresponding terms, equal 
to zero. 

Ex. 2. Expand the fraction :; ^r 7 into an infinite series. 

'^ 1 — 2a? 4- 0?^ 

Assume ~ — ^r — —-r = A + Ba? + Cx^ + Dor* + Ex* +, &c. 

Multiplying by 1 — 2a: 4- x**, we have 

1 = A + (B — 2A)a? + (C — 2B 4- A)x» 4- (D — 2C + B)a;' 4- (E — 
2D + C)a:-*4-,&c. 

Hence we must have 

A=l- 

B — 2A = •/ B = 2A = , 

C — 2B4-A = vC = 2B — A = 3, 

D — 20 4- B = ••• D = 2C — B = 4., 

E — 2D4- = vE = 2D— = 5, 

&c., &c 

Therefore, -^ — ^ . ^ = 1 4- 2x 4- 3a^ 4- 4<b^ 4- 5x*4-, &c. 
1— ~" AiX 4" a? 
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Ex. 3. Expand the fraction 5 into an infinite series. 

Ans. l + 3x + ^oi^ + la^+nx*+ ISx* + 29a;» + , &c., 

where the coefficient of each term is equal to the sum of the 

coefficients of the two preceding terms. 

I j» 

Ex. 4. Expand ^ ^-^ into an infinite series. 

Ans. 1 -h a? + 5a;» + ISx" + Ux*+ 121a^ +, &c. 

Ex. 5. Expand • ^ into an infinite series. 

Ans. 1 + 5aJ + 15x' + 4.5a?' + 135a;* + , &o. 



Ex. 6. Expand 1/I — x into an infinite series. 

X xy 3aP 3.5a?* 3.5.7^^ 

Ans. 1 — - — — _ _-g — ^-^ — o;^:;;^^ jQ — , &c. 

(290.) The method of unknown coefficients requires that we 
should know beforehand the form of the development, with re- 
spect to the powers of x. Generally, we suppose the develop- 
ment to proceed according to the ascending powers of x, com- 
mencing with af^ I but sometimes this form is inapplicable, in which 
case the result of the operation is sure to indicate it. 

Let it be required, for example, to develop the expression 

1 . , 
■K -^ mto a series. 

Assume ^— -— 5 == A + Ba? + Ca?' + Dar*+, &c. 

Clearing of fractions, we have 

1 = 3Aa? + {3B — A>' + {3C — B)ar»-f , &c. ; 

whence, according to Art. 2S7, we conclude 

1 = 0, 
3A = 0, &c. 

Now the first equation, 1 = 0, is absurd, and shows that the 
assumed form is not applicable in the present case. But if we 

pat the fraction under the form - x -^ , and suppose that 

X O "^~" X 
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it will become, after the reductions are made, 

1 = 3A 4 (3B — A)a? + (3C — B)x^ + (3D — C)ar» +, &c., 

which gives the equations 

3A = 1 ; whence A =c i. 
3B — A=:0; ." B=zi. 
3C — B = 0; « C = ^. 
3D— C = 5 " I> = 8'r- 

Therefore, ^^, = 1(^ + | + g + ^^ +, &c.) 

that is, the development contains a term afiected with a n^cUivt 
exponent. 

We ought, then, to have assumed at the outset 

3^^^, =Aa?-\+B + Car + Dar» + Ex»+,&c. 

The particular series which is to be adopted in each case may 
be determined by putting a? = 0, and observing the nature of the 
result. If, in this case, the expression to be developed becomes 
equal to a finite quantity, the first term of the series will not con- 
tain X, If the expressioi^ reduces to zero, the first term will con- 

A 

tain X ; and if the expression reduces to the form -^y then the 

first term of the development must contain x with a negative ex- 
ponent. 



SECTION XIX. 



GENERAL THEORY OF EQUATIONS. 

(291.) It is proposed in this Section to exhibit the most im- 
portant propositions relating to the theory of equations, together 
with the Theorem of Sturm, by which we are enabled to deter- 
minje the namber of real roots of an equation. 

A. function of a quantity is any expression involving that quan- 
tity. Thus, 

aa^ + ^ is a function of x, 

oy' + cy-\-d is tL function of y. 

ox' — by^ is a function of a? and y. 

In a series of terms, two successive signs constitute a permo' 
nence when the signs are alike ^ and a variation when they are 
unlike. Thus, in the polynomial 

a + h — c + d^ 

the signs of the first two terms constitute a permanence \ the 
signs of the second and third constitute a variation ; and those 
of the third and fourth also a variation. 

(292.) A cubic equation is one in which the highest power of 
the unknown quantity is of the third degree, as, for example, 

ar* — 6a?» + 8a?— 15 = 0. 

All equations of the third degree may be reduced to the form 

ar* -f ax' + ia: + c = 0. 

A biquadratic equation is one in which the highest power of the 
unknown quantity is of the fourth degree ; as, for example, 

ar^—eor* + 7a?' + 5a: — 4 = 0. 
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Every equation of the fourth degree may be reduced to the 
form 

X* + ax^ + ba^ -]- ex + dz=:0,, 
The general form of an equation of the fifth degree is 

a:^ + ax* + bx^-\-cx^ + dx + e = 0; 
and the general form of an equation of the 272th degree is 

a;- + Aa;"-' + Bx— * + Cx— '+ +Tx + V=:0 (m). 

This equation will be frequently referred to hereafter by the 
name of the general equation of the mth degree, or simply by the 
letter {m). 

It is obvious, that if we could solve this equation, we should 
have the solution of every equation which could be proposed. 
Unfortunately, no general solution has ever been discovered ; 
yet many important properties are known which enable us to 
solve any numerical equation which can ever occur. 

PROPOSITION I. 

(293.) If a is a root of the general equation of the mth degree^ the 
equation will be exactly divisible by x — a. 

For if a is one value of a?, the equation must be verified when 
we substitute a in the place of x. Hence we must have 

a- + Aa'"-^ + Ba'"-'+"Co— =+ 4-To + V = (1). 

Subtracting equation (1) from equation (wi), we obtain 

(aj»_a"»)+A(a;'"-'—a'"-^)+B(a?"-'—a"— '')+... +T(a?—a)=0 (2). 

Bui, by Art. T^, each of the expressions (x" — o"*), (j?"~^ — ^"~0> 
&c., is divisible by a? — a'j and therefore equation (2) is also 
divisible by a? — a. Now equation (m) is essentially the same as 
equation (2), for if we take the value of Y, as found from equation 
(1), and substitute it for V in equation (/»), it will give us equa- 
tion (2) ; therefore, equation (m) is divisible by a; — a. 

Conversely, if equation {m) is divisible by x — a, then a is a 
root of the equation. 

It will be noticed that this property is but a generalization of 
what has been proved of equations of the second degree in Art. 
192. 
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Ex. 1. Prove that 1 is a root of the equation 

This equation is divisible by a? — 1, and gives a?" — 5a: + 6 =0. 
Ex. 2. Prove that 2 is a root of the equation 

ar* — a? — 6 = 0. 

This equation is divisible by a? — 2, and gives a?' + 2a? + 3 = 0. 

Ex. 3. Prove that 2 k a root of the equation 

I 
ar» — llx' + 36x — 36 = 0. 

Ex. 4. Prove that 4> is a root of the eq^uation 

ar* + a;«— 34a? +-56 = 0. 
Ex. 5. Prove that — 1 is a root of the equation 

a?* — 38a?' + 210a?' + 538a? + 289 = 0. 
Ex. 6. Prove that — 5 is a root of the equation 

a* + 6a?* — lOar* — 1 12a:» — 207a? — 110 = 0. 
Ex. 7. Prove that 3 is a root of the equation 

x' + af— 14.a?* — 14a;* + 49aj' + 49a;« — 36a; — 36 =0. 

PROPOSITION 11. 

(294.) Every equation containing but one unknown quantity^ has 
as many roots as there are units in the highest power of the unknown 
quantity^ and no more. 

For, suppose a to be a root of the general equation of the mth 
degree. By the last Proposition, tB.is equation is divisible by 
X — a; and if we actually perform the division, the equation will 
be reduced to one of the next inferior degree, and may be repre- 
sented by the form 

a;— ^ + A^a;"-» + B'a;'"-3+ +T'a; + V' = 

This equation must also have a root, which we will represent 
by 6; and dividing by a; — 6, the equation will be reduced to one 
of the next inferior degree, and so on. 

We may continue this operation (m — 1) times, when we shall 
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arrive at a simple equation which has only one root. Hence, the 
proposed equation will have m roots, 

and its successive divisors, or the factors of which it is composed, 
will he 

X — o, X — 6, X — c, X — dy X — /, 

being equal in number to the units contained in m, the index of 
the highest term of the equation. 

We have seen that when one root of an equation is known, the 
depressed equation containing the remaining roots is readily 
found by division ] and if we can depress any equation to .a qua- 
dratic, its roots can be determined by methods already explained. 

Ex. 1. One root of the equation 

is 1. Find the remaining roots. 
Ex. 2. Two roots of the equation 

X* — 25a;' + 60a; — 36 = 

are 1 and 3. Find the remaining roots. 
Ex. 3. Two roots of the equation 

a;* — 12ar^ + 48a;' — 68a; + 15 = 

are 3 and 5. Find the remaining roots. 
Ex. 4. Twv) roots of the equation 

4aj4 _ 14,ar» _ 5x' + 31a; + 6 = 

are 2 and 3. Find the remaining roots. 
Ex. 5. Two roots of the equation 

a;*— 6ar»+24a;— 16 = 

are 2 and — 2. Find the remaining roots. 

(295.) It should be observed that this Proposition only proves 
that an equation of the mth degree may be continually depressed 
by division, and finally exhausted after m operations. The divi- 
sors are not necessarily unequal, Jlny number^ and indeed ail of 
them^ may be equal. When we say that an equation of the mih, 
degree has m roots, we mean that the polynomial can be decom- 
36 
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posed into m binomial factors, equal or unequal, each containing 
one root. Thus, the equation 

ic3_6a:'+12ic — 8 = 

can be resolved into the factors 

(aj — 2) (a; — 2) (x — 2) = 0; or (a; — 2)'' = ; 

whence it appears that the three roots of this equation are 

^, ^, 4Ma 

But, in general, the several roots of an equation differ from 
each other numerically. 
The equation 

ar»=8 

has apparently but one root, viz., 2 ; but by the method of the 
preceding article we can discover two other roots. Dividing 
7? — 8 by X — 2, we obtain 

Solving this equation, we find 

x=:—l± V— 3. 
Thus, the three roots of the equation aj® = 8 are 



2;— l+\^— 3;— 1 — V— 3. 

These last two values may be verified by multiplication as 
follows : 



— 1+ ^/ — 3 

— 1+ >/— 3 


square. — 

• 

: the cube. 


-1 V 3 
-1 >/ 3 


1 >/ 3 

v/- 3 3 


1+ s/—3 , 
+ V—S — 3 


2 2V 3 = the 
— 1+ ^/ — 3 


- 2 + 2%/ — 3 = the square. 
• 1 >/ 3 


2 + 2v/ — 3 
2v/ 3 + 6 

8 = 


2 2v/ 3 
+ 2V 3 + 6 

8 — the cube. 
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If the last term of an equation vanishes, as in the example 

aj* + 2aj=^ + 3a:^ + 6aj = 0, 

the equation is divisible by a; — ^ and consequently is one of 
its roots. • 

If the last two terms vanish, then two of its roots are equal to 0. 

PROPOSITION III. 

Law of the coefficients of every equation, 

(296.) In order to discover the law of the coefficients, let us 
form the equation whose roots are 

a, 6, c, d, . • . . . /. 

This equation will contain the factors (x — o), {x — i), (a; — c), 
&c. ; that is, we shall have 

(a;— a) {x — b) (x — c) {x — d) {x — /) = 0. 

If we perform the multiplication as in Article 259, we shall 
have 



a?" — a 


oT- 


-' + ab 


x'^'^^' — abc 


— b 




-{-ac 


— abd 


— c 




+ad 


— acd 


— d 




-i-bc 


bed 


&c 




+ bd 

-\-cd 

&c. 


&c. 



ar-^+ 



{abc 



l)=0. 



Hence we perceive, 

1. The coefficient of the second term of any equation is equal to the 
sum of all the roots with their signs changed. 

2. The coefficient of the third term is equal to the sum of the prod- 
ucts of all the roots taken two and two, 

3. The coefficient of the fourth term is equal to the sum of the prod- 
ucts of all the roots taken three and three, with their signs changed, 

4. The last term is the product of all the roots with their signs 
charged. 

It will be perceived that these properties include those of qua- 
dratic equations mentioned on page 195. 

If the roots are all negative, the signs of all the terms of the 
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equation will be positive, because the factors of which the equa- 
tion is composed are all positive. 

If the roots arc all positive, the signs of the terms will be al- 
ternately + and — . 

Ex. 1. Form the equation whose rpots are 1, 2, and 3. 
For this purpose, we must multiply together the factors x — 1, 
X — 2, X — 3, and we obtain 

a;r» — 6x'+lla; — 6 = 0. 

This example conforms to the rules above given for the coeffi- 
cients. Thus, the coefficient of the second term is equal to the 
sum of aH the roots (1 + 2 + 3) with their signs changed. 

The coefficient of the third term is the sum of the products of 
the roots tal^n two and two ^ thus, 

1x2+1x3 + 2x3. 

The last term >s the product of M the roots (1x2x3) with 
their signs changed. 

Ex. 2. Form the equation whose roots are 2, 3, 5, and — 6. 

Ans. a^ — 4x» — 29a:^+ 156x — 180 = 0. 

Show how these coefficients conform to the laws above given. 
Ex. 3. Form the equation whose roots are 1, 3, 5, — 2, — 4, — 6. 
Ans. x« + 3a:* — 4.k;* — 87ar» + 400a:« + 444a; — 720 = 0. 

(297.) Every rational root of an equation is a divisor of the last 
term ; for, since this term is the product of all the roots, it must 
be divisible by each of them. If, then, we wish to find a root by- 
trial, we know at once what numbers we must employ. 

For example, take the equation 

a;* — a; — 6 = 0. 

If this equation has a rational root, it must be a divisar of the 
last term 6 ; hence we must try the numbers 1, 2, 3, 6. 

If a; = 1, we have 1 — 1 — 6 = — 6, 

a: = 2, " " 8 — 2 — 6= 0, 

a;=3, " " 27 — 3 — 6= 18, 

a; = 6, " " 216 — 6 — 6=204, 

Hence we see that 2 is one of the roots of the given equation, 



GENERAL THEORY OF EQUATIONS. 285 

and by the method of Art. 294, we shall find the remaining roots 
to be 



— 1 ± V — 2. 



PROPOSITION IV. 

(298.) Jfo equation whose coefficients are all integers y and that of 
the highest power of the unknown quantity unity, can have a fractional 
root. 

For, take the equation 

a;' + Aa;' + JBx+C = 0, 



and suppose, if possible, that the irreducible fraction ^ \i one 
value of X, If we substitute this value for x in the given equa- 



tion, we shall have 






Multiplying each term by 6^, and transposing, we obtain 



a' 



Now by supposition, A, B, C, a and b are whole numbers. Hence 
the entire right-hand member of the equation is a whole number. 

But by hypothesis, 7 is an irreducible fraction ; that is, a and b 

contain no common factor. Consequently, a^ and b will contain 

no common factor, that is, y- is a fraction in its lowest terms. 

o 

a 
Hence, if r were a root of the proposed equation, we should have 

a fraction in its lowest terms equal to a whole number, which is 
absurd. 

The same mode of demonstration is applicable to the general 
equation of the mth degree. « 
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PROPOSITION V. 

(299.) If the. signs of the alternate terms in an equation be changed^ 
the signs of all the roots mil be changed. 

If we take the general equation of the mth. degree, and change 
the signs of the alternate terms, we shall have 

ic* — Aaj^-^ + Ba;"—* — Cx— 3+ =0 (1); 

OT, cnanging the sign of every term of the last eq[aation, 

— ic- + Aic"-' — Ba?"-*+Ca;"— »— =0 (2). 

Now, substituting + a for x in equation (m) will give the same 
result as substituting — a in equation (1), if m be an even number ; 
or, substituting — a in equation (2), if m be an odd number. If, 
then, a is a root of equation (/»), — a will be a root of equation 
(1), and of course a root of equation (2), which is identical with it. 

Hence we see that the positive roots may be changed into 
negative roots, and the reverse, by simply changing the signs of 
the alternate terms ; so that the finding the real roots of any 
equation is reduced to finding positive roots only. 

Ex. 1. The roots of the equation 

are 1, 3, and — 2. What are the roots of the equation 

x' + 2a^ — bx — 6 = 0'{ 
Ex. 2. The roots of the equation 

x»— 6a;^+lla5 — 6 = 
are 1, 2, and 3. What are the roots of the equation 

o^ + Gx^rf lla; + 6=z:01 

PROPOSITION VI. 

(300.) If an equation whose coefficients are all real, contains imagi- 
nary roots, the number of these roots must be even. 

If an equation whose coefficients are all real, has a root of the 
form 



a + bV — 1, 



then will a-^by/ — 1 

be also a rbot of the equation. 
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For, from Art. 296, the product of all the roots must be equal to 

a real quantity. Now the only factor which will render a+bV — 1 

real, is a — b^/ — 1, or ac — bcV — 1. But the sum of all the 
roots must also be equal to a real quantity ; therefore the imagi- 
nary parts of the two roots must be equal, and have opposite 
signs. 

Ex. 1. Find the roots of the equation 

a;3_2a? + 4 = 0. 

Ans. —2, 1±\/ — 1. 

Ex. 2. Find the roots of the equation 

ar' — ic' — 7a: + 15 = 0. 



Ans. — 3, 2 ± >/ — 1. 

Ex. 3. Find the roots of the equation 

bx' + 2x — U = 0, 

Ans. 2, — 1 ± V — 3.4 

PROPOSITION VII. 

(301.) Every equation must have as many variations of sign as it 
has positive roots ; and as many permanences of sign as there are neg- 
ative roots. 

To prove this Proposition, it is only necessary to show that the 
multiplication of an equation by a new factor, x — a, correspond- 
ing to a positive root, will introduce at least one variation ; and 
that the multiplication by a factor x -\- a will introduce at least 
one permanence. 
, For an example, take the equation 

aj3+3aj3_i0x — 24 = 0, 

in which the signs are + H , giving one variation. 

Multiply this equation by a? — 2 = 0, as follows : 

aj3 + 3x« — lOa? — 24 
X —2 



x^ + 3x' — lOx' — 24x 
_ 2x' — Qx" + 20a: + 48 



aj4+ a.3_i6x^— 4a; + 4'8 = 0. 
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In this last product the signs are -f- H h, giving two va- 
riations ; that is, the introduction of a positive root has intro- 
duced one new variation in the signs of the terms. 

To generalize this reasoning, we perceive that the signs in the 
upper line of the partial products are the same as in the given 
equation ; but those in the lower line are all contrary to those of 
the given equation, and advanced one term toward the right. 

Now, as long as each coefficient of the upper line is greater 
than the corresponding one in the lower, it will determine the 
sign of every term of the product. Hence, in this case, there will 
be in the product, with the exception of the last term, the same 
changes of sign as in the given equation. But the last term in- 
troduces a new variation, since its sign is contrary to that which 
immediately precedes it. 

When a term in the lower line is larger than the corresponding 
one in the upper line, and has the contrary sign, there is a change 
from a permanence to a variation ; for the lower sign is always 
contrary to the preceding upper sign. Hence, whenever we are 
obliged to descend from the upper to the lower line in order to 
determine the sign of the product, there is a variation which is 
not found in the proposed equation ; and as all the remaining 
signs of the lower line are contrary to the preceding ones of the 
upper line, there must be the same changes of sign in this line as 
in the proposed equation. If we are obliged to reascend to the 
upper line, we may suppose the result to be eith^ n variation or 
a permanence. But even if it were a permanence, since the last 
sign of the product is in the lower line, it is necessary to go once 
more from the upper line to the lower, than from the lower to 
the upper. Hence each factor, corresponding to a positive root, 
must introduce at least one new variation ; so that there must be 
as" many variations as there are positive roots. 

In the same manner, we may prove that the multiplication by a 
factor a; + fl, corresponding to a negative root, must introduce at 
least one new permanence ; so that there must be as many perma- 
nences as there are negative roots. 

Ex. 1. The roots of the equation 

x'' — 3x* — bx" + Ibx" + 4fX— 12 = 
are 1, 2, 3, — 1, and — 2. There are also three variations of sign, 
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and two permanences, as there should be, according to the Prop- 
osition. 

Ex. 2. The equation 

aj4 _ 3a.3 ^ 15^2 ^ 49^ _ 12 = 

has four real roots. How many of these are negative % 
£x. 3. The equation 

x^ + 3x^ — 4 Ix' — Six" + 400x^ -I- 444a; — 720 =0 

has six real roots. How many of these are positive 1 

If all the roots of an equation are real, the number of positive 
roots must be the same as the number of variations, and tl^u^ium- 
ber of negative roots must be the same as the number of perma- 
nences. 

PROPOSITION VIII. 

(302.) •^ny equation may be transformed into another, whose roots 
shall he greater or less than those of the former by any given quantity. 

Let it be required to transform the general equation of the mXh 
degree into another whose roots shall be greater by r than those 
of the given equation. 

Take y:=X'\-r, or x^y — r, 

and substitute y — r for x in the proposed equation 5 we shall have 



m-i . ^(^ — '^y 

y« — mr y^ + 



+ A — {m — l)Ar 

+ B 



,_, m(m-l)(m^2y 



+ 



2.3 

(m— l)(m— 2)Ar"- 

'2 
— ' (/»— 2)Br 

+ C 



y"'-^&c.,=0, 



which equation evidently fulfils the required conditions, since y 
is greater than x by r. 

If we take y = x — r, or a;=y + r, we shall obtain in the same 
way an equation whose roots are less thdLXi those of the given 
equation by r. 

Ex. 1. Find the equation whose roots are greater by 1 than 
those of the equation 

a^ + Sx'' — 4^+1 = 0. 

Ans. f—ly+l-Q, 
37 
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Ex. 2. Find the equation whose roots are less hy 1 than those 
of the equation 

a^ — 2x^ + 3x — 4f = 0. 

Ans.f + f + 2y — 2 = 0. 

m 

Ex. 3. Find the equation whose roots are greater hy 3 than 
those of the equation 

Ans. y* — 3^* — 15y«4- 49y — 12 = 0. 

Ei^4. f'ind the equation whose roots are less hy 2 than those 
of tWequation 

5a;* — 1 22:" + 3x« + 4^ — 5 = . 

Ans. by* + 2Sf + blf + 32y — 1 = 0. 

Ex. 5. Find the equation whose roots are less hy 2 than those 
of the equation 

Ans, f+10y* + 4f2f + Sef + 10y + 4^ = 0. 

PROPOSITION IX. 

(303.) Jlny complete equation may be transformed into another 
whose second term is wanting. 

Since r in the preceding Proposition is indeterminate, we may 
put — mr-^-A equal to zero, which will cause the second term 

A 

of the general development to disappear. Hence r = — > and 

A 

^ m 
Hence, to remove the second term of an equation, substitute for 
the unknown quantity a new unknown quantity, together with such a 
part of the coefficient of the second term, taken with a contrary sign, as 
is denoted by the degree of the equation, 

Ex. 1. Transform the equation 

ar»_6a?» + 8aj — 2 = 

into another whose second term is wanting. 
Here we take a new unknown quantity, and annex to it a third 
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part of the coefficient of the second term of the equation with its 
sign changed ; that is, we put x = y + 2. Making this substitu- 
tion, we obtain 

y3_4,y — 2 = 0, Ans.. 

, Ex. 2. Transform the equation 

a;* _ 16a;3 — 6a; + 15 = 

into another whose second term is wanting. 

Here we put aj = y + 4^* 

Ans.y — 96y« — 518y — 777 = 0. 

Ex. 3. Transform the equation 

into another whose second term is wanting. 

Ans. y» — 78y» + 412y» — 757y + 401 = 0. 

PROPOSITION X. 

(304.) If two numbers J when substituted for the unknown quantity 
in an equation, give results with contrary signs^ there must be at least 
one root comprised between those numbers. 

Take, for example, the equation 

a^ — 2x^ + 3a? — 44 = 0. 

If we substitute 3 for x in this equation, we obtain — 26 ; and 
if we substitute 5 for aj, we obtain +46. There must, therefore, 
be a real root between .3 and 5 ; for, when we suppose a; = 3, 

ar» + 3a;<2a;« + 44. 
But when we suppose a? = 5, 

a^+3x>2a^ + U. 

Now both the quantities . 

ar* + 3a; and 2»* + 44 

increase while x increases. And since the first of these quanti- 
ties, which was originally less than the second, has become the 
greater, it must increase more rapidly than the second. There 
must, therefore, be a point at which the two magnitudes are 
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equal, and that value of x which renders these two magnitudes 
equal must be a root of the proposed equation. 

In the same manner, it may be proved that if any quantity p, and 
every quantity greater than p, substituted in an equation, renders the 
result positive, then p is greater than the greatest root. 

Hence also, if the signs of tUe alternate terms are changed, and 
if q, and every quantity greater than q, renders the result positive, then 
— q is less than the least root. 

If the two numbers, which give results with contrary signs, dif- 
fer from each other only by unity, it is plain that we have found 
the integral part of the root. 

Ex. 1. Find the integral part of one of the roots of the equation 

Zx" — Ua:^ + Sx— 16 = 0. 

When a; = 2, the equation reduces to — 12 ; and when x =z S, 
it reduces to + 71. Hence there must be a root between 2 and 
3; that is, 2 is the first figure of one of the roots. 

Ex. 2. Find the first figure of one of the roots of the equation 

a^ + x* + x—100z=:0. 

Ans. 4. 

Ex. 3. Find the first figure of one of the roots of the equation 

aj3 — 4aj« — 6x + 8=p. 

PROPOSITION XI. 

(305.) Of Derived Polynomials. 

If wie substitute y -{- r for x in the general equation of the mth 
degree, we shall find the coefficients of r follow a remarkable law. 
The equation, before it is developed, will be 

(y + r)- + A(y + rr-^ + B(y-|-r)— «+ + T(y + r) + V = 0. 

i( we actually involve the several terms {y + y*)", (y + ^)'"~S 
&c., as was done in Art. 302, we shall obtain certain terms inde- 
pendent of r, others which contain the first power of r, others the 
second power of r, and so on ; and the development will be of 
the following form : 
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where the values of X, X^, X^^, &c., are 

X =3r + Ay— ^ + By'— +C3r-'*+ + Ty + V. 

X^ = my— » + (?»— l)Ay"-» + ('w — 2)B3r""'+ +2Sy-f T. 

X^, = m{m — l)y'"-« + (m—l) {m — 2)Ay'"-^ + 

JKacA of these polynomials may be derived from that immediately pre- 
ceding it, by multiplying each term by the index of y in thai term, and 
diminishing the index by unity. 

The expressions X^, X^^, &c., are called derived polynomials 
of X. X^ is called the first derived polynomial, X^^ the second de- 
rived polynomial, X^^^ the third, and so on. 

Ex. 1. Find the equation whose roots are less hy r than those 
of the eq^iation 

Here we shall have 

X = y'- by I 6, 
X, =2y-5, 

X . = 2, 
X... = 0. 



//y 



But we have seen that when y + r \^ substituted for x, the 
equation reduces to the form 

X + Xz + ^^r'+^r'+.&c. 

Substituting the values of X, X^, X^^, &c., above found, we ob- 
tain 

(y' — 5y + 6) + (2y — 5)r + r», 

which is the development of 

(y + r)" — 5(y-fr) + 6. 

Ex. 2. Find the equation whose roots are less by r than those 
of the equation 

a^_7aj«-(-8a? — 3 = 0. 
Here we shall have 
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X = f— 7y' + 8y— 3, 
X, =3y'— 14y+8 
X,. =:6y— 14, 
X .. = 6, 
X_ = 0; 

and, substituting these values in the same formula as above, we 
obtain 

(y»-7y» + 8y-.3) + (3y'-.Uy + 8)r + |(6y— My + ^Gf*, 

which is the development of 

(y + r)' — 7(y + r)' + 8(y + r) — 3. 
Ex. 3. Find the successive derived polynomials of the equation 

ir<_8a^4-.14a?^ + 4a; — 8 = 0. 
Ex. 4. Find the successive derived polynomials of the equation 
a^ + 3x* + 2a^—3x' — 2x — 2 = 0. 

PROPOSITION XII. 

(306.) Of equal roots. 

yVe have seen, in Art. 295, that an equation may have two or 
more equal roots. Thus, the equation 

a^_6a:'+12a; — 8 = 0, 
or (x — 2)^ = 0, 

has the three equal roots 2, 2, 2. Such an equation and its first 
derived polynomial always contain a common divisor ; for the 
first derived polynomial of the above equation is 

3a;»— 12a?+12, 
or • 3(a; — 2)«, 

where it is evident that (x — 2)^ is a common divisor of both 
equations. And, generally, if the given equation and its 'first de- 
rived polynomial have a common divisor of the form {x — a)", the 
equation will have {m + 1) roots, each equal to a. 

To determine, therefore, whether an equation has equal roots, 
find the greatest common divisor between the equation and its first de- 
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rived polynomial. If there is no common divisor y the equation has no 
equal roots. If there is a common divisor, ^his must be a function of 
X. We then solve the equation formed by putting this equal to zero^ 
and thus obtain all the equal roots, 

Ex. 1. Find the equal roots of the equation 

a?' — 8a;'+21a;— 18 = 0. 

The derived polynomial of this equation is 

3a;''— 16a; + 21. 

The greatest common divisor between this and the given equa- 
tion is 

x — 3. 

Hence the equation has two roots, each equal to 3. 
Ex. 2. Find the equal roots of the equation 

ar»—13a;' + 55a; — 75 = 0. 
Ex. 3. Find the equal roots of the equation 

a?' — 7a;'' + 16a; — 12 = 0. 
Ex. 4. Find the equal roots of the equation 

a>4_6a?« — 8a;— 3 = 0. 

PROPOSITION XIII. 

(307.) To find the number of real and imaginary roots of any equa- 
tion. 

In 1829, M. Sturm discovered a theorem which determines the 
precise number of real roots, and of course the number of imagi- 
nary ones; since the real and imaginary roots are together equal 
in number to the degree of the equation. We propose now to 
develop this theorem. 

Let X represent the first member of the general^quation of the 
mih. degree, which we suppose to have no equal roots, and let X, 
be its first derived polynomial, found by the method of Art. 305. 

Divide X by X^ until the remainder is of a lower deorree than 
the divisor, and call this remainder — X,, ; that is, let X,, desig- 
nate the remainder with a contrary sign. Divide X, by X^, in the 
same manner, and so on, designating the successive remainders 
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with contrary signs by X,,;, X^,^^, &c., until the division terminates 
by leaving a numerical remainder independent of x ; which must 
always be the case, according to the preceding Proposition, since 
the equation having no equal roots, there can be no factor, which 
is a function of a;, common to the equation and its first derived 
polynomial. Let this remainder, having its signs changed, be 
called X^. 

The operation thus described will stand as follows : 

X 

X,Q, 



X, 


X, 
X.Q„ 


x„ 


X. 
X„,Q,„ 





We thus obtain the series of quantities 

X, x^, x^^, x^^,, x^,^„ x^, 

each of which is of a lower degree with respect to x than the 
preceding, and the last is altogether independent of a;, that is, 
does not contain x. 

We now substitute for x in the above functions any two num- 
bers f and g, of which 'p is less than q, ' The substitution of ^ will 
give results either positive or negative. If we only take account 
of the s^g7^£, we shall obtain a certain number of variations and a 
certain number of 'permanences. 

The substitution of q for x will give a second series of signs, 
presenting a certain number of variations and permanences. The 
following, then, is 

THE THEOREM OF STURM. 

The difference between the number of variations of the first row of 
signs and that of the second^ is equal to the number of real roots of the 
given equation comprised between p and q. 

(308.) In order to simplify the demonstration of this theorem, 
we shall premise two Lemmas; and for convenience we shall 
call X the primitive, function, and Xy, X/^, X,/,, &c., auxiliary func- 
tions. 

Lemma 1. Of the series X, X,, X,,, &c., two consecutive functions 
cannot both vanish for the same value of x. 

From the method in which X,, X,,, &c., are obtained, we hare 
the following equations : 
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X =X, Q, 


-\, (!)• 


X^ = X,, Q^^ 


-K. (2). 


X// = ^„rim 


-X„„ (3). 


(( (( 


(( 



297 



X^-a = X^-iQm-i — X« (Wl — 1). 

Now suppose X// = 0, and 'K,,, = ; then, by equation (3), we 
have X,f,f = 0. Hence, since X,,, = 0, and X,,,, = ; therefore, 
by equation (4), we must have X^ = j and, proceeding in this 
manner, we shall find that X« = 0, which is absurd, since it was 
shown. Art. 307, that this final remainder must be independent of 
aj, and must therefore remain unchanged for every value of a?. 

Lemma II. If one of the auxiliary functions vanishes for any par- 
ticular value ofx, the two adjacent functions must have contrary signs 
for the same value of x. 

For, by equation (3), we have 

and if X,/, = 0, then Xj, = — X,,,, ; that is, X// and X,y„ have con- 
trary signs. 

DEMONSTRATION OF THE THEOREM. 

(309.) Suppose all the real roots of the equations 

X == 0, Xf = 0, Xf, = 0, X,f, = 0, &c., 

to be arranged in a series in the order of magnitude, beginning 
with the least. Let p be less than the least of these roots, and 
let it increase continually until it becomes equal to q, which we 
suppose to be greater than the greatest 'of these roots. Now so 
long as p is less than any of the roots, no change of signs will 
occur from the substitution of p for x in any of these functions, 
Art. 304 5 but when p arrives at a root of any of the auxiliary 
equations, its substitution for x reduces that polynomial to zero, 
and neither the preceding nor succeeding function can vanish 
for the same value of a; (Lemma I.), and these two adjacent func- 
tions have contrary signs (Lemma II.). Hence the entire number 
of variations of sign is not affected by the vanishing of any of the 
auxiliary functions ; for the three adjacent functions must re- 
duce to 

+,0,—, or— , 0, +. 
38 
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Here is one variation, and there will also be one variation if we 
supply the place of the with either + or — ; thus, 

+> +T— , or—, +, +, 

Suppose, now, p to pass from a number very little smaller, to a 
number very little greater than a root of the primitive equation 

X = 0, 

the sign of X will be changed from + to — , or from — to +> Art. 
304. The signs of X and X^ constitute a variation before the 
change, and a permanence after the change. Hence the change 
of sign of the function X occasions a loss of one variation of sign. 

Again, while p increases from a number very little smaller to a 
number very little greater than another root of X = 0, a second 
variation will be changed into a permanence, and -so on for the 
other roots of the primitive equation. 

Hence the number of variations lost, when p increases from — 
GO to -f oo, must be equal to the whole number of real roots of the 
equation X = 0. 

(310.) EXAMPLES. 

Ex. 1. How many real roots has the equation 

jP»-_6a?»+ 11^ — 6 = 01 

Here we have X^ = 3a;' — 120? +11. 

Dividing x' — 6af+ llx— 6 by 3x» — 12a; + 11, as in the 
method for finding the greatest common divisor. Art. 250, we 
have for a remainder — 2a? + 4. Hence, rejecting the factor 2, 
Xff=:x — 2. Dividing X, by X,„ we have for a remainder — 1. 
Therefore, X/,/ = + 1. 

Hence we have 

X =x' — 6x^+Ux — 6. 
X; =3j?'— 12a:+ll. 

X„, = + 1. 
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Now, if we substitute for x in these functions, the number- 
given below, the signs of the results will be as follows : 



Assumed Valaes of x. 


Resulting Signs. 




Variations. 


1 00 


— + — + 


giving 3 variations. 





— + — + 




3 


cc 


■^.9 


— + — + 


f 

(C 


3 


c< 


+ 1 


+- + 


(( 


2 


cc 


+ 1.1 


+ + — + 


€C 


2 


cc 


. +1.9 


+ + 


a 


2 


cc 


+2. 


+ 


c< 


1 


u 


+2.1 


+ + 


cc 


1 


cc 


• +2.9 


— + + + 


(( 


1 


cc 


+ 3 


+ + + 


cc 





cc 


+3.1 


+ + + + 


cc 





cc 


+ 00 . 


+ + + + 


cc 





(( 



Here the three roots of this equation are seen to be 1, 2, 3, anA 
no change of sign occurs by the substitution for x of any number 
less than 1 ; but when p exceeds 1, there is a change of sign in 
the original equation from — to +, by which one variation is 
lost. When J9 = 2, two of the functions disappear simultaneously, 
showing that 2 is a root of the second derived function as well as 
of the original equation, and a second variation of sign is lost. 
Also, when p becomes equal to 3, a third variation is lost ; and 
there are no farther changes of sign arising from the substitution 
of any numbers between 3 and + oo. 

There are three changes of sign of the primitive function, two 
of the first auxiliary function, and one of the second auxiliary 
function ; but no variation is lost by the change of sign of any of 
the auxiliary functions ; while every change of sign of the primi- 
tive function occasions a loss of one variation. 

Ex. 2. How many real roots has the equation 



Here we find 



X =a?» — 5ar» + 8aj — 1. 
X, = 3iE» — 10a? + 8. 
X,; =2a? — 31. 
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When a? = — oo, the signs are 1 — -, giving 2 variations 

a?= + oo, " + + +_, " 1 

Hence this equation has hut one real root, and consequently 
must have two imaginary roots. 

£x. 3. How many real roots has the equation 

cc" — 2a/' — Ix'' + lOx + 10 = 0% 
Here we have 

X = X* — 2a^ — 7a?*+10a?+10. 

X, =4a;=* — 6a?'— 14<p+105 or 2a?^ — 3a:' — 7a7 + 5. 

Xjj =17x' —23a? — 45. 

X,,/ = 152a? — 305. 

X„j, = + 524785. 

When x = — oo, the signs are -\ j [-> giving 4 variations; 

a?=4-oo, " -f + + + +," *' 

» Hence the four roots of this equation are real. 
If we try difilerent values for a?, we shall find that 

When x=z — 3, the signs are -\ j h, giving 4 variations; 

— ++ — +, 

— ++ — +, 

+ + +, 

+ +, 

+ +, 

+ + + + +, 

Hence this equation has two positive roots hetween 2 and 3 ; 
one negative root between and — 1 ; and one negative root be- 
tween — 2 and — 3. 

Ex. 4. How many real roots has the equation 

af' — 7x + 7 = 0'\ 

Ans. Three : viz., two between 1 and 2, and one between — 3 
and — 4. 

Ex. 5. How many real roots has the equation 

2a?*— 13x'+ 10a?— 19 = 1 
Ans. Two : one positive and one negative. 
Ex. 6. How many real roots has the equation 

a.s_36ar' f 72a?= — 37a; + 72 = 1 

Ans. Three. 



x = -% 




x = -l. 


/ 


x= 0, 




x=+l, 




x= + i, 




x= + 3, 





U 


3 




U 


3 




ii 


2 




u 


2 




(C 


o 

A* 




a 


n 





SECTION XX. 



SOLUTION OF NUMERICAL EQUATIONS. 

(311.) We will first consider the method of finding the integral 
roots of an equation, and will begin with forming the equation 
whose roots are 2, 3, 4>, and 5. This equation must consist of 
the factors 

(a? — 2) {x—S){x—4,) (a; — 5) = 0. 

If we perform the multiplication (which is most expeditiously 
done by the method of detached coefHcients shown in Art. 64), 
we obtain the equation 

a:* _ Ux" + 71a?' — 154a; + 120 = 0. 

We know that this equation is divisible by x — 5. Let us per- 
form the division by the method of detached coefHcients showD 
in Art. 80. 

A B C D V a 

1 _ 14 + 71 — 154 + 120 1 — 5 = divisor. 

1— 5 1 — 9 + 26 — 24 = quotient. 

— 94-71 

— 9 + 45 

+ 26 — 154 
+ 26 — 130 

— 24 + 120 

— 24+120. 

Supplying the powers of Xj we obtain for a quotient 

jB3_9a;' + 26a? — 24 = 0. 
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This operation may be still farther abridged, as follows : 
Represent the root 5 by a, and the coefficients of the given 

equation by A, B, C, D, V. 

We first multiply a by A, and subtract the product from B ; the 
remainder, — 9, we multiply by a, and subtract the product from 
C; the remainder, rf 26, we multiply again by a, and subtract 
from Dj the remainderj — 24-, we multiply by a, and, subtracting 
from V, nothing remains. If we take care to change the sign of 
a, we may substitute addition for subtraction in the above state- 
ment I and if we set down only the successive remainders, the 
work will be as follows : 

ABC D V a 

1_14, + 71— 15-4+120|_5 
1_ 9 + 26— 24,' 

and the rule will be. 

Multiply A by a,- and add the product to 6 ; set down the sum, 
multiply it by a, and add the product to C^ set down the sum^ multi- 
ply it by a, and add the product to D, and so vn. If the equation is 
exactly divisible^ the final product will be equal to the last term V, 
taken with a contrary sign. 

The coefficients above obtained are the coefficients of a cubic 
equation whose roots are 2, 3, 4. The equation may therefore 
be divided by x — 4, and the operation will be as follows: 



1—9 + 26 — 24|4 
a— 5 + 6. 

These, again, are the coefficients of a quadratic equation whose 
roots are 2 and 3. Dividing again by x — 3, we have 

1—5 + 613 
1-2, 

which are the coefficients of the binomiaUfactor x — 2. 

These three operations of division may be exhibited together 
as follows : 



1—14 + 71 — 154+120 
1— 9 + 26— 24 
1—5 + 6 
1— 2. 



5, first divisor. 
4, second divisor. 
3, third divisor. 
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(312.) The method here explained will enable lis to find all the 
integral roots of an equation. For this purpose, we make trial 
of different numbers in succession, all of which must be divisors 
of the last term of the equation. If any division leaves a re- 
mainder, we reject this divisor 5 if the divi-sion leaves no remain- 
der, the divisor employed is a root of the equation. Thus, by a 
few trials, all the integral roots may be easily found. 

Ex. 2. Find the seven roots of the equation 

x^ + a^— Ma;*— Ma;^ + 49ar» + 49a;'— 36a?— 36 = 0. 

We take the coefficients separately, as in the last example, a.nd 
try in succession all the divisors of 36, both positive and nega- 
tive, rejecting such as leave a remainder. The operation is as 
follows : 



l + l_14_14 + 49 4.49_36_36 
1 + 2— 12—26 + 23 + 72 + 36 
1+4— 4^34_45_i8 

1 + 7+17+17+ 6 
1 + 6+11+ 6 
1 + 5+ 6 
1 + 3 



1, first divisor. 

2, second divisor. 

3, third divisor. 

— 1, fourth divisor. 

— 1, fifth divisor. 

— 2, sixth divisor. 

— 3, seventh djvisor. 



Hence the seven roots are, 

1, 2, 3, —1,-1, —2, —3. 

Ex. 3. Find the six roots of the equation 

af^ + Sa:"— 81a;^— 85a;=* + 9643?^* + 780a;— 1584 = 0. 



1+ .5—81— 85 + 96*4+ 780—1584 

1+ 6—75—160 + 804+1584 

1 + 10—35-300-396 

1+16 + 61+ 66 

1 + 14 + 33 

1 + 11 ♦ 



1. 
4. 
6. 

— 2. 

— 3. 

— 11. 



The six roots, therefore, are, 

1, 4, 6, —2,-3, —11. 
Ex. 4« Find the five roots of the equation 

aJ» + 6a;*—10x'— 112a;'— 207a;— 110=0. 



304 SOLUTION OF NUMERICAL EQUATIONS. 



1 + 6—10—112—207—110 
1 + 5_15_ 97—110 

1 + 3—21— 55 
1—2—11 



— 1. 

— 2. 

— 5. 



Three of the roots, therefore, are 

-1,-2, —5. 

The two remaining roots may be found by the ordinary meth- 
od of quadratic equations. Supplying the letters to the last co- 
efficients, we have 

0?'- 2a;— 11 = 0. 
Hence x=zl ±^ 12. 

Ex. 5. Find the four roots of the equation 

x* + 2a^ — lx^ — Sx+12=zO. 

Ex. 6. Find the four roots of the equation 

X* — bbx" — 30a; + 504 = 0. 

Ex. 7. Find all the roots of the equation 

x^— 25x' + 60a; — 36 = 0. 

Ex. 8. Find all the roots of the equation 

a^ + 5x'-\-x^— 16a;^ — 20x— 16 = 0. 

. HORNER'S METHOD. 

(313.) The preceding method furnishes the roots of an equa- 
tion only when they are expressed by whole numbers. When the 
roots are incommensurable, we employ the following method, 
which is substantially the same as published by Horner in 1819. 

The Theorem of Sturm, together with Art. 304, enables us to 
find the integral part of any real root of the equation proposed. 
We then transform the equation into another having its roots 
less than those of the preceding by the number just found. Art. 
302. We discover again, by Art. 304, the first figure of the root 
of this equation, which will be the first decimal figure of the root 
of the original equation. Again, we transform the last equation 
itito another having its roots less than those of the preceding by 
this decimal figure. We thus discover the second decimal figure 
39 
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of the root; and proceeding in this manner from one transfor- 
mation to another, we are enabled to discover the successive fig- 
ures of the root, and may carry the approximation to any degree 
of accuracy required. 

Example 1. Find the roots of the cubic equation 

a?' 4- 3a;^ + 5a; = 178. 

The several functions given by Sturm's Theorem are, 

X = a^ +3x^ + 5a?— 178, 
X, = 3a?^ + 6ar + 5, 
X,, = — 4a?+539, 

X„, = — 884579. 

Now for CB = + X, the signs are, + ,H , giving 1 variation. 

a; = — X, " h H , "2 " 

Therefore two values of x are imaginary ^ and the equation has 
but one real root. 

We readily find, by the method of Art. 310, that this root lies 
between 4 and 5. The first figure of the root, therefore, is 4. 
To ascertain the second figure, we transform the given equation 
into another in which the value of x is diminished by 4, which 
is done by substituting for a?, y + 4. We thus obtain 

f + 15y^ + 77y = 46. 

The first figure of the root of this equation, according to Art. 
304, is .5. Now transform the last equation into another in 
which the value of y is xliminished by ,5, which is done by sub- 
stituting for y, 2? -j- .5. We thus obtain 

z^ + 16.52' + 92.752 = 3.625. 

The first figure of the root of this equation is .03. We must 
now transform this equation into another in which the value of 
z is diminished by .03, which is done by substituting for z, 
V + .03. We thus obtain 

v" + 16.59t;' + 93.7427t; = .827623. 

The first figure of the root of this equation is .008. 

In order to find the next figure, we must transform the last 
equation into another in which the value of v is diminished by 
.008, and so on. 
39 
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(314.) This method would be very laborious if we were obli- 
ged to deduce the successive equations from each other by the 
ordinary method of substitution ; but they may all be derived 
from each other by a very simple law. Thus, let 

Aar^ + Ba;^ + Cx = D (1) • 

be any cubic equation ; and let the first figure of itd root be de- 
noted by a, the second by a', the third by a"^ and so on. 
If we substitute a for x in equation (1), we shall have 

Aa' + Ba« + Co = D. 

D 

Whence a =z-^ == r— r (2). 

C + Ba + Aa' ^ ^ 

If we put y for the sum of all the figures of the root except 
the first, we shall have x=za+y^ and substituting this value for x 
in equation (1), we obtain 

Ac^ + SAa^y + 3Aay^ + ^f ) 

+ Ba' + '2Bay -f- By' > = D ; 

4- Ca + Cy ) 

OT, arranging according to the powers of y, 

Ajr* + (B + 3Aa)y»+ (C + 2Ba + 3Aa')y = D — Ca— Ba«— Aa' (3). 

Let us put B' for the coefficient of y'^, C for the coefficient of 
y, and D' for the right member of the equation, and we have 

Ay^ + By -h Cy = D; (4). 

This equation is of the same form as equation (1); and pro- 
ceeding in the same manner, we shall find * 

^' = C + B'a' 4- Aa'' ^^^' 

where a' is the first figure of the root of equation (4), or the sec- 
ond figure of the root of equation (1). 

Putting z for the sum of all the remaining figures, we have 
y=:a' + z; and substituting this value in equation (4), we shall 
obtain a new equation of the same form, which may be written 

As^ + B"2^ + C'z = D" (6) J 



I 
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and in the same manner we might proceed with the remaining 
figures. 

Equation (2) furnishes the value of the first figure of the root ; 
equation (5) the second figure, and similar equations would fur- 
nish the remaining figures. Each of these expressions involves 
the unknown quantity which is sought, and might therefore ap- 
pear to be useless in practice. When, however, the root has 
been already found to several decimal places, the value of the 
terms Ba and Aa^ will be very small compared with C, and a will 

D 

be very nearly equal to -g. C, then, may in all cases be employ- 
ed as an approximate divisor, which will probably furnish a new 
figure of the root. Thus, in the above example, all the figures 
of the root after the first, are found by division. 

46 -T-77 =.5. 
3.625 -i- 92.75 = .03. 
.827 H- 93.74 = .008. 

If we multiply the first coefficient A by a, the first figure of 
the root, and add the product to the second coefficient, we shall 
have 

B + Aa (7). 

If we multiply this expression by a, and add the product to the 
third coefficient, we shall have 

C + Ba + Aa' (8). 

If we multiply this expression by a, and subtract the product 
from D, we shall have 

D — Ca — Ba' — A<r», 

which is the quantity represented by D' in equation (4J. 

Again, multiplying the first coefficient by a, and adding the 
product to expression (7), we obtain 

B + 2Aa (9). 

Multiplying this expression by a, and adding the product to 
expression (8), we have * 






% 
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C + 2Ba + 3Afl«, 

which is the coefficient of y in equation (4). 

Again, maltiplying the first coefficient by a, and adding the 
product to expression (9), we have 

B + 3Aa, 

which is the coefficient of y^ in equation (4)^ 

We have thus obtained the coefficients of the first transformed 
equation ; and by operating in the same manner upon these coef- 
ficients, we shall obtain the coefficients of the second transform- 
ed equation, and so on ; and the successive figures of the root are 
found by dividing D by C, D' by C, D" by C", and so on. 

(315.) The preceding method is summed up in the following 

RULE. 

Represent the coefficients of the different terms by A, B, C, and the 
right-hand member of the equation by D. Having found a, the first 
figure of the root, multiply A by a, and add the product to B. Mul- 
tiply this sum by a, and add the product to C. Multiply this last sum 
by a, and subtract the product from D 5 the remainder will be the first 

DIVIDEND. 

^gain, multiply A by a, and add the product to the last number un- 
der B. Multiply this sum by a, and add the product to the last num- 
ber under C ; this last sum mil be the first divisor. 

^gain, multiply A by a, and add the product to the last number un- 
der B. 

Find the second figure of the root by dividing the first dividend by 
the first divisor, and proceed with this second figure precisely as was 
done with the first figure. 

The second figure of the root obtained by division, will fre- 
quently furnish a result too large to be subtracted from the re- * 
mainder D', in which case we must assume a different figure. 
After the second figure of the root has been obtained, there will 
seldom be any farther uncertainty of this kind. 

The operation for finding a root of the equation 

ar» + 307' + 5a; = 178 
will then proceed as follows : 
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A B 

1 +3 
4, 


C 

+ 5 
28 


H a 

; 178 (4.5388 = x. 
132 


7 
4, 


33 

44 


46 = 1st dividend. 
42.375 . 


11 

^4 ' 


77 = 1st divisor. 

7.75 


3.625 = 2d dividend. 
2.797377 


15.5 
.5 


84.75 
8.00 


.827623 = 3d dividend. 
.751003872 


16.0 
.5 


92.75 = 2d divisor. 
.4959 


.076619128 = 4th divid 


16.53 
3 


93.2459 
.4968 




16.56 
3 


93.7427 = 3d divisor 
.152784 


1 

• 


16.598 
8 


93.875484 
.132848 





16.606 94.008332 = 4th divisor. 

r 

Having found one root, we may depress the equation 

ar»+ 3x» + 5a:— 178 = 
to a quadratic, by dividing it by a; — 4.5388. We thus obtain 

«» + 7.5388a; + 39.2173 = 0, 
where x is evidently imaginary, because q is negative and great- 

er than -r- See Art. 195. 

4 

After thus obtaining the root to five or six decimal places, sev- 
eral more figures will be correctly obtained by simply dividing the 
last dividend by the last divisor. 

Example 2. Find the roots of the equation 

x" + llx« — 102aj = — 181. 

The first figure of one of the roots we readily find to be 3. 
We then proceed, according to the Rule, to obtain the root to 
four decimal places, after which two more will be obtained cor- 
rectly by division. 
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A B 


C 




D a 


1 +11 


102 




- 181 (3.21312 - 0?. 


3 


42 




— 180 


U 


60 




— 1 = 1st dividend. 


3 


51 




— .992 


17 


9- 


1st divisor. — .008 = %d dividend. 


3 


4.04 




.006739 



20.2 —4.96 — .001261 = 3d dividend. 

2 4^ —.001217403 

20]4 -Ois = 2d divisor. — .000043597 = 4th dividend. 

2 .2061 



20.61 —.6739 
1 .2062 

20.62 — .4677 = 3d divisor. 
1 .061899 



20.633 — .#05801 
3 .061908 



20.636 — .343893 = 4th divisor. 

Th« two remaining roots may be found in the same way, or by 
depressing the original equation to a quadratic. Those roots are, 

3.22952 
— 17.44265. 

When a power of x is wanting in the proposed equation, we 
must supply its place with a cipher. 

Ex. 3. Find all the roots of the cubic equation 

a;^ — 7a; = — 7 

The work of the following example is exhibited in an abbrevia- 
ted form. Thus, when we multiply A by a, and add the product 
to B, we set down simply this result. We do the sarne in the 
next column, thus dispensing with half the number of lines em- 
ployed in the preceding example. Moreover, we may omit the 
ciphers on the left of the successive dividends, if we pay proper 
attention to the local value of the figures. Thus, it will be seen 
that in the operation for finding each successive figure of the 
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root, the decimals under B increase (mt place, those under C in- 
crease two places, and those under D increase thrtt places. 

1+0 —7 =—7 (1.356895867 = 2?. 

1 _6 —6 

2 — 4 = 1st div'r. — 1 = 1st dividend. 
3.3 —3.01 . —.903 

3.6 — 1.93 = 2d div'r. — 97 = 2d dividend. 

3.95 — 1.7325 86625 

4.00 — 1.5325 = 3d div'r. 10375 = 3d dividend. 

4.056 —1.508164 9048984 

4.062 — 1.48379i = 4th div'r. 1326016 = 4th dividend. 

4.0688 —1.48053696 118442 9568 

4.0696 — 1.47728128 = 5th div'r. 141586432 = 5th div'd. 

4.07049 —1.4769149359 132922344231 

4.07058 —1.4765485837 = 6th div'r. 8664087769 = 6th div'd. 

Having proceeded thus far, four more figures of the root, 5867, 
are found hy dividing the sixth dividend hy the sixth divisor. 

We may find the two remaining roots by the same process ; 
or, after having obtained one root, we may depress the equa- 
tion 

ar» — 7a; + 7 = 

to a quadratic equation, by dividing by cc — 1.356895867, and we 
shall obtain 

x^ + 1.356895867a; — 5.158833606 = 0. 
Solving this equation, we obtain 



X-— .678447933+ %/ 5.619125204 
= — 3.048917338, or + 1.692021471, 

the two remaining roots. 

Ex. 4. Find a root of the equation 

%i^ + 3a:^ = 850. 
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2 3 =850 (7.0502562208 

17 119 833 

31 336= 1st divisor. 17= 1st dividend. 

45.10 338.2550 16.912750 

• 45.20 340.5 150= 2d divisor. 87250= 2d dividend. 

45.3004 340.52406008 68104812016 

45.3008 340.53312024= 3d div. 19 145 187984= 3d div'd. 

45.30130 340.5353853050 17026769265250 

45.30140 340.5376503750=4th div. 21 18418718750 =4th div. 

Dividing the fourth dividend by the fourth divisor, we obtain 
the figures 62208, which make the root correct to the tenth deci- 
mal place. 

The two remaining values of x may be easily shown to be ima- 
ginary. 

When a negative root is to be found, we change the signs of 
the alternate terms of the equation, Art. 299, and proceed as for 
a positive root. 

Ex. 5. Find a root of the equation 

5ar» — 60?^ + 3a: = — 85. 
Changing the signs of the alternate terms, it becomes 

5ar' + 6a?* +- 3x = + 85. 

5+6 +3 +85 (2.16139. 

16 35 70 

26 87 ^ 1st divisor. "15 = 1st dividend. 

36.5 90.65 9.065 

37.0 94.35 = 2d divisor. 5.935 = 2d dividend. 

37.80 96.6180 5.797080 

38.10 98.9040 = 3d divisor. 137920 = 3d dividend. 

38.405 98.942405 98942405 

38.410 98.980815 = 4th div'r. 38977595 = 4th div'd, 

38.4165 98.99233995 29697701985 

38.4180 99.00386535 = 5th div'r. 9279893^ = 5th div'd. 



« 
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Hence one root of the equation 

5a;'_6a?' + 3a; = — 85 

is— 2.16139. 

The same method is applicable to the extraction of the cube 
root of numbers. 

Ex. 6. Let it be required to extract the cube root of 9 ; in 
other words, it is required to find a root of the equation 

ar» = 9. 

10 9 (2.0800838. 

2 4 8 

4 12= 1st divisor. 1 = 1st dividend. 

6.08 12.4864 .998912 

, 6.16 12.9792=:2d divisor. 1088=2d dividend. 

6.24008 12.9796992064 1038375936512 

6.24016 12.9801984192=3d div. 49624063488= 3d div. 

6.240243 12.980217139929 389 40651419787 

6.240246 12.980235860667=4th d. 10683412068213 =4th d. 

Ex. 7. Find one root of the equation 

0^ + 0^ = 500. 

Ans. X = 7.617280. 

* Ex. 8. Find one root of the equation 

of + X'' + x= 100. 

Ans. X = 4.264430. 

Ex. 9. Find one root of the equation 

23^ + 3a?» — 4a?= 10. 

Ans. X = 1.624819. 

Ex. 10. Extract the cube root of 48228544. 

Ans. 364 

« 

Ex. 11. There are two numbers whose difference is 2, and 
whose product, multiplied by their sum, makes 120. What are 
those numbers 1 
40 



y 



• 
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Ex. 12. It is required to find two numbers whose difference is 
6, and such that their sum, multiplied by the difierence of their 
cubes, may produce 5040. 

Ex. 13. Required two numbers whose difference is 5, and .such« 
that, if the less be multiplied by the square root of the greater, 
the product may be 12. 

Ex. 14. There are two numbers whose difference is 4; and the 
product of this difference, by the sum of their cubes, is 3416. 
What are the numbers 1 

Ex. 15. Several persons form a partnership, and establish a 
certain capital, to which each contributes ten times as many dol- 
lars as there are persons in company. They gain 6 plus the 
number of partners per cent., and the whole profit is $392. 
How many partners were there 1 

Ex. 16. A company of merchants have a confimon stock of 
$4775, and each contributes to it twenty-five times as many dol- 
lars as there are partners, with which they gain as much per cent 
as there are partners. Now on dividing the profit, it is found, 
after each has received six times as many dollars as there are 
persons in the company, that there still .remains $126. Required 
the number of merchants 1 

Ans. 7, 8, or 9. 



EQUATIONS OF THE FOURTH AND HIGHER DEGREES. 

(316.) The method already explained for cubic equations is ap- 
plicable to equations of every degree. For the fourth degree, we 
shall have one more column of products, but the operations are 
all conducted in the same manner, as will be seen from the fol- 
lowing example. 

Ex. 1. Find the four roots of the equation 

a?* — 8a?'+ Uaf + 4^ = S, 

By Sturm's Theorem, we find that these roots are all real ; 
three positive, and one negative. 

We then proceed as follows : 
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1 —8 


+ 14 


+ 4 =8 (5.2360679. 


3 


1 


— 1 —5 


+2 


-f 9 


-f-44~ Ist divisor. 13_ 1st dividend. 


7 


44 


53.288 10.6576 


12.2 


46.44 . 


63.072=2d div'r. 2.3424=2d dividend. 


12.4 


48.92 


64.626747 1.93880241 


12.6 


51.44 


66.193068=3d d. .40359759=3d div'd. 


12.83 


51.8249 


66.509117736 .399054706416 


12.36 


52.2107 


66.825633024=4th d. 4542883584= 4th i 


12.89 


52.5974 


• 


12.926 


52.674956 


12.932 


52.752548 



and by division we obtain the four figures 0679. 

X = 2.7320508, 
The other three roots are, ^ a; = .7639320, 

x=z — .7320508. 

Ex. 2. Find the roots of the equation 

«* + 207* -I- 3ar* -I- 4a?» + 5a; = 20. 

Here we have, according to Sturm's Theorem, 

X = a^ + 2a;* + 3ar» -f 4^ + 5a; — 20, 
X; = 5a?* + 8ar» + 9a?» + 8a; + 5, 
X,, = — 7ar» — 21a;* — 42a; -f 255, 
X,;, = — 13a; + 14, 

When X z= + coj the signs are -\ — | : , one variation. 

a; = — 00, « ^. 4- + — , two « 

Hence the equation has one real and four imaginary roots. 
We then proceed as follows : 
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Dividing the fourth dividend by the fourth divisor, we obtain 
the figures 789. 

When we wish to obtain a root correct to a limited number of 
places, we may save much of the labor of the operation by cut- 
ting ofif all figures beyond a certain decimal. Thus if, in the ex- 
ample above, we cut ofif all beyond five decimal places in the suc- 
cessive dividends, and all beyond four decimal places in the divi- 
sors, it will not afiect the first six decimal places in the root. 

Ex. 3. Find the roots of the equation 

aj* — 12a?' + 12a; = 3. 

X = + 2.858083, 

Ans. J ^ = + -^^^^l^' 
a: = + .443277, 

^ 0? = — 3.907378. 
Ex. 4. Find the roots of the equation 

x* — Ss^+ 14a;'» + 4,x = 8: 

X = + 5.236068, 

J x= + .763932, 

^^^' ^ x = + 2.732050, 

,x = — .732050. 

Ex. 5. Find the roots of the equation . 

X*— -10ar»+ 6a? = — 1. 



K C x = — 3.065315, 
1 x = — .{ 



.691576, 

Ans. ^ 0? = — .175675, 

x=+ .879508, 

a? = + 3.053058, 



I 



Ei. 6. Find one root of the equation 

a^ + 3x* + 2x' — ix^ — 2x = 2. 

Ans. X = 1.059109. 

Ex. 7. Required the fourth root of 18339659776. 

Ans. 368. 

Ex. 8. Required the fifth root of 26287667869473. 

Ans. 483. 
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RESOLUTION OF EQUATIONS BY APPROXIMATION. 

(317.) The method of Horner for finding the incommensurable 
roots of a numerical equation is generally better than any other ; 
nevertheless, the method by approximation may sometimes be 
preferred. We shall explain the method of Newton, and that of 
Double Position. 

METHOD OF NEWTON. 

This method supposes that we have already determined nearly 
the value of one root ; th^t we know, for example, that such a 
value exceeds 4, and that it is less than 5. In this case, if we 
suppose the exact value = 4 + y, we are certain that y expresses 
a proper fraction. Now as y is less than unity, the square of y, 
its cube, and, in general, all its higher powers, will be much less 
with respect to unity ; and for this reason, since we only require 
an approximation, 'they may be neglected in the calculation. 
When we have nearly determined the fraction y, we shall know 
more exactly the root 4 + y; from which we proceed to deter- 
mine a new value still more exact, and we may continue the ap- 
proximation as far as we please. 

We will iH'ustrate this method by an easy example, requiring 
by approximation the root of the equation 

x^ = 20. 

Here we perceive that x is greater than 4, and less than 5. If 
we suppose x = 4 + y, we shall have 

x'^lG + Sy-^f = 20. 

But, as y* must be quite small, we shall neglect it, and we have 

16 + 8y = 20, or 8y = 4. , 

Whence y = .5, and x = 4.5, Avhich already approaches near 
the true root. If we now suppose x = 4.5 + z, we are sure that 
z expresses a fraction much smaller than y, and that we may 
neglect 2;^ with greater propriety. We have, therefore, 

x^ = 20.25 + 92: = 20, ot9z = — .25. 
Consequently, z = — .0278. 

Therefore, x-4>.5 — .0278 = 4.4722. 
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If we wish to approximate still nearer to the true value, we 
must make x = 4.4722 + v, and we should have 

x" = 20.00057284 + 8.9444v = 20. 

So that 8.9444z; = — .00057284. 

Whence v = — .0000640. 

Therefore, x = 4.4722 — .0000640 = 4.4721360, 

a value which is correct to the last decimal place. 

(318.) In order to generalize this method, suppose the given 
equation to be 

ar* = D, 

and that we have found x to be greater than a, but less than 
a + 1. If we make x = a + y, y must be less than unity, and y® 
may be neglected, as a very small quantity ; so that we shall 
have 

«« = a' + 2fly = D, 

B — a\ 



or 



2ay = D — a^ ; and y = 



Consequently, x = a -}- 



2a. 
2a "" 2a 



Now, if a was near the true value of x, this new expression 

— will approach nearer; and, by substituting it for a, we 

^a 

shall obtain a new valoe, which may again be employed m order 
to approximate still nearer, and the same operation may be con- 
tinued as long as we please. ^ 

This method of approximation may be employed in finding the 
roots of all equations. 

Suppose we have the general equation of the third degree, 

Aa?^ -I- Bar* -I- Cx = D, 

in which a is very nearly the value of one of the roots. Let us 
make x = a -\- y^ and, since y is less than unity, neglecting the 
powers above the first degree, we shall have 

x' = a' + 2ay, 
a;^ = o' -f 3a>, 
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whence we Have the equation 

Aa" + Ska'y + BaF + 2Bay -f Ca -f Cy = D. 

D — Ca — Ba' — Aa' 
^^^°"" y = C + 2Ba+3Aa- ' 

The numerator of this fraction is the quantity represented by 
D' on page 306 j that is, it is the dividend in Horner's /method, 
and the denominator is the divisor^ and we have already seen 
that this quotient furnishes one or more figures of the root. 

EXAMPLES. 

Ex. 1. For an application of this method, take the equation 

a?» + 2^2 + 3a? = 50. 

Here A = 1, B = 2, C = 3, and D = 50. 

50 — 3a — 2a' — a' 



Therefore, y = 



3 + 4a -j- 3a^ 



We see that x is nearly equal to 3. If we substitute 3 for a, 
we shall have 

2 
y=-21- 

Whence x = 2.9 nearly. 

And if we substitute this new value instead of a, we shall find 
another still more exact. 

Ex. 2. For another example, take the equation 

x' — 6x= 10. 
If we make a? = a + y, we shall have 

x^ = a^ -\- 5a% , 

neglecting the higher powers of y, and, consequently, 

c^ + 5a^y — 6a — 6y = 10. 

rpu c 10 + 6a — a« 
Therefore, y = — j—. — . 

Assume a = 2, and we obtain 

10 4 1^— 32 _ 5 
2^- 80 — 6 "" 37" 
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Hence x = 1.86 nearly. 

If we assume a = 1.86, we have 

_ 10+ 11.16 — 22.262 __ 
y - 59.844 — 6 ~ ~ •^^^• 

Hence x = 1.839 nearly. 

If we assume a = 1.839, we shall have 

^10+11.034^21.033352^ 
^ 57.18694 — 6 

Therefore, x = 1.83901266. 

^ 

Ex. 3. Given x^ — 9a? = 10, to find one value of x hy approxi- 
mation. 

Ans. X = 3.4494897 

Ex. 4. Given a^ + 9a;'* + 4a; = 80, to find one value of x by ap- 
proximation. 

Ans. X = 2.4721359. 



METHOD OF DOUBLE POSITION. 

(319.) Another method of finding the roots of an equation i-s 
by the rule of Double Position. 

Substitute in the given equation two numbers as near the true 
root as possible, and observe the separate results. Then state the 
following proportion : 

^s the difference of these' results j 

Is to the difference of the two assumed numbers, 

So is the error of either result j 

To the correction required in the corresponding assumed number. 

This being added to the number when too small, or subtracted 
from it when too great, will give the true root nearly. The num- 
ber thus found, combined with any other that may be supposed 
to approach still nearer to the true root, may be assumed for an- 
other operation, which may be repeated till the root is determined 
to any degree of accuracy required. 
41 
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EXAMPLES. 

Ex. 1. Given ar* + a?" + a; = 100, to find an approximate value 
of X, 

Having ascertained, by a few trials, that x is more than 4, and 
less than 5, let us substitute these two numbers in the given 
equation, and calculate the results. 

/aj=r4» ' f X =z 6 

By the first sup- ) ^.a _ ig ^y t^® second sup- S ^i _ 05 

position, (x'z=64f position, ( x" = 125 

Result, 84 Result, 155 

Then 155 — 84 : 5 — 4 :: 100 — 84 : .22. 

Therefore, 4 -f .22, or 4.22, approximates nearly to the true 
root. 

If, now, 4.2 and 4.3 be taken as the assumed numbers, and sub- 
stituted in the given equation, we shall obtain the value of 
X = 4.264 nearly. ^ 

Again, assuming 4.264 and 4.265, and proceeding in the same 
manner, we shall find x = 4.2644299 very nearly. 

This rule is founded on the supposition that the difilsrences in 
the results are proportionec^ to the differences in the assumed 
numbers. This supposition is not strictly correct i but if we em- 
ploy numbers near the true values, the error commonly is not very 
great, and it becomes less, and less the farther we carry the ap- 
proximation. 

Ex. 2. Given a:^ + 2x* — 2ar — 70 = 0, to find one value of x. 

Ans. X = 5.13450. 

Ex. 3. Given ar* — 15af' + 63aj — 50 = 0, to find one value of x, 

Ans. X = 1.028039. 

Ex. 4. Given a?* — 3a?' — 75a? = 10000, to find one value of x. 

Ans. X = 10.2615. 

Ex. 5. Given a?* + 2x' + 3a^ + 4aj» + 5a; = 54321, to find one 
value of X. 

Ans. X = 8.4144 
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(^20.) We will conclude this Section by finding the different 
roots of unity, 

Ex. 1. Find the two roots of the equation a?*= 1, or the square 
roots of unity. 

Extracting the square root, we find 

a: = + 1> or — 1. 

Ex. 2. Find the three roots of the equation a^ = 1, or the cube 
roots of unity. 

Since one root of this equation is a; = 1, the equation a? — 1 = 
must be divisible by a; — 1] and dividing, we obtain 

a?« + a? + 1 = 5 



whence a?= — ^ ± \ y/ — 3, or 
Hence the required roots are, 



— 1 ± x/— 3 



— 1+ x/— 3 — 1 — x/ — 3 
+ ^' 2 ' 2 

which are the cube roots of unity. 

These results may be easily verified. We have seen, on page 

282, that the cube of — 1 db y/ —3 is 8, which, divided by 8, 
the cube of the denominator, gives + 1, as required. 

Ex. 3. Find the four roots of the equation od^ = 1, or the fourth 
roots of unity. 

The square root of this equation is 

a?* = + 1, or = — 1. 
Hence the required roots are, 



-f 1, — 1, + x/ — 1, — x/ — 1. 

Ex. 4. Find the five roots of the equation a^ — 1, 

Since one root of this equation is a; = 1, the equation tr'^— - 1 
must be divisible by a? — 1 ; and dividing, we obtain 

x* + x^ + x'^- x+ 1 = 0. 
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Dividing, again, by ar^, we have 

ai> + x+l + i+^ = (1). 

Now put Z -zzX -\ . 

Whence «« = or* + 2 + -tj 

which, being substituted in equation (1), gives 

2r» + 2r— 1 =0. 

This equation, solved by the usual method, gives 

2? = — i + i i/T, or z = — J — i x/T. 

The values of x, deduced from the equation 

z = X + -^ 

X 

or O!* — zx z=i — 1, 

are, 



z • /z^ — 4 , z /z^ — 4f 

^ = 2+\/-s-'"°^^=2-v-4r' 

in which the value of z being substituted, gives 

Xz=i[y/^ — l± x/ — 10 — 2x/5], 

or = — j[\/5+lT\/ — 10 + 2x/5]. 

Hence the five fifth roots of unity are, 
1 

J [ i/ 5 — 1 + V — 10 — 2Vbl 
ilV^—l — y/ — 10 — 2Vbl 

— i[>/5+ 1— v/ — 10-|-2x/5]. 

— i[\^5+ 1 + x/ — 10 + 2x/5]. 
Ex. 5. Find the six roots of the equation a?® = 1. 
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These are found by taking the square roots of the cube roots. 
Hence we have, 



+ 1, — 1, iiix/ — 3, — i±i V — 3. 

Thus we see that unity has two square roots, three cube roots, 
four fourth roots, j^t;e fifth roots, six sixth roots, and, generally, 
n nth roots ; or the nth root of unity admits of n different alge- 
braic values. As, however, most of these roots are imaginary, 
they cannot be found by Horner's Method. 



SECTION XXI. 



LOGARITHMS. 

(321.) In a system of logarithms, all numbers are considered 
as the powers of some one number, arbitrarily assumed, which is 
called the base of the system ; and the exponent of that power of the 
base which is equal to any given number is called the logarithm of that 
number. 

Thus, if a be the base of a system of logarithms, and a^ = N, 
then 2 is the logarithm of N ; that is, 2 is the exponent of the 
power to which the base (a) must be raised to equal N. 

If 0* = N', then 3 is the logarithm of N' for the same reason ; 

And if a^ = N", then x is called the logarithm of N" in the 
system whose base is a. 

The base of the common system of logarithms (called, from 
their inventor, Briggs' Logarithms) is the number 10. Hence 
all numbers are to be regarded as powers of 10. Thus, since 

10° =1, is the logarithm of 1 in Briggs' system. 

10^ = 10, 1 " 10 « 

10» = 100, 2 « 100 " 

10* = 1000, 3 « 1000 « 

10* = 10000, 4 " 10000 " 

&c., &c., &c. 

From this it appears that, in Briggs' system, the logarithm of 
every number between 1 and 10 is some number between and 1, 
i. c, is a proper fraction. The logarithm of every number be- 
tween 10 and 100 is some number between 1 and 2, i, e., is 1 plus 
a fraction. The logarithm of every number between 100 and 
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1000 is some number between 2 and 3, L e., is 2 plus a fraction, 
and so on. 

(322.) The preceding principles may be extended to fractions 
by means of negative exponents. Thus, 

Jq or 10~^ = 0.1 5 therefore, — 1 is the logarithm of .1 

in Briggs' system, 
yi^ or 10-^ = 0.01 5 « _2 '« .01 

ToVo or 10-^' = 0.001; « _3 " .001 

Toko or 10-^ = 0.0001 5 « — 4 « .0001 

Hence it appears that the logarithm of every number between 
1 and .1 is some number between and — 1, or may be repre- 
sented by — 1 + a fraction; the logarithm of every number be- 
tween .1 and .01 is some number between — 1 and — 2, or may 
be represented by — 2 + a fraction j the logarithm of every 
number between .01 and .001 is some number between — 2 and 
— 3, or is equal to — 3 + a fraction, and so on. • 

The logarithms of most numbers, therefore, consist of an inte- 
ger and a fraction. The integral part is called the characteristic 
or index, and may always be known from the following 

RULE. 

The index of the logarithm of any number greater than unity ^ is one 
less than the number of integral figures in the given number. 

Thus, the logarithm of 297 is 2 + a fraction 5 that is, the index 
of the logarithm of 297 is 2, which is one less than the number 
of integral figures. The index of the logarithm of 5673 is 3 j of 
73254, is 4, &c. 

The index of the logarithm of a decimal fraction is a negative num* 
ber^ and is equal to the number of places by which its first significant 
figure is removed from the place of units. 

Thus, the logarithm of .0046 is — 3 + a fraction ; that is, the 
index of the logarithm is — 3, the first significant figure, 4, being 
removed three places from units. 
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GENERAL PROPERTIES OF LOGARITHMS. 

(323.) Let N and N' be any two numbers, x and x' their re- 
spective logarithms, a the base of the system. Then, by the def- 
inition, Art. 321, 

N =a« (1), 
N'=:a*' (2). 

Multiplying together equations (1) and (2), we obtain 

Therefor^, according to the definition of logarithms, a? -f a?' is 
the logarithm of NN', since a? + a:" is the index of that power of 
the base a which is equal to NN' ^ that is to say, 

The logarithm of the product of two or more factors is equal to the 
sum of the logarithms of those factors. 

Hence we see that if it is requi/ed to multiply two or more 
numbers by each other, we have only to add their logarithms; the 
sum will be the logarithm of their product. We then look in the 
Table for the number answering to that logarithm, in order to 
obtain the required product. 

Examples. 

Ex. 1. Find the product of 8 and 9 by means of logarithms. 

In Art. 334, the logarithm of 8 is given 0.903090 

« 9 " 0.954243 



The sum of these two logarithms is 1.857333 

which, according to the same Table, is seen to be the logarithm 
of 72. 

Ex. 2. Find the continued product of 2, 5, and 14 by means of 
logarithms. 

Ex. 3. Find the continued product of 2, 3, 4, and 5 by means 
of logarithms. 
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If, instead of multiplying, we divide equation (1) by equation 
(2), we shall obtain 

Therefore, according to the definition, x — x^ is the ogarithm • 

N 
,of =^^, since x — x^ is the index of that .power of the base a 

N 
which is equal to :j^ ; that is to say, 

The logarithm of a fraction^ or of the quotient of on^ number divi- 
ded by another J is equal to the logarithm of the numerator ^ minus the 
logarithm of the denominator. 

Hence we see that if we wish to divide one number by anoth- 
er, we have only to subtract the logarithm of the divisor from 
that of the dividend^ the difference will be the logarithm of their 
quotient. 

EXAMPLES. 

Ex. 1. It is required to divide 108 by 12 by means of loga- 
rithms. 

The logarithm of 108 is 2.033424 

« 12 1.079181 

The difference is 0.954243, 

which is the logarithm corresponding to the number 9. 
Ex. 2. Divide 133 by 7 by means of logarithms. 
Ex. 3. Divide 136 by 17 by means of logarithms. 
Ex. 4. Divide 135 by 15 by means of logarithms. 

The preceding examples are designed to illustrate the proper- 
ties of logarithms. In order to exhibit fully their utility in com- 
putation, it would be necessary to employ larger numbers ; but 
that would require a more extensive Table than the one given in 
Art. 334. 

(324.) Logarithms are attended with still greater advantages 
in the involution of powers, and in the extraction of roots. For 
if we raise both members of equation (1) to the nth power, we 
obtain 

N" = a"*. 
42 
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Therefore, according to the definition, nx is the logarithm of N% 
since nx is the index of that power of the hase which is equal to 
N** ; that is to say, 

The logarithm of any power of a number^ is equal to the logarithm 
of that number multiplied iry the exponent of the power. 

EXAMPLES. 

Ex. 1. Find the third power of 4 hy means of logarithms. 

The logarithm of 4 is 0.602060 

Multiply by 3 

The product is 1.806180, 

which is the logarithm of 64. 

Ex. 2. Find the fourth power of 3 by means of logarithms. 

£x. 3. Find the seventh power of 2 by means of logarithms. 

Ex. 4. Find the third power of 5 by means of logarithms. 
Again, if we extract the nth root of both members of equation 
(1), we shall obtain 

X - 

therefore, according to the definition, - is the logarithm of N** ; 

that is to say. 

The logarithm of any root of a number^ is equal to the logarithm of 
that number divided by the index of the root. 

EXAMPLES. 

Ex. 1. Find the square root of 81 by means of logarithms. 

The logarithm of 81 is 1.908485 

Divided by 2 

The quotient is .954243, 

which is the logarithm of 9. 

Ex. 2. Find the square root of 121 by means of logarithms. 

Ex. 3. Find the sixth root of 64 by means of logarithms. 

Ex. 4. Find the third root of 125 by means of logarithms. 
The preceding examples will suffice to show, that if we had 
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tables which gave the logarithms of all numbers, they would 
prove highly useful when we have occasion to perform frequent 
multiplications, divisions, involutions, and extraction of roots. 

(325.) The following examples will show the application of 
some of the preceding principles. 

Ex. 1. log. (abed) = log. a + log. b + log. c + log. d. 

Ex. 2. log. ( -y- j = log. a + log. b + log. c — log. d — log. e. 

Ex. 3. log. (o"*6"c') = m log. a + n log. b+p log. c. 

— - \ = m log. a + n log. b — p log. c. 

Ex. 5. log. (a^ — x^) = log. [(a + x) (a — x)]= log. {a + x) + 
log. (a — a;). 



Ex. 6. log. \/o* — x* = i log. (o + x) + i log. (a — x) 

Ex. 7. log. flr* V^ = log. (aO = V log. a. 

(326.) We shall presently explain a method by which logarithms 
may be computed. We may observe, however, tBat it is not 
necessary to compute the logarithms of all numbers independently. 
From the logarithms of a few numbers we may readily derive 
the logarithms of a great many other numbers. 

We have seen, in Art. 323, that the logarithm of a product is 
found by adding together the logarithms of the factors. Let us 
represent the logarithm of 2 by a?; then, since thejogarithm of 
10 is 1, we shall have 

log. 20 =x+l, log. 20000 = 
log. 200 =x + 2, log. 200000 = 

log. 2000 = a? + 3, log. 2000000 =, &c. 

We have seen, in Art. 324, that the logarithm of any power of 
a number is equal to the logarithm of that number multiplied by 
the exponeift of the power. 

Hence, log. 4 = 2x, log. 32 = 

log. 8 = 3a?, log. 64 = 
log. 16 = 4}Xy log. 128 =, &c. 
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Hence we find, also, that 



log. 40 
log. 400 
log. 80 
log. 800 
log. 160 



= 2a;+ 1, 
= 2a? + 2, 

= 3x + 1, 

= 3a? + 2, 
= 4a; + 1, 



log. 1600 = 4a; + 2, 



log. 4000 = 
log. 40000 =, &c. 
log. 8000 = 
log. 80000 =,&c. 
log. 16000 = 
log. 160000 =, &c. 



We have seen, in Art. 323, that the logarithm of a fraction is 
equal to the logarithm of the numerator minus the logarithm of 
the denominator. Hence, log. (V*) = log. 5 = 1 — x. 



Hence, log. 50 


= 2 X, 


log. 5000 = 


log. 500 


= 3— a?. 


log. 50000 =, &c. 


log. 25 


= 2 — 2a?, 


log. 625 = 


log. 125 


= 3 — 3a?, 


log. 3125 =, &c. 


log. 250 


= 3 2a;, 


log. 25000 = 


log. 2500 


= 4 — 2a;, 


log. 250000 =, &c. 


log.^1250 


= 4 — 3a7, 


log. 125000 = 


log. 12500 


= 5 — 30?, 


log. 1250000 — , &c. 


log. 6250 


= 5 — 4a7, 


log. 625000 = 


og. 62500 


= 6 — 4a;, 


log. 6250000 — , &c. 



(327.) So, also, from the logarithm of 3 we might easily derive 
a. great numher of other logarithms. From the Table on page 
340, we find the logarithm of 3 to be .477121 ; it is required to 
derive from this the logarithm of 30. 

Required the logarithm of 3000. 
Required the logarithm of 9. 
Required the logarithm of 27. 
Required the logarithm of 81. 
Jlequired the logarithm of 90. 
Required the logarithm of 270. 
Required the logarithm of 900. 

From the same Table, we find the logarithm of 2 to be .301030. 
It is required, by the aid of the logarithms of 3 and 2, to obtain 
the logarithm of 6. 
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Required the logarithm of 12. 
Required the logarithm of 15. 
Required the logarithm of 18. 

From the same Table, we find the logarithm of 5 to be .698970. 
It is required from this to deduce the logarithm of 50. 

Required the logarithm of 500. 
Required the logarithm of 5000. 

From the same Table we find the logarithm of 95 to be 1.977724. 
The logarithm of 9.5, or ^^, is equal to the logarithm of 95 minus 
the logarithm of 10. 

Hence, the logarithm of 9.5 is 0.977724. 
Also, the logarithm of 950 is 2.977724. 

Hence the decimal part of the logarithm of any number is the same 
as that of the number multiplied or divided by 10, 100, 1000, &c. 

Prime numbers are such as cannot be decomposed into factors; 
as, 2, 3, 5, 7, 11, 13, 17, &c. All other numbers arise from the 
multiplication of prime numbers. If, therefore, we knew the 
logarithms of all the prime numbers, we could find the logarithms 
of all other number by simple addition. 

(328.) We will now explain a method by which the logarithm 
of any number may be computed. 

If a series of numbers be taken in Geometrical progression^ their 
logarithms w^ill form a series in Arithmetical progression. Thus, 
take the geometrical series 

1, 10, 100, 1000, 10000, 100000, 

their logarithms are 

0, 1, 2, 3, 4, 5, 

forming an arithmetical series. 

If, now, we interpolate a geometrical mean between any two 
numbers in the first series, its logarithm will be the arithmetical 
mean between. the two corresponding numbers in the lower series. 

Find, for example, a geometrical mean between 1 and 10. It., 
will be the square root of 10, or 3.162277. The arithmetical 
mean between and 1 is 0.5. 

Therefore, the logarithm of 3. 162277 is 0.5. 
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Fi»cl, again, a geometrical mean between 3.162277 and 10, 
which is 5.623413. Find, also, the arithmetical mean between 0.5 
and 1, which is 0.75. 

Therefore, the logarithm of 5.6234.13 is 0.75. 

Find now a geometrical mean between 3.162277 and 5.6234113, 
which is 4<.216964. Its logarithm will be the arithmetical mean 
between 0.5 and 0.75j which is 0.625. 

Therefore, the logarithm of 4.216964 is 0.625. 

Find, again, a geometrical mean between 4.216964 and 5.623413, 
which is 4.869674. Its logarithm will be the arithmetical mean 
between 0.625 and 0.75, which is 0.6875. 

Thus we have found the logarithms of four new numbers, and 
in this manner we might proceed to construct a table of loga- 
rithms. It will be observed, however, that these numbers are all 
fractional^ whereas it is most convenient to have the logarithms 
of integers. By pursuing this metlfod, however, we might event- 
ually find the logarithm of a whole number ; as, for example, 5. 
For we have already found the logarithm of 

5.623413 to be 0.75, 
and the logarithm of 4.869674 " 0.6875. 

One of these numbers is greater than 5, and the other less* A 
geometrical mean between them is 5.232991, which is too great; 
but the mean between this result and the lasjt of the two preceding 
is 5.048065, which is already a close approximation. By pur- 
suing the same method, we may come nearer and nearer to the 
number 5, until at last, after finding twenty-two geometrical 
means, the difi[erence is inappreciable in the sixth decimal place, 
and we obtain 

the logarithm of 5 equal to 0.69897 ; 

and by a like process, the logarithm of any other number may be 
found. 

(329.) Hence, to compute the logarithm of any number, we 
have the following 

RULE. 

Take the geometrical series 1, 10, 100, 1000, 10000, &;c., and apply 
to it the arithmetical series 0, 1, 2, 3, 4, &c., as logarithms. 
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Find a geometrical mean between 1 and 10, 10 and 100, or any other 
two terms of the first series between which the proposed number lies. 

Between the mean thus found and the nearest extreme^ find another 
geometrical mean in the same manner^ and so on^ till you arrive within 
the proposed limit of the number whose logarithm is sought. 

Find, also, as many arithmetical means between the corresponding 
terms 0, 1, 2, 3, 4, &c., of the other series, in the same order as you 
found the geometrical ones / the last of these mil be the logarithm 
answering to the number required. 

In this manner were the logarithms of all the prime numbers at 
first computed ; but much more expeditious methods have since 
been devised. 

Having obtained the logarithm of 5, it is easy to find the loga- 
rithm of 2. For the logarithm of 2 = log. ( V) = log. 10 — log. 
5 = 1 _ 0.69897 = 0.30103. 

(330.) We have seen, in Art. 322, that 



the logarithm of 


0.1 is 1, 


U li 


0.01 " — 2, 


(( (C 


0.001 " 3, 


(( C( 


0.0001 " 4, 


(C (C 


0.00001 " 5, &c. 



That is, the smaller the fraction, the greater its logarithm. 
Hence, if the fraction be infinitely small, its logarithm will be in- 
finitely great ; that is, in Briggs' system, the logarithm of is in- 
finite and negative, 

m 

LOGARITHMIC SERIES. 

(331.) We have already explained a method of computing loga- 
rithms ; but this method is very laborious in practice. It is found 
much more convenient to express the logarithm of a number in 
the form of a series. 

Let y be a number whose logarithm is required to be developed 
in a series, and let us employ the method of Unknown CoefEcients. 
Put y = 1 + Xy and assume 

log. (1 + x)=zAx + Bx^ + Car» + Dar* +, &c., (1). 
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Assume, also, 

log. {1 + z)=Az + Bz" + C2r» + Dz* +, &c. (2). 

Subtracting equation (2) from (1), we obtain 

]og.{l + x) — log.{l + z)=:A(x — z) + B(x^-^2^)+C{x'—s^)+, 
&c. (3). 

The second member of this equation is divisible by a? — z i we 
will reduce the first member to a form in which it shall also be 
divisible. 

(1 -f a;\ 
— — j = log. 

O+'i-;-^)- 

X ""^ z 

But, since - — ; — may be regarded as a single quantity, r, we 

may develop log. (1 + v) in the same manner as log. (1 + a;), 
which gives 

This last series must be identical* with the one which we have 

1 + ~ J J or its equal, log. (1 + x) 

— log. (1 + 2r), in equation (3) ; and since the terms of both are 
divisible by a; — z, by taking out this common factor, we obtain 

xz + z'^) +, &c. 

Since this equation, like the preceding, must be verified for all 
values of x and z, the equality must subsist when x =z z. But on 
this hypothesis, all the terms of the first series vanish except one, 
and we have simply 

^ = A + 2Bic + 3Cx' + 4Da?« + bEx' +, &c. j 



1 + x 

or, performing the division indicated in the first member, 
A(l — x + x''—x' + x* — ...) = A+ 2Bx + 3Ca;« + 4Djr' + . . . 



I 
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Therefore, according to the principle of Art. 287, we have the 
equations 

.A = A, 

— A = 2B ; whence B = — — . 

A = 3C5 « C = +^. 

— A=:4D " r> = — T- 

A = 5E 5 " E = + r 

The law of the series is ohvious ; and hence, substituting the 
values of B, C, D, &c., in equation (1), we obtain, for the develop- 
ment of log. (1 + 0?), 

log. (l + a;)*=- .x — -x'' + -^a^—-x*+... 



. (x a?' a* aj* a?* cc* \ 

= ^ V T ~ 2" + 3 "" 4 + 5 ~ 6 + • • 7 • 



The number A is called the modulus of the system of logarithms 
employed. Lord Napier, the illustrious inventor of logarithms, 
assumed the modulus eqoal to unity. If, then, we designate Na- 
perian logarithms by log.', we shall have 

log.'(l + ^)=?_|' + 5-|Vf-f+,&c. (4). 

By giving to x in succession all possible values, we may obtain 
from this equation the logarithms of all numbers. 

If we make a? = 0, we shall have log.' 1 = 0. 

Make a; = 1, and we obtain 

log.' 2=1 — i + i — i + i— , &c., 

a series which converges so slowly that it would be necessary to 
employ a very large number of terms to obtain the accuracy de- 
sirable. The series may be rendered more converging in the 
following manner : 

In equation (4), substitute — x (cs Xj and it becomes 

X tXp S? iT* 

10g.'(l— *)= — J— ^— g— -J— ,&C. (5). 

43 
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Subtracting equation (5) from equation (4), and observing that 
log.' (1 + ^) — log-' (1 — 25) = log.' -z > we obtain 

1 + *c 1 

Put = 1 + - (« being at least eoual to unity), and we 

have {l + a:)z = (l — a?)(2r+ 1); whence, by reduction, a? = ^r——^. 
Hence the preceding series becomes 



log.'(l+l)=log.'(.+ l)_log.'z = 2(2^ + P^ 



+ 



+ 



• • • I • 



5(2z + 1)' 

(332.) The last series may be employed for computing the 
logarithm of any number, when the logarithm of the preceding 
number is known. Making successively ;2r = 1, 2, 4, 6, &c., we 



find the following 



NAPERIAN, OR HYPERBOLIC LOGARITHMS. 



= 0.693147 
= L098612 
= 1.386294 
= 1.609438 
= 1.791759 



log.' 2 = 2(1 + ^, + ^-^.+ ,^ + ...) 

log.' 3=log.'2 + 2(i-h;:V, + ^+^ + ...) 

log.' 4 = 21og.'2 

log.' 5=log.'4 + 2(L+3-L,+ ^, + ^, + ...) 

log.' 6 = log.' 3 + log.' 2 

log.' 7 =log.' 6 + 2(-l- + -^ + -^. + ^ + . 0= 1.945910 

° ° ' V13 3-13' '^fl.13* 7-13^ ' / 

log.' 8 = log.' 4 + log.' 2 . =2.079442 

log.' 9=21og.'3 =2.197225 

log.' 10 = log.' 5 + log.' 2 =2.302585 

&c., &c., &c. 

(333.) The Naperian logarithms being computed, it is easy to 
form any other system. We«have found 

log.(l + ,) = A^j-^ 4- 3-^+5-6+...). 
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Distinguishing the Naperian logarithms by an accent, we have 

. /a? 03* Q^ x^ a/^ a?® • \ 
log.'(l + a:) = A'(--^+3--+3-g...). 

Hence 

log. (l+x) : log.' (1 + a?) : : A : A'. • 

Therefore, the logarithms of the same number in different systems 
are to each other as the moduli. 

In Napier's system, the modulus = 1. Hence 

log. (1 + jb) = A . log.' (1 + x). 

4 That is, the common logarithm of a number is equal to its Jfaperian 

logarithm multiplied by the modulus of the common system. 

If, then, we knew the modulus of the common system, we could 
easily convert the preceding Naperian logarithms into common 
logarithms. Now, from the equation 

log. (1 + a?) = A . log.' (1 + a?), we obtain * 

log. (1 + x) 
-"log.'(l+a;)- 

Suppose a? = 9, then A = --ii-— -. 
'^'^ log.' 10 

But log. 10 = 1. Hence 

1* 1 

^ = log.' 10 = 2:302585 = ^'^^^^^^ 

which is the modulus of the common system. 
(334.) We can no^ compute the 

COMMON, OR BRIGGS' LOGARITHMS. 

log. 2 = 0.434294 x 0.693147 = 0.301030 

log. 3 = 0.434294 x 1.098612 = 0.477121 

log. 4 = 2 log. 2 = 0.602060 

log. 5 = log. 10 — log. 2=1 — log. 2 = 0.698970 



log. 6 = log. 3 4- log. 2 


= 0.778151 


log. 7 = 0.434294x1.945910 


= 0.845098 


log. 8 = 31og. 2 


= 0.903090 


log. 9 = 21og. 3 


= 0.954243 


log. 10= ^ 


= 1.000000 


&C.) &C.9 


&c. 

• 

1 
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We thus obtain the following Table of Common Logarithms : 



No. 
1 

2 
3 
4 
5 


Logarithm. 


No. 
36 
37 
38 
39 
40 


Logarithm. 


No-. 


Logarithm. 


No. 

106 
107 

108 
109 
110 


Logarithm. 


0.000000 

0.301030 
0.477121 
0.602060 
0.698970 


1.556303 
1.568202 
1.579784 
1.591065 
1.602060 


71 

72 
73 

74 
75 


1.851258 
1.857333 
1.863323 
1.869232 
1.875061 


2.025306 
2.029384 
2.033424 
2.037426 
2.041393 


6 
7 
8 
9 
10 


0.778151 
0.845098 
0.903090 
0.954243 
1.000000 


41 
42 
43 

44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


76 
77 
78 
79 
80 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


111 
112 
113 
114 
115 


2.045323 
2.049218 
2.053078 
2.056905 
2.060698 


11 
12 
13 
14 
15 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


46 
47 
48 
49 
50 


1.662758 
1.672098 
1.681241 
1.690196 
1.698970 


81 
82 
83 
84 
85 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


116 
117 
118 
119 
120 


2.064458 
2.068186 
2.071882 
2.075547 
2.079181 


16 
17 
18 
19 
20 


» 1.204120 
1.230449 
1.255273 
1.278754 
1.301030 


51 
52 
53 
54 
55 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


86 
87 
88 
89 
90 


1.934498 
1.939519 
1.944483 
1.949390 
1.954243 


121 
122 
123 
124 
125 


2.082785 
2.086360 
2.089905 
2.093422 
2.096910 


21 
22 
23 

24 
25 


1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


56 
57 
58 
59 
60 


1.748188 ! 
1.755875 
1.763428 
1.770852 
1.778151 1 


9.1 
92 
93 
94 
95 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


126 
127 
128 
129 
130 


2.100371 
2.103804 
2.107210 
2.110590 
2.113943 


26 
27 
28 
29 
30 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


61 
62 
63 
64 
65 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1.991226 
1.99^35 
2.000000 


131 
132 
133 
134 
135 


2.117271 
2.120574 
2.123852 
2.127105 
2.130334 


31 
32 
33 
34 
35 


1.491362 
1.505150 
1.518514 
1.53.1479 
1.544068 


66 
67 
68 
69 
70 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


101 
102 
103 
104 
105 


2.004321 
2.O08600 
2.012837 
2.017033 
2.021189 


136 
137 
138 
139 

140 


2.133539 
2.136721 
2.139879 
2.143015 
2.146128 



(335.) Let us now determine the bctse of Napier's system. 
Designating it by a, we shall have, Art. 333, 

I 

log.' a : log. a : : 1 : 0.434294. 
But log.' a = 1. Hence 

log. a = 0.434294? 
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That is, the modulus of the common system is equal to the common 
l(^arithm of Jfapier^s base. 

We wish, then, to find the numher corresponding to the com- 
mon logarithm 0.434294. By inspecting the preceding table, we 
see that this number must be a little less than 3. More accu« 
rately, it is 

2.718282, 

which is the base of Napier's system. 

Any number, except unity, may be taken as the base of a sys- 
tem of logarithms, and hence there may be an infinite number of 
systems. Only t\YO systems, however, are much used ; those of 
Briggs and Napier. 

The base of Briggs' system is 10. 

" Napier's " 2.718282. 

The modulus of Briggs' " 0.434294. 

" Napier's " 1. 

Hence, in Briggs' system, all numlbers are to be regarded as 
powers of 10 " 

Thus, 10^^=2, 

10^*" = 3, - 
10°^ = 4, 
10^«» = 5. 
&c., &c. 

In Napier's system, all numbers are to be regarded as powers 
of 2.718282. 

Thus, 2.718°^«« = 2, 

2.718^«« = 3, 
2.718>-*» = 4, 
2.718»«» = 5. 
&c., &c. 

Briggs' logarithms are employed in all the common operations 
of multiplication and division, and hence they are known by the 
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name of common logarithms. Napier's logarithms are of great 
use in the application of the calculus to many analytical and 
physical prohlems. They are also called hyperbolic logarithms, 
having been originally derived from the hyperbola. 

EXPONENTIAL EQUATIONS. 

(336.) An exponential quantity is one which is raised to some 
unknown power, or which has an unknown quantity for an expo- 
nent $ as, % 

a*, a*, Jp*, or «*, &c. 

An exponential equation is one which contains an exponential 
quantity \ as, 

a* = 6, of z=.a^ &c. 

Such equations are most easily solved by means of logaVithras. 
Thus, consider the equation 

Taking the logarithm of each member of the equation, we have 

X log. a •=. log. b, 

loff. b 

or a; = r-^— . 

log. a 

Ex. 1. What is the value of x in the equation 3* = 811 

By the preceding formula, x = °' 

Looking out the logarithms of 81 and 3 from the Table in Art. 
334, we have 

_ 1.908485 
®~" .477121" 

Therefore, 3* = 81. 

Ex. 2. What is the value of a; in the equation 3* = 20^ 

log. 20 1.301030 ^„^„ 

Therefore, 3?*^^ = 20 nearly. 



LOeARITHMS. 343 

(337.) The other equation, »"' = a may be solved by irialy&s in 
Art. 319. Thus taking the logarithm of each member, we have 

a? log. X = log. a. 

Find now, by trial, two numbers nearly equax to the value of a?, 
and substitute them in the given equation instead of the unknown 
quantity. Then say, 

•^s the difference of these results^ 

Is to the difference of the two assumed numbers^ 

So is the error of either result^ 

To the correction required in the corresponding assumed number, 

Ex. 1. Given af = 100 to find the value of x. 

Here we have x log. a? = log. 100 = 2. 

Suppose 07 = 3, 

Then 0.477121 x 3= 1.431363, which is ^oo ^wia//. 

Suppose X = 4, 

Then 0.6020^0 X 4 = 2.408240, which is too great. 

Hence the value of x is between 3 and 4, but nearer to 4. 
Assume, then, 3.5 and 3.6 for the two numbers. 

By the first supposition^ By the second supposition, 

a? = 3.5 ; log. x = .544068 a? = 3.6 ; log. x = .556303 
Multiplied by 3.5 Multiplied by 3.6 

X. log. X = 1.904238 x . log. x = 2.002689 

Diff. of results : Diff* assumed numbers : : Error of 2d result : Its correction. 

.098451 : 0.1 :: .002689 : .00273 

Hence x = 3.6 00273 = 3.59727 nearly. 

Therefore, 3.5972T-^^«' = lOO^nearly. 

If we wish a more accurate result, the operation must be re- 
peated with two new numbers i as, for example, 3.59727 and 
3.59728. 

Ex. 2. Given of == 20a7, to find an approximate value of a?. 
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COMPOUND INTEREST. 

(338.) In calculating compound interest, the first subject of 
inquiry is, to what sum does a given principal amount, after a 
certain number of years, the interest being annually added to the 
principal % It is evident that $1.00, placed out at 5 per cent., be- 
comes at the end of a year, a principal of $1.05. But the amount 
at the end of each year must be proportioned to the principal at 
the beginning of the year. In order, then, to find the amount at 
the end of two years, we say 

1.00 : 1.05 : : 1.05 : (1.05)^ 

To find the amount at the end of three years, we say 

1.00 : 1.G5 : : (1.05)' : (1.05)^ 

And in the same manner we find that the amount of $1.00 for 
n years at compound interest is (1.05)". 

If the rate of interest were six per cent., we should find the 
amount for n years to be (1.06)^ 

The amount of two dollars for a given time must obviously be 
double the amount of one dollar, and the amount of $1000 must 
be a thousand times the amount of one d9llar. 

Hence, if we put P to represent the principal, 

r the rate per cent, considered as a decimal, 
n the number of years, 

A the amount of the given principal for n years, 
we shall have 

A = P.(l + r)-. 

This equation contains four quantities, A, P, », r ; any three 
of which being given, the other may be found. The computations 
are most readily performed by means of logarithms. Taking the 
logarithms of both members of the preceding equation and re- 
ducing, we find 

1. Log. A =nx log. (1 + r) + log. P. 

2. Log. P T= log. A — n X log. (1 + r). 

log. A — log. P 



3. Log. (1 + r) = 



n 
log. A — log. P 



log. (1 -f r) 



1 
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EXAMPLES. 

Ex. 1. What is the amount of twenty dollars, at 6 per cent 
compound interest, for 11 years 1 
Here we employ formula (1). 

Amount of $1.00 for 1 year $1.06, log. = 0.025306 
Multiplying by 11, 11 

0.278366 
Given principal $20. log. = 1.301030 

Amount $38 nearly, 1.579396 

This result is derived from the Table on page 340. By con 
suiting a larger Table, we should finc^the amount $37,966. 

Ex. 2. What principal at 5 per cent, interest will amount to $50 
in 13 years 1 • 

Here we employ formula (2). ^ 

1 + r = 1.05, log. = 0.021189 * 

Multiplying by n, 13 

Subtract 0.275457 

From log. A = 1.698970 

P = $26.5 nearly, 1.423513 

More accurately, P = $26,516. 

Ex. 3. At what rate per cent, must $40 be put out at compound 
interest, that it may amount to $57 in 9 years *! 
Here we employ formula (3). 

A = 57, . log. = 1.755875 

P = 40, log. = 1.602060 

Dividing by n, 9)0.153815 

l + r=1.04 = 0.017091 

Consequently, r = .04, or four per cent. 

Ex. 4. In what time will $50 amount to $90 at 5 per cent< 
Here we employ formula (4). 

A = 90, log. = 1.954243 

P = 50, log. = 1.698970 

l + r= 1.05, whose logarithm is 0.021189)0.255273 

Dividing one logarithm by the other, we obtain 12, Ans. 

44 
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Ex. 5. What is the amount of $52 at 3 per cent, compound in- 
terest for 15 years 1 

Ans. $81. 

Ex. 6. What principal at 6 per cent, compound interest will 
amount to $101 in 4* years 1 

Ans. $80. 

Ex. 7. At what rate wiir$10 amount to $16 in 16 years 1 

Ans. Three per cent. 

Ex. 8. What will $300 amount to in 10 years at compound in- 
terest semi-annually, the yearly rate being 6 per cent. 1 

Ex. 9. In what time will a sum of money double at 6 per cent, 
compound interest 1 

* Ans. 11.89 years. 

Ex. 10. In what time will a sum of money triple itself at 4 per 
cent, compound interest 1 

« Ans. 28.01 years. 

(339.) The natural increase of population in a country may be 
computed in the same way as compound interest. . Knowing the 
population at two different dates, we compute the rate of increase 
by formula (3), and from this we may compute the population at 
any future time on the supposition of a uniform rate of increase. 

EXAMPLES. 

Ex. 1. The number of the inhabitants of tbe United States in 
1790 was 3,900,000 j and in 1840, 17,000,000. What was the 
Average increase for every ten years 1 

Ans. 34 per. cent. 

Ex. 2. Suppose the rate of increase to remain the same, for the 
next ten years, what would be the number of inhabitants in 1850 1 

Ans. 22,800,000. 

Ex. 3. At the same rate, in what time would the number in 
1840 be doubled 1 

Ans. 23.54 years. 

Ex. 4. At the same rate, what was the population in 1780 1 

Ans. 2,900,000. 

Ex. 5. At the same rate, in what time would the number in 
1840 be tripled 1 

Ans. 37.31 years. 

THE END. 
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By the Abbe Maury. With an Introduction by Rev. Dr. Potter. 
18mo, half Sheep, 50 cents. 

XXXIX. 

TREATISE ON ORGANIC CHEMISTRY. 
A Treatise on the Forces which produce the Organization of 
Plants. With an Appendix, containing several Memoirs on Capillary 
Attraction, Electricity, and the Chemical Action of Light. By John 
William Draper, M.D. Engravings, 4to, Muslin gilt, $2 50. 

XL. 

ELEMENTS OF CHEMISTRY! 

Including the most recent Discoveries, and Applications of the 

Science to Medicine and Pharmacy, and to the Arts. By Robert 

Kane, M.D. Edited, with. Emendations and Additions, by J. W. 

Draper, M.D. With about 250 Wood-cuts, 8vo, Muslin gilt, $2 00. 

XLI. 
FIRST PRINCIPLES OF NATURAL PHILOSOPHY: 
Being a familiar Introduction to the Study of that Science. By 
^ames Renwick, LL.D. With Questions. Engravings, 18mo, half 
Sheep, 75 cents. 

XLII. 
FIRST PRINCIPLES OF CHEMISTRY: 
Being a familiar Introduction to the Study of that Science. By 
James Renwick, LL.D. Engravings, 18mo, half Sheep, 75 cents. 

XLIII. 
ENGLISH SYNONYMES EXPLAINED. 
With copious Illustrations and Explanations, drawn from the best 
Writers. By George Crabbe, MA, 8vo, Sheep extra, $2 38. 



6 VALUABLE CLASSICAL AND SCHOOL BOOKS. 

XLIV. 

ELEMENTS OF GEOLOGY FOR POPULAR USE; 
Containing a Description of the Geological Formations and Min- 
eral Resources of the United States. By Charles A. Lee, M.D. En- 
gravings, half Sheep, 50 cents. 

XLV 

A NEW SYSTEM OF FRENCH GRAMMAR, 
Containing the First Part of the celebrated Grammar of Noel and 
Chapsal. Arranged with Questions, and a Key in English. By 
Sarah E. Seaman. Revised and corrected by C. P. Bordenave, 
Professor of Languages. 12mo, 75 cents. 

XLVL 

ELEMENTS OF ALGEBRA: 
Embracing also the Theory and Application of Logarithms ; to- 
gether with an Appendix, containing Infinite Series, the General 
Theory of Equations, and the most approved Method of resolving the 
higher Equations. By Rev. Davis W. Clark. 8vo, Sheep, 1 00. 

XLVIL 

THE AMERICAN SYSTEM OF PRACTICAL BOOKKEEPING, 
Adapted to the Commerce of the United States, in its Domestic 
and Foreign Relations ; comprehending all the Modern Improve- 
ments in the Practice of the Art. To which are added, Forms of the 
most approved Auxiliary Books, with a Chart, exhibiting at one 
View the Final Balance of the Leger. By James Arlington Bennet, 
LL.D. Twenty-second Edition. Large 8vo, half Roan, $1 50. 

XLVIII. 

A GRAMMAR OF THE GERMAN LANGUAGE. 
Arranged into a new System on the Principle of Induction. By 
Charles Julius Hempel. 2 vols. 12mo, half Sheep, $1 75. 

XLIX. 

HISTORY OF PHILOSOPHY: 
Being the Work adopted by the University of France for Use in 
Colleges and High Schools. Translated, edited, and continued by 
Rev. Dr. Henry. 2 vols, in one, 18mo, half Sheep, $1 00. 

L. 
THE SCHOOL AND THE SCHOOLMASTER. 
Part I. : The Schogl ; its Objects, Relations, and Uses. With a 
Sketch of the Education most needed in the United States, the Pres- 
ent State of Common Schools, the best Means of improving them, 
&c. By A. Potter, D.D. Part II. : The Schoolmaster. The proper 
Character, Studies, and Duties of the Teacher, with the best Meth- 
ods for the Government and Instruction of Common Schools, &c. 
By G. B. Emerson, A.M Engravings, I2mo, half Sheep, $1 00. 

LL 

PRACTICAL EDUCATION. 
By Richard Lovell Edgeworth and Maria Edgeworth. Engrav- 
ings, 12mo, Muslin gilt, 85 cents. 
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